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To the Readers

If classical physics descnbes the world to he deterministic where the entire future course is
ecided, quantum physics puts up a theory based on the ﬂss_umptl{m that the world is
hahilistic where events take place on random chances. Yet there is no contradiction between
the two and classical physics follows smoothly from quantum physics as the size of the system
is taken to be reasonably large. Quantum physics is a beautiful subject having a ngorous
mathematical foundation and at the same time has flavours of philosophy and many see
different shades of spiritualism in it. It invites lots of abstract imagination !_:rut connects the
events of the material world to the fantasies of imagination. It is a real thrilling experience to

study quantum physics.

The guiding principle in writing this book had been te let the reader feel the excitement of
understanding the new way of locking at the nature and carrelate with the events occurnng
around. 1 presume this to be the first exposition of quantum physics for the reader afier the std
X[ level treatment of topics like Bohr's medel of hydrogen atom, photoelectric  effect,
radioactivity etc. The treatment is based on sound mathematical formulation but the physical
insight is not allowed to get lost in mathematical complexities. Relatively less common
mathematical tools, especially operator algebra and related concepts like eigenvalue equAations
etc,, are developed in detail before making use of them. I have made an effort to tell about the
use of the theory developed in applications to physical phenomena in order to create an
attachment towards the subject. That is why the title is Quantum Physics and not just Quanfum
mechanics.

The structure of the chapters includes the Text, Solved Problems and Exercises. A section called
%ou learned in this chapter’ after the text in each chapter gives the summary of the key
concepts discussed in that chapter. The exercise guestions at the end of a chapter are generally
short and given to sharpen the undersianding of the topica learned in the chapter and not to
load the reader. In some of the chapters a section called ‘Postscript’ is appended which may be
treated as an extension of the ideas dealt in that chapter. The Postscript material is gencrally
not used in the later chapters and hence the completeness or continuity of the book is not
affected if the Postscripts are left out in the first reading.

Though the book is wrilten for any person having interest in Physies and looking for a learning
material en gquantum physics, it can be used as a textbook for a 40-50 hour course on basics
quantum mechanics and applications.

The force behind writing this book had been my lively interactions with the students of Patna
University and IIT Kanpur to whom | have given courses on quantum physics several times and
have enjoyed the subject immensely. However the seeds of this book were probably sown by my
treachers Or A P Shukla and Dr ¥ R Waghmare at [IT Kanpur who taught me quantum physics
in such a way that created a passicn in me for this subject. The seript of this book has been
thoroughly read by Dr Devi Prasad Verma, Rid Professor of Mathematics, who apart from
suggesting editorial changes provided me vital feedback how a matured but nonphysicist
person would respond to this writing. 1 also acknowledge the efforts of Mr Brajesh Pandey who
has gone through the text and solved all exercise problems to ensure the correctness of

enswers, | am thankful to CDTE, IIT Kanpur for providing financial assistance to prepare the
manuscript.

“1_3“ tried to keep errors away from this bock to the best of my ability but | cannot ensure that
it is error free, 1 will he grateful to all who communicate to me about any such error they come
across, | will always look forward for suggestions to enhance the usefulness of this book.

Harish Chandra Verma
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sns from
Young’s Double-slit Experiment

1.1 The great wave—particle struggle

Seventeenth century. Very limited experimental facilities, But the nature and the natural
phenomena were more or less the same as they are now. The sun shined during day time &
darkness prevailed at night, lamps were needed to see things, mirrors used to show the image in the
same way as they do now, reinbows had the same seven colours and so on. Certain behaviours of
light were known to wise people.

{a) Light casts shadew showing that light travels in straight lines.

(b) Light is reflected from smooth surfaces. The rules of reflection are: (i) The incident ray, the
reflected ray and the normal are in the same plane (i) The angle of incidence is equal to the
angle of reflection.

[c) When light travelling in a transparent medium enlers another transparent medium, it
bends unless it falls on the second medium normally. The rules of this phenomenon, called
refraction, are: (i} The incident ray, the refracted ray and the normal are in the same plane
{ii) If i and r be the angles of incidence and refraction respectively,

sini

sinr #a,)
is constant for a given pair of media. For air to water, this constant is about 1.33 and for
air to glass it is about 1.5. In general, when light goes from air to a solid or liquid medium
it bends towards the normal.

{d) Light comes in different colours such as red, yellow, green, blue, violet, efc.

Fig. 1.1
hows these characteristic behaviours of straight

Scientist trying to understand why light s . .
line mﬂﬂ: raeweﬂmrsm refraction, colours, eic. Mewton, who was respected by all who had interest i

8¢ Ccame th what can be called " icle model of light”. According to this model when yor
WJ«IETI::LE;& bulb n:tg:;’i]dl: or any other source of light, the source emits special kinds of particles—th
particles of lig'ht These particles werée commonly called corpuscles and the description of light give
by Newton, corpuscle model of Hght The model was very simple in nature and was able to explain th
observations available in those periods. Let us see how,
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Fig. 1.1

ienti trying setand why light shows these characteristic behaviours of straight-
line Eﬂm rcfr::tﬂemzmﬂ. :H:. I%Ew‘tnu who was respectndl by all v._rhru had interest in
science. came out with what can be called “particle model of light”. According to this model when you
put on a bulb, a candle or any other source of light, the scurce emits special kinds of particles—the
prices o gh These B ML SO e s o ol
ﬁyﬂmnu,m.pummndeiafﬁghtmtmﬂddwmwmmp in nature :

observations available in those perinds. Let us see how.
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particle moves in a straight line with a Constan

Mewton's first law of motion tells that every id also move in straight lines in free Spaceg

speed if no force acts on it. So the particles of light shou
simple explanation for rectilinear motion of light.
Reflection is also simple to understand using the Eﬂm“ﬂﬂlﬂll;l.:-'d’i::ﬂ A mﬁ;‘:&' t;all hitting 5
smooth, hard surface rebounds, For a perfectly elastic oblique collis 11‘:3:1 m & i aﬂdﬂt: .
the angle of incidence is equal to the angle of reflection, and the two ve E’ '-"7'; atummth r? normaj
to the surface are in the same plane. Similarly, a particle of light when strikes surface, sqy

a mirror, reflects obeying the known laws of reflection.

ight goes from air to another transparent medium such as glass, the particles of the secong
nudilfnrlnig::ttg:t the particles of light, resulting in deflection in their paths. ‘:"Il_'l'ﬁ": th’=113'ﬂm‘;1¢ 5 well
within the second medium, force is exerted on it from all sides. This makes the resultant force zerg
and the particle moves along a straight line. The deflection at the surface causes bending of the lighy
ray. The force of attraction on the particles of light by the medium will also increase their speed ang
according to the Newton’s model, speed of light in water or glass should be larger than that in air,
However, in Newton's times there was no way to measure the speed of light in a medium and this
prediction could not be verified.

To explain colours, Newton assumed that there are different types of particles of light, each
corresponding to & particular colour.

Newton's theory, though very successful in understanding the known behaviour of light, did not
go unchallenged. The Dutch physicist Christian Huygens, a contemporary of Newton, had a very
different view. He suggested that light travels as a wave motion in a medium, more like a sound wave,
When you put a source of light on, a disturbance is created in the equilibrium state of the medium,
This disturbance travels in the medium, But then how does light cast shadow? A sound wave does
not appear to cast shadow. If you put a cardboard between yourself and a source of sound, vou still
“hear” the sound quite well. This is because sound waves bend considerably at the edges of the
cardboard. However, if you place the same cardboard between yourself and a source of light, you da
not “see” the source. Huygens argued that the wavelength of light waves may be much smaller than
the dimensions of the cardboard and other usual obstacles. In such a case the bending at the edges
{dﬂfra_l:tmn:l will be ME]IEIHIE and ]Eg]'lt will cast a sha_rp shadow.

The reflection or refraction of light can also be explained on the basis of wave theory. All waves,
including scund waves, show these phenomena. Huygens proposed a way to construct the wavefronts
and showed that the laws of reflection and refraction are the same for the waves as were known for
light. However, if light were waves, the speed of light in water or glass should be less than that in air,
This was in contrast to the prediction of corpuscle madel, But there was no way o measure the speed
ﬂrﬂgegflt in these media and hence it was not a deciding factor between the wave and corpuscle
m 5.

~ There was an additional advantage with the wave theory. Different colours could be associated
with dli:i':n:nt wavelengths of light, This was a much simpler description as compared to the case of
Newton’s corpuscle model where a large variety of particles had to be postulated, one for each colour.

At this stage all experimental observations about light could be e i
xplained by the le model
of Newton and also by the wave model of Huygens. Thus it WAS a matter of EEHBETIIJT;;EM fo
favour one or the other model. Newton, enjoying a very high respect because of the great success
achieved in the field of dynamics, had an advantage and the particle model of light by and large
remained the papular choiee for about 150 years. ¥

1.2 Young's double-slit experiment settled the debate

Thomas Young in the year 1801 came out with an experi .
x . ; : perment which d a zeri
the Newton's particle model of light. The experiment in its s o mndﬁ:ﬁ f:nil _mm':a a:hﬂllr";ﬂgﬁg
in most of the school laboratories and is known as Young's double-slit experiment. | dcam?lehe below
the experimental arrangement, results obtained and their implications, ;
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-

Iaip Fig. 1.2

n Enﬁg-m: l‘ﬁmﬂﬁhmﬂmm the experimental set up. Vertical narrow slits S, and Sz are cut
: m"”“““‘uﬂh s osadie aﬁuﬂmhr omatic, paraliel beam of light is allowed to fall on the slits. The light
E"‘“ﬁm the izstensity of light 18 collected on a screen placed on the other side of the slits. [t is found
If the two slits lh_mmmwmﬂEMMy between a maximum and a minimum value.
i i tical, the minimum intensity is zero. What we visually see are bands of high
and low intensitics called bright and dark fringes. Figure 1.2b shows the cross-sectional view. The
sinusoidal srnph shows the vanation of inténsity on the screen. B and D are written for bright and
dark corresponding to the positions of maximum and minimum intensity respectively, We can put a
photographic plate in place of the screen and perform the experiment in a dark room, carefully
avoiding stray lights. The film may later be developed to have a permanent recard of bright and dark
bands formed. Else, you can put up a photo sensitive screen and the intensity pattern can be stored
in a computer system.
If you close one of the slits say S;, the alternate bright .
and dark fringes dizappear. The intensity is maximum at |
the central line from 8y and decreases slowly as one moves
away from this position [Figure 1.3s) Similar pantern is _— .
observed when 5. is closed and 5, is left open (Figure ~ 4  —F "L —ip
1.3b). g

Can Newion's particle model of light explain these o
observationa? Consider a point P where dark fringe is
formed when both the slits are open (Figure 1.2b). Why
should the particles of light be so against reaching F? ety 4 e
When only one shit is open, particles of light do reach P o -
from this slit in good number (Figure 1.3). But when the
other slit is “also” open they refuse to reach P. The particle Fig. 1.3
model fails to explain this experimental observation.

On the other hand the wave model has & natural explanation. The wave passes through the twe
slits 5; and S together in the double-slit experiment and at any point of the screen the waves reach
from both the slits. The varying intensity on the screen results from superposition of these two waves,
A wave ig described by some quantity & idisplacement, pressure, electric field, etc | which varies as

® = @y sinflr - at)
®, is called the wave amplitude and the intensity [g is proportional to its square. For a wave moving
n x-direction

'ﬂ':d"n‘in!h_“]'

Hete k= 2¢/i where / is the wavelength,
the source to the point of observation. When two waves

@ = 2rv where vis the frequency and x is the distance from
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My = thy sinffoe — at)
and Wy = Dy sinfix - ol + 4)

reach simultaneously at o point, the resultant valie of @ 18

® =, + by =y [sinflex - at) + sinfkx - ot + ).
¢ of &, the resultant amplitude is 24 and the intensity 4

I &=10, 2x, 4« etc, i.e., an even multipl .
4ly. On the other hand, if § = &, 3, 5x etc, ie, an odd multiple of &, the resultant ampling.
o waves from S and 5; in the double.g)

becomes zero making the intensity zero. As the tw : i
& P the screen, a phase difference &is introduce

experiment cover different lengths to reach a point on : ; :
between them. Dark fringes are formed where & is an odd multiple of # and bright fringes where §

2ia .
an even multiple of «. In general, the intensity varies with & as [=4lycos” (6/2) where I is the

intensity when only one slit is open.

So, now there was an experiment which could only be understood by the wave model and nat ty
the particle model. The particle madel lost its superiority and the wave model got wide acceptance. 4
series of experiments perfarmed in the nineteenth century further confirmed the wave nature of ligh,

Freanel and Fraunhofer demonstrated diffraction of light in conformity of wave characier. Foucay)
could device a method to measure speed of light in laboratory in the year1850. Speed of light in plass

and water came out to be smaller than that in air, contrary to the expectation [rom the particle mode]
and consistent with the wave model. In the year 1860, Maxwell collected the known laws of electnony
and magnetism, modified one of them [Ampere’s law) and showed theoretically that a combination of

electric and magnetic fields can travel in free space as 8 wave and when it does so, the speed of this
wave is very close to 3x108 m/s. This happens to be identical with the measured speed of light, This

not only established that light is a wave motion but also led us to know that light iz an
electromagnetic wave. This integrated the field of optics with that of electricity and magnetism, The
wave quantity for light waves is written as E indicating electric field.

If particle model of light was dominant in seventeenth and eighteenth centuries, wave mode] had
completz control in the nineteenth century.

1.3 Photoelectric effect reopened the issue

All was well with the wave theory of light and students were getting full marks for writing that
light is & wave and not particles. The wave properties such as wavelength were measured using
interference and diffraction experiments, People found that visible light {which is used to see objecis)
has wavelength in the range about 400 to 750 nm, violet having the shortest wavelength and red the
longest. Electromagnetic waves with wavelength less than the visible range were termed as ultraviole!
radiation and those with wavelength greater than this range as infrared radiation. Radiation was the
general name for electromagnetic waves.

Hallwachs in 1888 and Thompson in 1899 reported experiments which demonstrated that when
ultraviolet radiation falls on a metal plate, electrons are Sa !
ejected from the surface. For some metals, even visible u;i? '
light does the same. Lenard in 1902 studied carefully the
dependence of number of electrons ejected and their
ldinetic energies on the wavelength of the incident light.

And the results surprised everyone. The phenomena of
cmission of electrons on shining light on metallic surfaces -
is known as photoelectric effect and the electrons emitted —
in the process are called photoelectrons. An experimental

set up is shown schematically in Figure 1.4 to study Fig. 1.4
photoelectric effect. Electrons emitted by the lower metallic plate go to the collector plate and pass
through the circuit to make a current. This current is called photocurrent. Il you apply @ “ﬂa"d:
potential [with respect to' the emitter) to the collector, it will repel the electrons coming from

~
L]
S

Collector *

g Emitter;
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emiﬂ-rr. Al & certain thEE no electrons will b':_ ahble to T'Eﬂ\:h th r_'UII'I'j'I'-[ﬂf IJ".'[-?:IIH'H"' I'J! ||"||h r-e].-ui*nr..n
and the current in the circuit will stop. This value of potential is called the stampirg potential. A1 This
Putrntial._ﬂﬂn the meost energetic electron emitted from the emitter fails ta reach the collecto Jalente
The kinetic energy of such electrons iz related to the stopping potential as

K max = Equ.
The main results related to photoelectric effect are as follows.

{a} Electrons are ejected from the c T, S T
metal almost instantaneously, say within 1 "s 5
weak be the source, ¥

(b} For a given metal, there is a cut-off wavelength jg such that a beam of light iraduation) of

wavelength larger than 4g does not cause electrons to be sjected from the metal, howewer
strong be the source.

c) The maximum kinetic energy of the photoelectrons from a metal depends only on the
wavelength of light and not on its intensity,

Can wave theory of light explain these observations? Emission of phatoclectrons would ot prse
a problem. If an electron at the surface of a metal gets enough energy to resist attraction (ram the
rest of the metal, it will come out. The minimum encrgy needed to detach an electron froom thee skl
is called the work function & of the metal. The work function of typical metals in il the areder of lew

electronvolis (1 E"l.l"=1.f:'r! 10777, Any wave carries energy and when it falls on a surface and ey
absorbed, the energy is transferred to the surface, If light waves fall on & metnl, they may give

sufficient energy to an electron, enabling it to get ejected from the metal, But Lenard's gquantitative
ohservations posed problems for the wave theory.

Let uas start with observation (a), i.c., near instantaneous emission of photeelectrons when
appropriate light falls on a metal surface. If we usc a very weak source of light, the energy transierped
per unit time will be very small and it would take a long time before the electron can gather suflicient
encrgy to come out. A straightforward caleulation shows that in a typical experimental design, the
time delay could be in seconds or even minutes. But the observation s different. However weak the
source is, photoelectrons start coming out in time less than, say, a nanosccond.

Observation (b) is alse not understandable on wave model. Why should there be any cut off
wavelength? For any wavelength, light wave carries energy. If the source is strong, or we shine ligh
for sufficiently long time, energy will be absorbed by the electrons in the metal and they should come

out. But that is not the case and there is a sharp cut off wavelength A . Even if 1 is slightly greaies
than 4y, no emission takes place however strong the source is and for whatever duration you shine
the light.

Similarly, it is difficult to explain observation (c}, ic., why the maximum kinctic enengy o

Fllﬂtﬁﬂtﬂlmm is ].I'Idfp-ﬂ']]-l:l.ﬂilt of iﬂ.tﬂﬂﬂ'i-t}r of the incident Iii-EhL Mere il'ﬂf.‘l:'l‘:l-i'ljl' should mean
deposition of more energy and that should mean more kinetic energy of the photoelectrons. Bt o s

not so. Rather kinetic energy depends on the wavelength.

It turns out that the answer lies with the particle model of light. Albert Einstein in u way reverted
to the particle model and explained all the observations of photoelectric ul’!‘ucl-l. He proposed in 1905
that light should be thought of as 2 collection of “discrete” quanta, cach having a particular amount
Ufene:'mr. e sl t the quanta—one, two, three, —like any other FIEIFI.!'L'II":.: T]II'HI.' Cusite ar
particles are called photons. A SITONEET SOUICE MEANS more number of photons getting emitted from it
PET unit tme.

When light falls on a metal, photons get absorbed by the electrons. If one such photon can .[""
only on one alectron. whole of its energy is transferred to the electron in one go. 1t is jusi like collision
of two particles ﬂ“'Phutgn and the electron, and in no time the photon energy is transferred to the
tlectron. |f thif; energy Is more than the work function, the f'“ftm“ is likely to be ejected. S0
Photoelectric emission starts almost instantaneously, however weak is the source.
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ned if we assume that the energy of a photon

" I...
The other twn observations listed can be =xp on corresponding to light of wavelength § has

depends on the wavelength of the light and that = phot
ENETEY

b (1.1%
i
26+ 10 M0s jeorrect to four significant digits) and ¢

| The vonstant h is calied Planck s ronstant after
in the development of guantam mechanies, The
The it off -..-nl,."r]rnp.*__rh [nhu:l krnmwen as

E -

where his a universal constant having value 6.6

is the speed of hght 2997 92 455 m /s (in vacuum
the great physicist Max Planck who eontrilated o kot
value of he may be wntten approximately as 1240 e¥ nm

urk function O as

threshold wavelength] 4, for a given metal is related 10008 W
P (02
A
@ and the photon enctgy will not be

Equations 1.1 and 1.2 tell that of 4 » 4, vou will have £
sufficient to eject an electron oul of the metal I you use o source of higher mtensity, you are anly
sending mare photons per unit time But the enengy of e b phaton remains lenn than the work
function und the electron does ot come out in any of these photon clectron collisions. You may ask
why two or mare photona cannot hit simultaneously a single clectron and bring 0 out. They can, bit
the probability of such an event s extremely small and we do not observe i experaments, For 4 -

-i.n. you have E = 4 and the clecimn, FELUNE energy E froam the phurnn, cang codne ot of the metal

This explains the existence of a cut off wavelength

An electron receiving encrgy B from a photon may beose o part of o insde the e il by
interaction with wons or other clectrons before coming out of the metal 7 00 does not sulfer any such
energy loss, its Kinctic energy, when it comes out of the metal, would be the maximuom possible and |

denote it by K., . Thus,

EI‘I‘III.=,‘_F-¢
A

(1.)

which depends on the wavelength but not on the intensity of the souree of lgha
photon picture,

Einstein got Nobel Prize for his explanation of photoelectric effect an the basis of
There are many experiments where light shows up as photons, cach photon having i
: _ ;e ' g a definite ener
and also a definite momentum. While applying the principles of conservation of energy a.rﬁ
momentum you must include the photens wherever these are invalved in the INteraction.
What is the nature of light then? Young’s double-slit expe i
, : _ peraiment shows that light must be waves
as they interfere to produce bright and dark fnnges which particles cannot do. Eﬂﬂlﬂt]ﬂﬂtl’iﬂ effect
not transfer a finite amount of energy almost

?huwa that light must be particles as waves can
nstantaneously. Does it mean light changes its character depending on which particular experiment

you are doing?
1.4 Light is wave as well as particle



Lessons from Young's Double-slit Experiment

ni? This cxperiment had put the

1 it =X e : .
Well and good. But how about the Young's double-sfit SXpeUTCL 0 ) e agpect of light for its

wave theory on top. Does Young's double-slit experiment also need t
proper explanation? Yes, it does. Let me show how.

Suppose You use a very weak source of light in the double-slit expcriment and a device such gushu
photographic film to permanently record the interference patiern as the screen. Switch on the light
source for a very short time and develop the film. What you see is a few random dots on the film here
ond there and not a faint interference pattern as may be expected from the wave description of light.
Light strikes the film as separate events of collision, showing its photon character. What happens if
you increage the exposure time? As you allow the experiment to run for & somewhat longer period,
many more 'd_'?tﬁ appear on the film. At some stage, you will start identifying the interference pattern.
Dots appear in larger number where the wave theory predicts constructive interference and few dots

where it predicts destructive interference. If you run the experiment for long enough time, you
don't observe dots as they merge with each other and the usual bright and dark fringes are seer.

All this may look a hypothetical experiment, but with modern technology using highly sensitive
CCD camera, such experiments are performed very commonly.

So the fringe pattern in Youngs double-slit experiment is actually formed from the photons
striling the screen one by one. Particle picture has to be retained to properly understand the
interference experiment. But the wave picture is equally important. The number of photons reaching
a particular place on the screen is propertional to the intensity of the resultant wave obtained by

ition of the individual waves taking care of “phase difference”. The intensity at the central

point is four times what it would have been if only one slit is open. Thus if ecach =lit sends N photons
when the other is closed, the two together send 4N photons at the central point. Similarly, at the
points of destructive interference, each slit sends N photons if the other is closed. But when both slits
are open, they together send no photon at such peints. Remember, you can use a very weak source
so that photons are emitted one by one and presence of two photons near the slits is unlikely. It is
not the interaction between the photons that is changing the situation. The fate of a single photon
depends on whether one slit is open or both are open. And this fate is governed by the
electromagnetic wave that obeys wave eguations.

Though the screen receives light only in discrete quanta, i.e., photons, and also the source emits
light only as photons, an electromagnetic wave is always associated with light. Light is both wave and
particle. Where the photon will land and where not, is governed by the electric field E which travels
a8 a wave which interferes and diffracts like any other wave.

Flease do not think photon and electromagnetic wave as two different entities existing separately.
It is the same entity we call light which shows up as photons on the screen and waves on the elits.

1.5 A mew way to think

The above discussion on the nature of light may have left you in a confused state. This is
because you have been accustomed to think in certain ways. The experimental findings described
above tell that there are new lessons which may not be consistent with “common sense”. Let me state

them in more ordered fashion.
{a) An object like light has both particle and wave character at the same time (dua! nature).
Whenever you detect light you only detect it as a photon |particle), having a very amall
spatial extent, a definite energy and a definite linear momentum. But the probability that a
photon is found at a given place, is governed by a wave that has a definite wavelength 4

and a definite frequency v.

(4) Young's double-slit experiment with short exposure gives some random impacts on the
screen. Suppose you repeat the experiment in identical conditions—same source, same
geometry, same time of exposure—changing only the photographic plate. Both the films
have bright dots. If you put one film over the ather, you don't get a dot over a dot. The two
patterns are not identical. This obaervation has a very important lesson to teach—identical
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( hapier-i

ults. In other words, it is ot alwayvs possible 1o,

ed experiment will be. No theory tells vou where 5
d up on the screen. Theory only gives phe
photon may reach. Only when a large
rt zeeing the mtensity distributor

experiments need not give idennical res
beforehand what the result of a propos
photon incident on a double-slit will lan
probabilities of different possible locations where the
number of photons go through the double-slit. vou sta
matching with the theoretical predictions

(c) The location of a photon described by the electnc

probability of its being found at position ¢ al a given hme 718 propartia
nonzero in a large region (in principle from -= to = ). But the mament we “detect” it. by
reaction with sodium bromide molecule or by interaction with retina, it gois focatized in a
HI“H!]. FE':EjEII‘l. The measuremernt PFWEES draghr’_‘all‘_‘r E!]EI’!E‘E!- the fl:lﬂd.ll]'l.':ld“-l af the F]‘lnrr;.;n
We conclude that measurement disturhs the system in g fundamen tal fashion.

ficld E = E cosikr — ot) 18 indefinite, The

nal to |[Ey " which is

1.6 Relation between wave and particle parameters

A wave is characterized by parameters like wavelength £, Irequency v,
direction of the wave vector k gives the direction of propagation of the wave, The magnitude k = k| is

related o the wavelength fas k=27 /4.

wave vector ko, ete. The

The particle parameters are energy and momentum. For a photon, the energy is related to the
frequency as
E=hv=hw. 1.4)

Here h is written for hf 2z and the angular frequency @ is equal to 2rv. Equation 1.4 is alse known
as the Einstein relation. The photon also has a momentum p which is related to the wavelength 4 as,

p=hji=hk (1.5
ar, p=Hkk [1.6)
where p is the inear momentum vector and k is the wave vector.

For photons, the energy and momentum are related as E = pc. Using this, E =hc/4.

1.7 You learned in this chapter

¢ For an adequate understanding of the behaviour of light, one has to retain both
particle and wave pictures,

n  Light is always detected as discrete particles called photons.
Continuwous looking interference patterna are built up from individual impact of
photons.

o The [.'ln:'n:lI:nEll:li[i_tglr of flnditfg a phn_mn at a particular place is governed by an
clectromagnetic wave and is proportional to the square of the amplitude of the wave.

o The energy and linear momentum of a photon are related to the wavelength and the
frequency of the associated electromagnetic wave as

e 25
E=hk -— = i - —
a=—r. p=k, k==

o Photoelectric effect is well described by assuming that ene photon interacts with one
electron at a time and transfers whole of its energy to the electron.

o An experiment repeated in identical conditions may give different results, Laws of
physica only give the probabilities of different possible results.
o Measurement on a system can disturb its state drastically.




Lessons from Young's Double-slit Experiment

1 The wavalangth of light coming from a sodium
vapour lamp |8 close to 589 nm. Find the energy of a photon
corresponding 1o this wavelength. P

Solution: The energy of a photon is related 1o the wavelengih as E - -hf - The value of he is

he = 16626 10 s (2.0 108ms !
_6.626x10 Meyyg

—— P H !
1.6x10 19 =(3.0=10"ms ")~ 1240 ¢V m,
]E*U E‘U"m
Sa, Ewls¥ieVn .
589 o 2.1 eV,

2. What s the linear momentum of a photon of radiation having electric field described by K= El‘.l':
cos kg (1 + 2| -t | 7 What is ite magnitude?
Bolutlon: The equation for the electric field of an electromagnetic wave can be written as
E=Egcos{k-r- ).
You can write the given eguation in this form. Thus,

E = Eur'-{;l;:l::[[kﬂJ ! fcﬂk'h 1,!;,1: ) H-r . ..q'.l\.:| rl\.ll? Et:,z-cnﬂ[k-r—m.!]

where k =kyj+ kogk and r=od+ yj + zk.
The linear momentum of the photon 15
p =k = bk j 4+ k)
The magnitude of the linear momentum is
Ip| = hfkg f + kok| = 2k .
3. What is magnitude of the lingar momenturn of & photon in a beam of He-Ne laser (1 = 634 nm)? Express your

answer is eV/c.

h he
Solution: PR
W ERTT R

_1240eVnm _, g6 ovje,
(634 nm jc

4 A of Nght of IEHEH‘EG nm has the same intensity as another beam of light of wavelangth 630 nm.
I6
icularly on a certain area of a wall, deposils 12= 10" photons per second per
T e e o o o e, et o s
centimetre of a wall on which It falls perpendicularty.
Solution: The intensity of a wave is defined as the tm:.-a!d energylmling per unit area per unit time on
B P’Erpl:ndjclﬂﬂ_ru;rﬂﬁﬁl-t:;ﬁﬁﬂﬂ- Thus both the beams will dEPDS]t same amount of ENErgy on the one




1 one peluLs = * Tanag h .

: of the wall i :
sguare centimeter arca depaite 4is

first beam, the corresponding energy
eonff)

it
Similarly if ny is the number of photons depos
e
Az
s |
Thus ke
A g
12x10'° _ ny
o 420 630

%=E§:1hm‘ﬁ -18x10".

514 hits a positron at rest. Thehvapwﬂniﬁanrihiammhwh

5. An electron moving with a speed 2c/ Find the energies of these photons. Mass of the siary,

photons are amitted In exactly opposite directions.
Mass of the positron = 511 keV/c2.

Solution: The speed of the electron is 2¢/511 which is much smaller than the speed of gy »
vacuum. Hence | can use non relativistic equations, The rest mass energy of the electron-pegim,
pair is

keV

2 c? = 3::[51 1—2] 4 =1022 keV .
c

The kinetic energy of the electron is
] 1 keV| (2 2
-m,uz'-— 31l — —_—
2 2[ o2 ]“[511':J

= ikeh’.
511

mtﬂtalmﬂgr is Em(.c! T%meui_

The net linear momentum is "’l.;-ﬂ=(511l“—v][_.2.i
2 |51 =2keV/c .
Figure 1W.1 shows the situatio oy, o B e
annihilation. The photons are m;ﬁntéﬂ?;ﬂ’ﬂ:;'tyﬂl’ter the ;. ?!‘ "“EI E,
c o P

:ﬂlrecﬂ::l:. To t:;r;ﬁcm momentum, the photong mugfpliag:,trf before after
e]e;.::ﬁun same direction as that of the initial w:lﬂc;ity of tht annihilation Annitiahon

; e

Fig. 1W.1

The linear momentum of a photon (s

I.-‘-_-‘... = -



L= bt

10

wall in one second. iHm

i th
aquare centimeter area of the sited is

is the number of photons d"pﬁﬂmd hr
b
first beam, the corresponding energy ]

Emm [11—]
2 the second beam,
Similarly if n, is the number of photons deposited 1Y

el

ng
Thus e
A Ag

]
=5 12=10" _ Nz
420 630

630 16 _ 16
=—x12x10"° =1Bx10"".
orT, Floy 42{]:-:

rest. The two particles annihliate each gthe
6. An electron moving with a speed 2¢/511 hits a positron at v
Bhotons are emitted in exactly apposite dirsctions. Find the energles of these photons. Mass of the ekt

Mass of the positron = 511 keV/c?.
Solution: The speed of the electron is 2¢/511 which is much smaller than the speed of ligh ;;
vacuum. Hence ] can use non relativistic equations. The rest mass energy of the electron-pasin,
padr is

keV

k: .
zm,a“_m[su = ]c =1022 keV .

The kinetic energy of the electron is

1 1 keV 2 ¥
oo
a5 A st

2
. T T
Suh:

The total energy is 2m,c” +%m¢u2-

. f
The net linear momentum is v= 51153-1'{ lv-zi = |
Mg [ 2 Nsi1 2keV/e.

Figure 1W.1 shows the situation before — . s
annihilation. The photons are moving in m;';:‘[}d}rﬂ.ﬁer the et E, &

directions. To conserve momentu e
lil]ﬂg the same direction as that Tf: l‘.ul':: Phﬂ‘r.una MUEt move bﬁl'ﬂi‘ﬂ Apaihialin
electron.

E2+E|=2m,ﬂ=+%m,u= il

The linear momentum of a photon is
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h
pyetsat
Thus, from conservation of linear momentum,
T AP
c
or, Ey-E=muc i
grom (i and {ii)

2.1 2 1
-m,f_‘" +Eﬂ1._u .2_“-...'_{-

1| !
and E; "Elﬂﬂ'&-‘*i + "Em,'.l‘-'l 4 m..nc-|

= I"H.l,f_j +%F’l'l,=.|:f2 ¥ %nl‘r.u;_‘

Putting the values,
E; =5[1k:‘u’+$ keV - 1 keV =510keV

E, =511k:\r+5_:]mu+1kev =512 keV

& A beam of 450 nm light is incident on a metal having work function 2.0 eV placed in a magnetic fleld B. The
most energetic electrons, emitted perpendicular to the field, are bent In circular arcs of radius 20 cm. Find the
value of B.

Bolution: The kinetic energy of the most energetic electrons 1=

K=s—-
F @

_1240eVom . .y
450 nm

=0.76 eV =1-2x107171,
The linear momenturm = my = +2mK
=J§u{9.1xlﬂ_“kg}x{l-ﬂxlﬂ_”[ﬁ]

- 4.67 %10 % kg mfs.
When a che { particle is sent perpendicular to a magnetic field, it goes along a circle of radius

TLr

F=—

i



L

12
Thus, 0-20m= [],ﬁxlﬂ_lgc}xs
s &
4.67x10 25 kgmis__ -1.46x10
or, E=(1.ﬁx1u—mc «(0-20m) requency for photoslectrie emisg,,
old _
195 (a) Find the thres el By
ﬂnwﬁhnnthnnhnutllhﬂ-"ﬂ“ J. ol*Hz wnmwlubeme PPINg patential?
T. '

mﬂﬂﬂhm&dmulmmmﬂ Emrk{uncﬁnndi as hvg =D . 8g,

Solution: (a) The threshold frequency vy 38
o 25x107% ;g0

— = _a.q. B
h B.6x107Js Lency as E=hv. For the frequency given i y,

{b) The energy of a photon ia related to the fred

problem, the photon energy 1= #
E:[ﬁ.ﬁxm-ﬂ‘*da}x;ﬁ.uxm’ .
rgy of the photoelectrons 13

related O th

Yo

=15
ghy=3.9x107J.

The maximum possible kinetic €ne 1019
3 & 10-19J=£L—5¢V=1-2=V-
(3.9x107190) - [2.0 %107 J) = 1.9% 1.6x107"

Thus the stopping potential is 1.2 V. e e
4 -
. Euwmwmgu"%"::ﬂmﬁﬁ a“:xngnﬂnmﬁf I:?Ilﬂl:l!{ﬁfl 80 cm. How many photons do you epe
in the box at any glven instant of time?
Solution: The energy sent by the spurce-attenuator  system  into  the fube 5
1 mWx10"1! =1071%J per second . Remembering that the wavelength of He-Ne laser iz 633 nm, the
energy of each photon is

g=1280eV M ;o ev=-a.1x1071%).
633 nm

The number of photons entering the tube per second is therefore,
14
n=—19 J_ _323x10°.
3.1=107"7J
The time taken by light to cover the 80 cm of length in the tube is

B0
te——— — =267x107.
3.0=10%m/s

At any given time the number of photons in the mbe #
tube is the o the
2.67 x107%s . This number is same as that entering

nt=(3.23x10%x(2.67x10%) 4105

So not more than one photon is expected in the tube at any given instant of time
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EXERCISES

;. Find the linear momentum of a photon of X-rays of wavelength 1 angstrom in keV/c. Ans. 12.4 keV/c

3, What is the energy of a photon corresponding to the wavelen 654 am? Light of this wavelength is emitted
by hydrogen gas when electric current is passcd through it ntE:;meﬁnm pressure. Ans. 1.90 eV

4. How many photons are emitted per second by s | mW He-Ne laser? What is the average time interval between
~mission of sucoesaive photons? Ans. 3.23x 10'5, 3.1= 107185

4, An electromagnetic wave has magnetic field given by B = gﬂgmgﬂ[ = ] at time t=0. Find the linear
124 nm

momentum of a photon in this beam. Ans, 10eV/e
g, It is found _thﬂl the maximum wavelength of radiation that can cause photoelectric effect from lithium is 497

nm. What is the work function of Lithium? Ans. 2.5 eV
§. In an experiment with photoclectric cffect, It was found that the stopping potential decreases from 1.85 V 1o

0.82 V as the wavelength of the incident light s varied from 300 nm to 400 nm. Calculate the value of the

Planck's constant from this data. Ans, 6.6=10%Js

7. The electric field assoclated with a light beam is given by £ = Eysin 57 w107 m~Y(x -t} . Find the meaximum
¥ [ !

kinetic energy of the photoelectrons if this beam falls on a metal having work function 1.9 eV,
Ans. 1.2 ¢V

B Data are recorded during experiments on phatoelectric effect in a photo cedl. A i o —
umber of experiments are performed using lights of different colours and |
cathodes of different metals. The quantities recorded are applied voltage, intensity
of light, pheto current, wavelength of light, stopping potential, A student plots the
variation between two of the obzerved quantities but does not label them. The plot
has the shape shown in the figure, What can be the quantity represented on the i
horizontal axis? | Fig. 1E.2

Ans. Photocurrent, applied voltage

9. A point source of monochromatic light of 1.0mW is placed at a distance of 5.0 m from a metal surface. Light
falls perpendicularly on the surface. Assume Wave theory of light to hold and alse that all the light falling on
the circular area with radius = 1.0%10 %m |which is few times the diameter of an atom)| is absorbed by a
single electron on the surface. Calculate the time required by the electron 1o receive sufficient enengy to come
out of the metal if the worl function of the metal is 2.0 eV, Ans. 5.8 hours

10. A light beam of wavelength 400 nm is incident on & metal plate of work funetion 2.20 V. (a] A particular
elsctron absorbs a photon and makes two eolligions before coming eut of the metal, Assuming that 10% of

Oergy i i collision, find the kinetic
the e excegs of the average ENETEY of other electrons 1& lost to the metal in each 1 :
energy of this electron as it comes out of the metal. (b) Under the same assumption, find the maximum

number of collisiona the electron can suffer &nd still be abie to come out of the metal.

Ans. (a) 0.31 eV (b} 3

laser source. How many photons are there inn 1 meter

11. Consider the light beam coming from a lmW He-Ne 1
Ans, 1.08=10

length of the beam?

12. Light from & 1 mW He-Ne source is attenuated
the photons,

by a factor of 10! . Estimate the minimum distance hetween
Anm. About 9 lom

F



o te the particle nature of lighy
More experiments dem
or ultraviolet radiation) and nhmﬂ]a

radiation -
P1.1 Blackbody ible light, ini:ﬂ:;jt absorbs all the radiation that gy, uﬁm

. iation (vis .
Any object emits lﬂmf radiation = an oblEC T, i : .
of the radiation falling on it. A IACkboch 18 Fpyeq plackbody el Hi The distrbe 1
The radiation emitted by 8 DIACRE . . o ergy in varigus Wews = 4 Hon of
e : bution o distribution in a blackbody radiat;
nochromatic, it contans & distri : gpectral distribut i
E‘ energy in different wavelengths, i thﬁ.m'?i of the radiating body. If you have an nnnluwr:
the tempe the same form of energy distribugjo, angd

ial form which ﬂEFﬂ“dE o o gy has
:ﬁknﬂap?ﬁlm a fixed temperature, the radiation inside
: hody radiation. g
hence is the same as blackbody stationary waves in an enclosure, and clasy

Based on classical wave theory describing pectral distribution of blackbody radiatip,

i i i tion for the 8
thermodynamics, Rayleigh derived an equa :
This equation, commonly known as Rayleigh—Jeans law, 15

up = %H (P1y
where w;di denotes the energy of radiation per unit velume in the wavelength 1_'31"5‘3 A toi+di g
is the temperature in Kelvin and k is the Boltzmann constant. What does Equation P1.1 mean? Ty,
an enclosure (like a metallic shell) of volume V and keep its temperature fixed at T. Look at the
radiation inside, with wavelength only in the range 4 tod+dd, and find its energy. Divide by ihe
volume and what you get is u;dd . Aceording to Rayleigh-Jeans law this should match with Equation

Fl1.1.

How do the experimental results compare with this equation? Figure P1.1 I it E%
shows the comparison schematically. For larger wavelengths they compare
very well. But for smaller wavelengths, it is all nonsense. Rayleigh—Jeans law %e.

predicts rapidly increasing u; as one decreases 4, but that is not the actual

case. The spectral distribution has a8 maximum at some wavelength A and :

decreases on both sides of it. Max Planck made a b ' g l

quantum theory when he put forward a model saying t%aid:x:;rmz?tm}; PRnE

oscillation n:i?an be absorbed or emitted only in units of & basic energy E which is proportional to th

::E:f_my ﬂ-:- ﬂml oscillation. In case of light, this means, the energy of various modes of stationa]
in the enclosure can be &, 2¢, 3¢,... etc., with ¢ = hy =he /A, where h is a constant. Using th

hypothesis he derived the following equation for spectral distribution
Bxhic 1
(pL2

I.!R o —
_15 EI'EII'.-U{T -] :

This equation ma

wavelength, when th e
approaches the jofiei;h‘:._lju:n; If:a-::lris EIWE" 6.6x10™Js . For large wavelengths, Equatio? p
=¥Plaining why the later was successful at large wavelengths:

Planck's hypothesis wag
- t x
Ereat revoluting and the constant hig rightly called Plancle's Cﬂnﬁﬂﬂt‘
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Fl.2 Discrete wavelengths in atomic spoctra

All GE O AUS CHaR with mercury vapour lamps and sodium vapour lamps used to light our
iving 105 S0l wh ota. Similarly, one can fill a discharge tube with hydrogen and connect the two
elé in the tube to appropriate voltage source. As the electric current goes through, the
ydrogen atoms in the tube emit light, If this light is examined by suitable gratings one finds very
gpecific dl.!.l:rg'cti wavelengths. In the viaible region, the first four wavelengths in decreasing order are
656.6 m;"lé 4 ﬁ~ﬂn m‘["hmﬂ nm and 410.4 nm. No light is emitted with arbitrary wavelengths like 600

of Ewh Tnl f;n ese data were known to the scientists in early twenticth century but there was
L wavelengths are present in the atomic spectra,

Hjemt?-t;?l;;hh; ;;:'l'ml:ta put forward a wonderful model which is so popular even today. In essence, it
,.;umﬁ of which ron of a hydrogen atom orbits around the nucleus fproton) in a circular path,
Vo can have certain specific values. For each such circular path, there is &

I Eh:“d energy. Light is emitted when the electron jumps from one path of energy E; to
another pnt.h_ ving a lower energy E¢ . The light emitted in the process has energy E; - Ep. The light
is emaitted in quanta or lumps of definite energies,

ipbpiitrnd rstand the specific values of the wavelength emitted by hydrogen gas? Bohr

suggested that the electron can go only in those circular orbits for which the angular momentum of
the electron 18 an integral multiple of h/27 where his the Planck's constant. In other words,

h
Mebtin'n =EE= Ful P1.3)
where r, and o, are the speeds correspending to the orbit with angular momentum nh.
This equation together with the force equation
2 2
e =
S e Y (P1.4)
4n €, .I'E (rn ]
4r g, #*n?
givee e (P1.5)
' " m.e”
2
s ; (P1.6)
and, Uy T
From these, you can write the energy corresponding to the n' orbit,
4
[ SR, . . (PL.T)
2(4r Eﬂjz Wn®

Thus, when the electron jumps from the n* orbit to the m® orbit, the energy of the photon emitted is

E, - E _."‘—f‘i-—r[i—lz-J (PL8
T g(4ne) R m® n
The wavelength corresponding to this radiation is
(P1.f
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from higher energy arkyy o,

mpH : L
when the Elﬁlrz“l{"lﬁ PI in equations (P1.8) and ) I’II '
S T Rt s . fir
m =2 and:" rogeEn gEn, according o Bohry, Mitige, ¥
d to he f4, the wavelengtbs o Fate
mllrl "]hu!- it wan Hg.ilih ] 1.:;'.\_:“
quanta, for cach transitig, '}.;,,"'" )

in visi It
Wavelengths in visible region resu
corresponding to n = 2, Thus you put

ight that can ¢ome
the wavelengths of the visible i model were equate

When the encrgies nl]ﬂl:-ﬂ:lh:'h;t: sbserved experimen

xactly the sam & count the
::tahlishi:u the particle nature of light. You can

guantum.

T
]

P1.3 Compton effect x-rays are scattered from materials, trllm Mentires 5
-I . =8, e

Compton reported in 1923 thal WHeR B o, rhe change th ‘Faﬁ:nrﬁ] At o e by
have larger wavelengths than t 1 will scatter with a wavelength in : ke HB A4
meaning by, X-rays of wavelength wuld be m]mnﬂﬂ by treating the Bt tering -

: it, This observation on of the .
Ad. hias some spect™ic uppe: “m“n between a photon of energy he (A and an electron of o Miatera

e m - mtl.'.'l’iﬂl as A collisio F‘nni-n e
_ inmmtfrﬂﬂ“dmdmumm“n the be :,]I'I'I and eNergy Conserva:
| =2 VELONE L.
ooy : are to be used for linear momen ision it i A (Figure 51 5
o bewe: tho sl e 11/ 3 sl the COIURKE 7 B 1.0 (igws b
The linear mementum of the electron before the collision is zero and that after the ml:-;:-rl_‘ L p-& i
photon is scattered through an angle ¢ and the clectron is deflected at an angle 6 from the [,

impact. The equations corresponding to conservation of momentum and energy are

h h
e cos &
r rﬂmihpf
h .
U =me"pf B‘i.ll'lﬂ

and %+mﬂ¢9 =-3-F_--n,lllmﬂc"'+p2c2.
Solving these equations, one gets

a=a-a=L(1-cong) (PL1
mc

The maximum value of Adis = when the x-ray is observed
me

at ¢=x, that is, when it is scattered in the direction " .,-'
I H
opposite to the incident direction. The q‘u_ﬂ;“ﬁt}r _h_ is called Wuul —% L ——
mic -
Compton wavelength of electron. 8

Such & shift in the wavelength of X-ra o

¥8 or y-rays when Co
::tl::ym ;ﬂttc;e from a material is shown in many experiments | :
ing the detection of y-rays in a nuclear detector. The Before: 1 2N
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Lessons from Young's Double-shit Experiment

pl.4 Single photon interference experiments

A few decades ago, Young's double-slit interference at s single photon level was only a fopic
imagination and discussion. But with the advancement of technology it has become much more
common. In several academic institutions this is in regular laboratory course and all students mn the

do i :'l.l several places this is used as a demonsiration experiment Tuen hasid IFqlJIT'!‘E'I'IFF'IM
for ohserving interference at single photon level are

ol

la) an extremely weak source that ensures that at any gven instant, there is al moRL DNe

photon in whale of the apparatus
(b) a very senaitive light detector, which can record light at the level of ane photon

The first requirement is met by using & source of low intensity (say 1mW He Ne lnser) and
passing the light through an atteriuator that absorbs most of the light. Attenuators are used which

reduce the intensity by a factor of ]I:'l”ur s, Al Lhese intensities you will find on the average one

per 9 km of the beam. This light goes through a pinhole in a darkened chamber which houses
the dauble slit and the detector probe, As the length of the apparatus is hardly a meter, you miiy rest
assured that at no instant you have more than one photon in the apparatus

The second issue is the detection of light Now.a.davs CCD cameras are uvailable which are
several tens of million times more sensitive than the usual video camera we Use for photography. A
oD camera has an array of pixels and the video receiver reads the illumination al these pixels frame
by frame. The data are stored in a computer for specified time and the image can be displayed. Nice
images are given at website of several universities (for example, you can visil Princeton University
hep:/ fOphelia. princeton.edu/ - page / single_Photon.html|. They used three slits for interference and

mW He-Ne laser attenuated by a factor of 0.2=10'". As the exposure time is increased interference
pattern is built up from individual impacts.

in the demo experiment described at the Harward University website they use twa slits and a
sliding cover on the slit holder which can close any of the twa slits. If two slits are opened, one by one
for equal time intervals while the data collection goes on, no interference pattern is observed, But if
hoth slits are opened together, interference pattern is built up from the individual events.
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Lessons from Polarized Light

illating electrnic and magnetic fields The
on are mutually perpendicular fir
ce the electric field E is given, 1he
re k is the unil Vector iy 1

Polarization of light
= ig described a8 osc

; el E i
the wave Piﬂ““':'ldh%hand the direction of Pfﬂl_’ﬂﬂg:_’l
many of the transparent ;‘Edkh: E/c whe

m the ﬁlﬂu:r::leaﬂribe a light wave. A monochromatic liph

Going by _
electric field E, the ““'E“H"EE_I
light traveling in vaciim an _
msal;n:ﬁc field B can be easily obtained fro

direction of propagation. So it is sufficient to give Et
beam meving in the x-direction is represented by

E = E, sinjkx - at]. , .
e If the electric field is always parallel 10 & fixed

' ion in the y-z plane. -
Thedimnﬁd j;ﬂmn bﬂt;-:: ll:?htdf:wca.‘lllﬂeg E]Mﬂfiyypﬂlﬂ.rﬁ A For example, the Wave equation
“ 1

E = By iy sinffoc— at)

[2.5)

2.2

is the unit vector in the y—dirm:ti:m g that the electric

represents a linear lariged light. Here &g : : - : Sl
field 1% ah':;'ﬂ p&mﬁﬂpﬂm the y-direction. The light is said to be polarized in the ¥ direction. Similarly
the wave equation -

E = By &4 sinflcx — et}

represents a linearly polarized light, polarized

An ordinary source of light, such as a sodium vapour lamp, uumighi.r a
candle, etc., gives unpolarized light. The electric field keeps changing its
direction randomly and frequently in the plane perpendicular to the
direction of propagation. There are a number of ways to get a linearly
polarized light from an unpolarized light. A very simple way to do thisis to |
take a plane mirror made of ordinary glass and send a parallel beam of 1
monochromatic light at an angle of incidence 577 {more precisely tan-lu, 4
being the refractive index of glass). The reflected light will be linearly
polarized with electric field perpendicular to the plane of incidence. A device

used to polarize light is called a polarizer.

2.2 Polarization by a Nichol prism

t Hﬁha;tpﬂmmﬁfwm#my usat:l {li-fam t}:ﬂ study polarization of light. It is made from 2
ransparent crystal o e, CTys & a shape of a parallelepi ith i ut three
times its width. All faces are in the shape of E SRRSO R
parallelogram with specific angles between the sides. Cengda bal /
To make a Nichol prism, the crystal is cut along a T _"t__
particular plane in two parts, the two faces are + *
polished and rejoined by a transparent layer of a
particular cement called Canada balsam. The faces
are slightly rubbed to change the angles a little, A
schematic diagram of a Nichel prism is shown in

Fig. 2.2

in the z-direction. Here #; is the unit vector in the &

Fig 2.1
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Lessons from Polariecd Laght I

Figure 2o WL ) unpolanzed beam falls on s ee in oo perticolse diced Vi, a8 puirt of i gein
reflected at the l;a.n&dﬂ balsam and the rest of it goes through it, Thim the benm spliln i twe parts
The one transmitted through the Prism is linearly polarized with its electrie field i the plare of the
diagram. and the other reflected at the Canado balsam is lincarly polsized with g elesteie field

rp-rn-dfcular to the piarl'le- of the diagram, In Figmire 2.2, | show the clectric field of the iransmitted
beam by d':_"uh?e AITOWS in) _‘lhE! plane of the disgram and that of the reflected bearm by dots, sl
notation to indicate a direction perpendicular to the pline of the dagrom,

mi.'t happens if you E'rﬂ_'ld a lincarly polarized light to the Michal prisin® Let gne Tioaf define the
K nstr: Spcw; 1 mk-r: “axis along the direction of the incident bem, om0 the pelene of the
e mmthemz-'mg P:ﬂfff :nl dicular to the plane of the diagram as shown in Fgore 2 S5a Suppoae
e 9 prs in the y-direction (Figure 2.30b). The electric feld s piven by Beguoation

2.2, that is, E = Ey &; sinjkx — an),

WS N

2
-‘
() (bB) ic)
Fig. 2.3
bet okl this state of polarization by the symbol {e2) |Polarization in the plane of the figure),

In ﬂ']:llﬁl o of the light gets transmitted through the prism and no part is reflected. Neplecling a
amount of absorption in the prism, the intensity [, of the transmitted beam s the same sy that

of the incident beam. Also the state of polarization of the transmitted beam is ey (the direction of the
E-field almost the same), that is, the same as that of the incident heam,

Necxt, supy the incident light beam is polarized in the #direction (Figure 2.3¢), The eleetrie field
is given by Equation 2.3, that is,
E = Eyp &; sinfloe - o).
Let me call this state of polarization as |es| (Polarization perpendicular to the plane of the figure)
Whole of the beam gets reflected in this case. The intensity of the reflected beam is I and the state of

polarization of this beam is |e3}, i.e., the same as that of the incident beam

What happens if a linearly polarized light given by
E= Eglcos# ép +sind ¢3) sinfkx — ad]

¥

|2.4)

falls on the Nichol prism? This is a combination of waves represented by Equations 2.2 and 2.3 with
the weights cos# and sing. [ can write the state of polarization as

) =|eq)cond +|eg)sind.

Note that the electric field is still perpendicular to
the direction of propagation. What you find is

t & part of the light gets transmitted and a
Part reflected. The intensity of the transmitted

mis [, cos® # and that of the reflected beam

“ Isin?@. Also the transmitted light is
Poiarized in the y-direction whereas the reflected
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jgure 2.2 When an unpelarized besm falls on s face in o particalar direction, @ part of 1t geis

rcﬂl'f't'?d at the E".l-ﬂ'lnf]ll halsam aivil the rest ol i JEEE '||Ilrlll|.*.h il ‘Thus the beam -.l:|||r' in T RIS
The ane transmitied through the prism s |".|r.‘.”|.,f.lr],ll“”?‘.d with irs electpe Bekd in the plane af e
diagram and the other reflected at the Coanadn balsam is linearly polorzed with fs clectne firl et

ndicular to the mm.“' of the dingram, In Figure 2.2, | show the clectne field of the transmitied
beam by d'?“bif arrows in the plane of the diagram and that of the reflected beam by rdots, usual
potation 1o indicate a direction perpendicular to the plane of the diqgrarm

What happens if you send a linearly polarnized light 1o the Nichol prsm? Let e first define the
coordinate axes. | take x-axis along the direction of the incident beam, yoxis o the plane of the
diagram and the AR F“T"""n‘““]lﬂr te the plane of the dingram as shown in Figure 2.3a, Buppose
the incident beam is polarzed in the ydirection (Figure 2.3b). The electoe field s gren by Epuation
2.2, that is,E = Ky &y sinfkx - mt).

III

/._-_.. n?/\i/l.. oSN

£
4
(a) (b) (c)
Fig. 2.3
Let me denote this state of polarization by the symbal |e;) (Polarization in the plane of the figure).

in this case whole of the light gets transmitted through the prism and no part is reflected. Neglecting a
emall amount of absorption in the prism, the intensity [ of the transmitted beam is the same as that

of the incident beamn. Also the state of polarization of the transmitted beam is |eg; (the direction of the
E-field almost the same), that is, the same as that of the incident beam,

Next, suppose the incident light beam is polarized in the z-direetion (Figure 2.3c). The electric field
is given by Equation 2.3, that is,

E=E, i_;iiﬂ[k;l'- art) .
Let me call this state of polarization as |e;) (Polarization perpendicular to the plane of the figure).
Whole of the beam gets reflected in this case. The intensity of the reflected beam is [ and the state of
polarization of this beam is [e3), i.e., the same as that of the incident beam.

What happens if a linearly polarized light given by
E= Eplcosd é; +sind #4) sinfkox - at)

falls on the Nichol prism? This is a combination of waves represented by Equations 2.2 and 2.3 with
the weights cos@and sind. | can write the state of polarization as

'E}=!:=}mﬂﬁ+|ﬂ3}ﬂmg. '.2.5]

Note that the electric field is still perpendicular to ,T
the direction of propagation. What you find is
m‘tﬂﬂﬂﬂﬂith-:lightgﬂtstransnﬁmﬂmdn *
Pert reflected. The intensity of the transmitted

beam g Iy cos? # and that of the reflected beam

K I,u sin®d. Also the transmitted light 18 T
Polarized in the y-direction whereas the reflected §

(2.4




larized in the g-direction. These [Acts are: rCpLrsseses = -
jons is very simple.
2.4 is a com

.

light is po
these obsenval
The wave given by Equation

£ (Epcost)é; sinflx - at)

hination af twn Waves

E = (Epsind)éy sinhx - at) -
he other gets completely reflected just as in the cg,

roportional to the sq'l.li:rt of the -lil.nlp]i':l_]d:-_ hence 11
cos? @ and Ipsin® @ respectively.

ardd
ranamitted and t

e first gets completely : i an
nmr:ussedgrn Figure 2.3. The intensity 15 D

itted and reflected beams have intensities o

9.3 Polarization with a weak source
Let me bring some twist in the story. Suppose you perform the experiment represented in Figy
Put light detectors D1 and D2 to receive the transmitted and reflec
when a photon enters a detectar,

2.4 but now Eg is very small
for the sake of arguments that :
you will hear beeps interminer

beams respectively. Assume, _
detector beeps. If you do the experiment with a very weak source, |
one of the two detectors will beep and then there will be siler

and not continuously. Occasionally, .
‘here will be a beep. Light dees not arrive the detectors continuously. 1t_mml:3 as discrete lun
of energy, the photons. Distinct beeps at intervals means that the source is so weak that phor
arrive one by one at the Nichol prism. Also you don't hear beeps from the two detec
D2, The photons are not splitting at the Can,

simultaneously, It is either D1 or D2, but not D1 and _
balsam. A photon either goes to D1 or 10 D2, All beeps are equally loud again suggesung that phot

do not split.
long time, you will find that the numbers

If you count the beeps from D1 and from D2 for a

proportional to cos? @ and sin® § respectively as expected from the wave picture of lght. If #=-

you will hear three times more beeps from D1 than from D2. However, if you are waiting for a beep
next. The transmitted photons are in the stat

never know which detector is going to beep
polarization |e;) and the reflected photons are in the state les).

Let me summarize the discussions made above. Consider a photon In the state of polanz
rement is made on this photon. The measurement consists of le

|e) =|e;)cos @ +|e3)sinf. A measu
the photon pass through the Nichol prism placed in the said orientation and detect it as it come:
of the prism. The following conclusions can be made.
(a) There are two possible results of the measurement.
R; : The photon is transmitted

Rz : The photon is reflected
(b) It is not possible, in general, to predict beforchand which result will be obtained |

measurement. But the probabilities of different results can be predicted.

(c) If the initial state of polarization is |e3} or |e3), the result of the measurement is |
beforehand. In the former case the result has to be R; and in the latter case it is Rz
special states are called pure states of this measurement. |ey) is the pure

corresponding to the possible result R; and |e3) is the pure state corresponding

possible result R,
(d) If the initial state |e} of polarization is not itself a pure state, the result of measurel

not definite. If |e) =|e;)cos #+|e;)sin# , the probability of the result R, is cos” ¢ and

Rs is sin? 4.
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2.3 Polarization with a wask source

e Bewial in fhe ateary " appeett 04 performn vhe experiment repccsenind in Fie,

2 a4 bt now By I8 wery wreil). PRt Lkt detectins Jil ared L2 Ay perssve TEe trariemitted wnd ""ﬂ-"‘-;ﬂ.l:-;l

tenme rﬂnpﬂﬂwlv Amaurie, frr the sake A gt e .".i',_u* whiet) & [hOvan eNters @ detestor the

detector beeps, [ o tles the Exgericiett aith & wery WREE SUTGE, ¥ Wl PRl s ritermittent]y
s Vo date Aars W el REind then there will be sience

and not continonishy. Eva-mniemiaily, e A
Again there will be » beeep. Light dees gt sirioes fhe e A npinndny agly . It oomes sx discrete Jump
of energy, the photoms, [rstinet Feegs ot irtervais s thet vhe soures is 50 wesk that photony

arrive one by ome at the Wihed priarn R U et Femr bBeeps from the two detectorg
almultareoasly. 1t e either L of 172, tnst gt §a) wrud Li2 The pherans sre not splitting &1 the Canad

balsnrm. A photon either goes 1o (2] or te 172 Al e mpe ey sy b wd wpgsin suggesting thet phowns

do not split,
If you count the beeps from (31 and fea (72 feor 50 Joorsp irrse, yens well find that the numbers are

il ber m-zﬂ ardd siri® @ reape el st exgecard from the wave plcture of light i §=1/6

will hear three Hirmes mire Fespa frean 21 than frean D2, Hepweover, if weu sre waiting for 3 beep you

never knew which detector s genriE tey ke next. The srangmitted photons are in the state of

polarization ley) and the refledtec) phetomn mre in Ve atate £y

Cansider & photon in the stae of polarzation

urement consists of letting

Lt e bring &ief

Let me summarize the discissiomns e L
&) = |eg)eonll « |ey,nind. A measurement is made on this pheton. The meas
the photon pass threugh the Nichol grisen placnd in the said onenlation and detect it as it comes oul
of the prism. The following conelusions can T
() There are twio possible results of the messuremen
K, : The photon is transmitted

Kz : The phirton is peflirted
(b) It is not possible, in general, to predict belorehans which result will be obtained in

menaurement, But the grobabilites of different results can be predicted.
fe) If the initial state of polarization s &5, of €5, the result of the measurement is knoWE
heforehand. In the former case the result has 1o e K and in the latter case it i Rz, Thes
apecinl stotes wre called pure stofes of this measurement. €y is the Ppure SIEK

correaponding 1o the possible result B, and =, i% the purc stalc corresponding i@ the
prrasible result K.
() If the initial state |&, of pelarization is not sl o pure staie, the result of measurement ®

not definite. If &) - ey o ft s ey mnll the probability of the result Ry is cos® § and that

Kyin nin# i,
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These facts are represented in Figure 2.4. The explanation g,

t ia polarized in the a-Flirectiun-
fil-i':u observations is very simple.
The wave given by Equation 2.4 is a combination of two waves
E= (E,cos#)é; sinfor-wt)

E= (Epsind) &y sinjkr - et}
d just as in the e
d the other pets completely reflecte ] e
&!:a pr:pnrl‘innﬂ] to the square of the amplitude; hence the

49 and Iy sin® @ respectively,

and

The first gets completely transmitted

discussed in Figure 2.3. The intensity
transmitted and reflected beams have intensities [y cos

2.3 Polarization with a weak source
Let me bring some twist in the story. Suppose you perform the experiment represented in Figure

2.4 but now E, is very small. Put light detectors D1 and D2 to receive the transmitted and reflected

beams respectively. Assume, for the sake of arguments that when a Phl'z'm" enters E.LI.'lEtE:tlnr, the
detector beeps. If you do the experiment with a very weak source, you will hear beeps intermittently
and not continuoualy. Occasionally, one of the two detectors will beep and then there ‘i'-"llll be silence.
Again there will be a beep. Light does not arrive the detectors continuously. It comes as discrete lumps

of energy, the photons. Diatinct beeps at intervals means that the source is so weak that photong
arrive one by one at the Nichol prism. Also you don't hear beeps from the two detectors
|

simultaneously. It is either D1 or D2, but not D1 and D2. The photons are not splitting at the Canada
balsam. A photon either goes to D1 or to D2, All beeps are equally loud again suggesting that photons

do not split.
If you count the beeps from D1 and from D2 for a long time, you will find that the numbers are
picture of light. If #= =/6

proportional to cos® & and sin® ¢ respectively as expected from the wave

you will hear three times more beeps from DI than from D2. However, if vou are waiting for a beep you |
never know which detector is going to beep next. The transmitted photons are in the state of |
polarization |e;) and the reflected photons are in the state les).

Let me summarize the diﬂm'ﬂnﬂjﬂﬂs made above, Consider a phﬂ!ﬂﬂ in the state of FI'J]H a tion
e} =|es)cos 8+ |eg)sing. A measurement is made on this photon. The measurement consists of letting

the photon pass through the Nichol prism placed in the said orientation ' it come
y 3 : and detect
of the prism. The following conclusions can be made. gk e
(a) There are two possible results of the measurement.
K, : The photon is transmitted
Ra : The photon is reflected

(b) It is not possible, in general, to predict beforehand whi
3 Y and which ; , .
measurement. But the probabilities of different results ::anl be 1:;1:11;:::'1111 T e . s

If the initi ' i
e} If the initial state of polarization is €2) or |ez), the result of the measurement is known

:;E:Jilamﬂd; :: the former case the resylt has to be R; and in the latter case it is Ry These
] -
are called pure states of this measurement. |e;) is the pure state |

corresponding to the possible resuls g :
ard
possible result R, } le3) is the pure state corresponding to the |
(d) If the initial state | g o .
not definite Ith':g If:} ,'Tfpn Hor IS not itself a pure state, the result of measyurement is
inite. If &) =|e,)cos 0.+ e, Ysin g 5
¥ thE s 1+ ,
Ry is sin? g, } probability of the result Riis cos? 9 and that of
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IE] Ir th‘e i.l'l:“]lﬂl state Df Pﬁ]&rimﬁﬂn nr thE' phum IIE- |E:| = |E2::|mﬂ E-‘- |E'3:| E-]ﬂﬂ ﬂ.nd th.e
ensurement gives the result Ry, the state of polarization just after the measurement will be
|ea), whatever be the value of # Similarly, if the result of measurement is Rs, the state of
polarization just after the measurement will be |eg}. So, the state of polarization just after
the measurement is the same as that in the pure state corresponding to the result obtained.
Thus & measurement changes the state of polarization from |e) to either |e;) or |ey).

gimilar rules apply in general to all measurements on quantum systems.

24 You learned in this chapter

O

There are some fixed possible results R, Rz, Ra...... of a measurement on a system.
g ﬂq.l'l'fﬂp-l:rnding to each regult R, there is a pure state ;’} of the system.

If the system just before the measurement happens to be in a pure state [i), the result
of measurement is sure to be B,

If the system just before the measurement is not a pure state of the measurement, the
result of measurement cannor be predicted with certainty.

@ If the state of the system before the measurement is a linear combination of the pure
states, such as

|®) =Ze;ld), ['{Iﬂ-|==“

the probability of getting the result R, is |¢,-F.

If the result of the measurement is R, the state of the system just after the
measurement has to be |i), irrcspective of what the initial state was. Thus the
measurement abruptly changes the atate of the system,

FEXERC IHT‘Hj

gl g L

1. A polarizer is kept with ite transmission axis pacallel to the g-scis (If the polarization of the incident lighe is
al the transmisslon axis, the light gets completely transmitted). A light beam moving in z-dicection and
having amplitude of electric fleld E = EyiSé, +12¢;) falls on the polarizer. Find the probability that {a) & EBiven

hoton will be tramsmitted through the palarizer, [ out of twa given photens falling on the peolarizer, one is
transmitted and the other is blacked, o) oul of two given photons felling on the pelarizer, at least one is

T ams, (m) (127137 (b} 2=(5 /137 =(12/137 ) 1-(s5/13)"*

2 Twn z 9 are kept one after the other u.ul.h thFlr h-_namiaai.ﬂn axes parallel to the vectors
iy 1_”;:?;';5; _ﬁ“&: respectively, A photon of light traveling in x-directlon and having polarization felectric
field) in the y-direction falle on polarizer 1. Find the probability of its getting transmitted through beth the
Polarizera

Ans, 5762197
e t on a system has thres possible outcomes R1, Rz and Ry, The corresponding pure states of the

*yatem arc |1}, |2) and |3) respectively. The system is prepared in the state |¢) - o[ |1} +2]2)+33)] and the
measurement is made. What is the probabilicy that the resull will be Ra? Ans. 2T
- A particular measurement on a system has two possible outcomes R; and Rz, The corresponding pure states
ure |1} and |2) respactively. The system |8 prepared in the state f[!i}*vﬁlﬁ}] and the measurement is made

twlee § . bability that the results will be |a) Ri and R (b) R: and Ra fo] Rz and Ry (d) B
undqu.] succeasion, Find the pro Ana. (a] 1/4 (b} 374 )0 )0
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support to justify his hypothesis, but he showed that by assuming a .-~

wave picture for electron one can explain ‘he discrete orbits in hydrogen = ; 52
atom. If you have a string of length L, fixed at both ends, standing waves 5

can be produced on it by vibrating it with particular frequencies. These —h
frequencies are obtained by demanding that the two fixed ends should be -
nodes and hence the length of the string should be an integral multiple of Fig. 3.1

Af2. What happens if you have a circular wire of radius r and try to

produce a standing wave on it? If 2 point on the wire is a node, it should remain a node all the time
and if a point is snnnugl:. it should remain an antinode all the time. To achieve this the total length o
the wire should be an integral multiple of 4. According to de Broglie's suggestion, the wavelength ¢
the electron is hfp where p is its linear momentum. If it orbitz in a circle of radius r, the length

available for this wave is 2er . To have a stationary pattern, this length should be an integr Al multiple

of the wavelength 4. Thus, ‘7“:?4\
1 “’L\-ﬂ“

1::T=nb-
fl

P 1
Hl-j ."J.r

h
ar s
P=n_— Y ;
EH v

or !:H-E—
o Fig. 3.2

where [ i8 the angular momentum ] )
okl Bl e et ot of the electron in the orbit. This gives justification to the B
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Material Particles Also Need Wave Descnplion :

The experimental confirmation for de Broglie hypothesis came in 1927 when Davisson and Germer

found that electrons were diffracted by materials much like X-rays. Let me describe this experiment i
gomewhat more details. y

3.2 Davisson and Germer Experiment

Chinton Dmri:us_l:m ﬂ.ﬂ.d. Lester Germer were doing experiments on angular diziributben of electrons
geattered from a nickel [rr|E The experimental arrangement can be schematically shown ag in Figure
3.3a, They had no intention of testing de Broglic hypothesie of wave character of materinl particles.

put Brahmajt had E'"?"'f'l-"_' written Nobel prize for them, Due to some problem. air leaked o the
evacuated chamber oxidizing the nickel foil The foil wos given s special beat treatment to expel the
A b o e e

=700 ]

Wincuum sincior

/|

e

=) (B)
Flg. 3.3

oxygen and the experiment was resumed with the heat-treated foil. And now the results were quite
different, The electrons scattered intensely at a specific angle ¢ which depended on the initial kinetic
energy. For example, when the initial kinetic energy of the slectron was 54 eV, the intensity of the
scattered electrons increased sharply at ¢ = 507 . Figure 3.3b shows schematically the variation of the

intensity of the scattered beam with the angle ¢ Such a variation of intensity with angle was known
for X-ray diffraction and Davisson and Germer soon knew that they were observing the wave character
of electrons as proposed by de Broglie.

Why did the result change so drastically when the nickel foil was heat treated? It got well
crystallized due to the heat treatment. The atoms got arranged in regular patterns. Such an ordered

arrangement of atoms reflect the X-rays in very specific directions. This is & common phenomenon and
this fact = used to determine the crystal structure using X-rays, Let me describe why X-rays are

reflected only in specific directions and how these directions are related to the crystal structure,

Suppose, X-rays are sent to the crystal making an angle & with the
planes of atoms as shown in Figure 3.4. A part of the X-ray waves is
diffracted from the top plane of atoms, another part from the next
plane, and so on. The difference in path length travelled by the waves
diffracted from consecutive planes is 2d sin# as can be seen from the
geometry of Figure 3.4, Here d is the distance between the consecutive s—e—
planes of the atoms. The diffracted wave has a large intensity for s—s—s—s—s—s—s—e—9
directions satisfying Fig. 3.4

2d sind= 4

3:2)

Where i is the wavelength of the X-rays.

d There is an interesting fact about the plan
TaWn mentally. The crystal has atoms arran

es of atoms in a crystal. The planes in Figure 3.4 were
E'Ediﬂﬂ-remﬂﬂ!pattembut planes arg our own
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imagination. We can imagine planes v

shown in Figure 3.5, The armngemen! ol ""m”hm planes, d, is also 8 & & & & & o 4 o
. _ swenthve v B .
differently. The separabion belween consecil nevernl VARILES o Na e
different in this cose. Thus, for the same 'T"fmml' iy i“-l,‘rwni these values . g e
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different for different # nnd often the peale corresE Fig. 3.5

¢ s gquite strong as compared (o others, : ;
mer, the wave asnociated with the electrons wee Aiffraesn.
! ted

s

I'nnnll:h:-h;;:t:lf?::;;]: ll-r}:l:r::rﬂn:r:1ll::?hu:::r'l'hr #lectron beam having electrons u-[.'":.il- Y L;,_,-,.._,i,: Ehary,
was incldent normally on the surface of the nickel foil and was scattered strongly at ¢ - 50 With th,
normal to the mm‘m.‘é (Figure 3.6), Thus the planes of atoms "'"1_’“‘”;““': x

for this scattering make an angle 65° [i.e., (180%-507/d] wm:h:f Lr::“::ﬂ [E ’a‘“_k,c"f
heam or 259 with the surface of the foil ﬁ:;_xr;;fmlinn o o

el

consecutive planes in this family was known fro '
equal to H.SED'EI' nm. The wavelength of the clectron waves Ay o8 e
calculated using the same equetion as applied in X-ray diffraction. Ho, . "
A = 2d sind by " .,
= 2 x {0.0909 nrm| * sin 65° . L
= 0. 163 nm.

This is the wavelength of the waves associated with the F]ectmns as
obtained from the experiment. Using de Broglie hypothesis the wavelength for an electron having

kinetic energy of 54 eV should be,

.fi:E.— h - =L_.
P J2mk J2me K

_ 1240 eV nm

T 2511 keV)(54 ev)

The result from Davisson-Germer experiment agrees extremely well with the hypothesis put forwsnd
by de Broglie.

| had been using the term scattering of electrons in describing the Davisson-Germer expenment
More appropriate term is diffraction of electrons as the physics at work is diffraction of the waw
associated with the electrons.

Electron diffraction has become a common tool to probe internal structure of matenals at microe
and nanometer levels. Images with magnification of the order of 100,000 are quite common Wi
Transmission Electron Microscopy which is based on electron diffraction.

3.3 Double-slit experiment with electrons

If electrons have wave characteristics one should be able to da Young's douhle-slit EIF-’WEE"'.
with electrons. Yes, it is possible to do such an experiment and it has been done. Electrons %22
particular kinetic energy are sent on a double-slit and those coming out on the other side are 00
by putting appropriate detectors, Electrons arrive at certain positions of the detector in a large “".ﬁ;.;
showing constructive interference of waves and very few electrons reach at certain other posit?®
showing destructive interference. It also verifies the de Broglie relation A =h/p.

Imagine you do the double-slit experiment with a very weak source of electrons so that electl
fall on the double-slit one by un::.mThia rules out anr?y pr?nkait:isﬂty of electrons colliding .T::
themselves preventing them from reaching certain places, The data can be stored in a mmp“; X
that you have  permanent record of the electron impacts. If the experiment is performed o
short time you only get some random impacts here and there. But as you prolong the duratio® G
experiment, these impacts start lhl:mring up interference pm{:m‘ It .'1; clear thatl even when 8

=166 nm.




Matenal Partwles Also Nead Woave Desonpilum

raprane) R thoouet The daoabele sl woave nderfriewer takes plaee Where Hhe elecirm will  lie
detected 13 devided by the intenmiy of the wave assocebed with i Phe woase coneesgeealiog Fis TE
engle electoon panses through both the stits stmultaneously and benee teteres sccording o the
ol WAV mechanics. The wave mtensity decides the tate of the electon

Lo ot intend TH N AN IMPression that an electvon amd (e wave amnociaied sitly 8 oee T
Fiferent phyvsical entihes and bave separate existence Iy ovder booadessonibe The obsersed beliovionr o
i ElECTTON, A wave aspect i necesrary. The electmon iself belwves as o wave and also as o paeticle

3.4 The Trishul like symbol y—wave function

I 1"hal.|:ﬂ.‘l!"‘l’ |8 1 wald bt that a phi‘lh‘.l-l:'l Tiig bathy i'u;h'".."l.r Ik mavil waiye like clhoracienrs Iin this
chapter 1 told you that an electron too has a partiche like as well ns o wove hike chivraetes Iy Basth
sases the obiect (photon or electron) ie alwaya detected an o particle, i interacts with other mterinda
a2 a particle, but the probability of us being found at a place i governed by the wive that always
accompanies the object. The situation with electron is different from that with photon in one aspeat
which will make the mathematician in vou feel happy. The wave associated with o photon, as
described =0 far in this book is electromagnetic wave, The wave is described in terms of electric feld
and magnetic field which one can visualize, which exert force on a particle and so on, Pt the wive
guantity associated with an electron or a material particle is very abstract and does nof correspond 1o
amy measurable physical quantity. Often it involves complex numbers fimvalving square oot of
negative numbers).

The most popular symbol to represent the wave quantity associnted with o material particle =
¥ir. 1] and we call it the wave function of the particle.

S0 when we consider a material particle like electron, we say that there is a wave function wir, 1|
associated with it. And this wave function is said to represent the “stafe” of the particle. Al a given
location r and at a time t, there is a definite value of this wave function which may be complex. At a
given location 1, the value changes with time and at o given time its value is different at different
positions. The connection between the wave function and the probability of finding the electron there,
is given by what is called Born's interpretation of wave function. Let me now describe it

Consider a point with position vector r. Construct a small volume draround this point (Figure
1.7). The probability of finding the particle in this volume at time [ is given Lay

dP = cy' (e, ) wir. 1 dr = clpir, 1] dr (3.3

where w ir.t) is the complex conjugate of wir, 1] and ¢ is @ consiant. The
probability of finding the particle somewhere in the entire space must be 1. This

Teans ]'L"m{r.riE dr=1. One ean multiply the wave function gir,f) by an
appropriate constant to make

o

flwte, tf? dr=1. :
i ' functi Fig. 3.7
The wave function in such a case is called narmalized. For such a wave function,
we can put ¢ = | in Equation 3.3, 50 that
13.49)

dP =ip'[r,l!ﬂi dr.

The quantity dP/dr = |wir, tf is called the probability density function.

oet not change the form of the function. It turns out
fjand not its value. Thus

to choose the constant ©

The multiplication of wir, f) by a constant ¢ d
that the state of the particle is related to the form of the wave function wir,

¥ir.1) and ewir, 1) represent the same state of the particle, It is convenient
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" - can use EqualiDn 3.4 mstead of Equation 2 5
such that the wave functon 15 normabired and we oX .
P 5 har electrons need a totally different drscripu_nn frltr.’: ™hai the
By now you must have realized :..-L;r #H}__mﬂ developed for such systems is called Quarnny,
de dynamucs o :?ﬂ-:ﬂ':' i T:E n'fu 1—.:-14 the basics of il The svsiems which need quanty,
Mechanics, and in this book ] inten l;.:n-.;.’.lﬂ!- uantum systems. | have to tell you many ney hing,
mechanics for ther ::esuﬂP_m_“l E‘T] m‘-d vour serious attention, So | want to Keep the mathemay,_
compticinas e 5}11emposs{“ h}:' o begin with. I will make a simplification Which 18 not very regjigy,
complications as low as possible. To ‘he new ideas faster. | will assume that our space i5 oy,
but it will help vou in undersanding t s ok ooy e KX The wave function of the particle i,
Himensional and all thrlm:ufna hawe :l:l-":"'""_" e . the p-EI..'I'IiﬂE' in the range ¥ ta Padl
then written as wit f] and the probability of finding i

_I"[I.J.']J dx . The probability density is #ix. ?1 .

3.5 State of a particle .G s o

P i = tagcher that the main tas particle dvnamics js 1
it the posiion and veloctty of ine parcicle o ail times if it 38 known at some inital instani. Gven e
forces, the equations of dvnamics can be solved to get this information. Once the position and velscity
of the particle is given, we belicve that we know everything about the Fﬂﬂmlf_ldfﬂﬂmlf'ﬂl aspects| ap
that time. In other words, the “state” of the particle at a given instant is described by two quantities,
position and velocity, at that rime.

The dictionary meaning of the word state is something like the condition of the system. You use
the phrases “liquid state”, “solid state”. “stretched state”, “compressed state”, “crystalline state” ete.
Each one of these iz used to give the condition of the ohject in one particular aspect. In quantum
mechanics when | say “state”, | mean all the aspects together, whatever information asne can have for
the system, should be contained in the description of the state. If 1 say that | know the state of the

at an instant, that means | know evervthing sbout the system at that instant that it is possible
o know.

For quantum system of a single particle, the information about the position at time f is contained

in its wave function wix, t). At a given time f, there may not be a definite position of the particle as the

particle may be found at various positions with probabilities proportional 1o lyx, E'IE- But to know
anything about its position at a time t (the probabilities for different positions], | must know its wave
function gix, t) at time L Interestingly, if the wave function wix, (] is known at time f, we also get
information about the inear momentum of the particle at that instant. And there is further bomus, Not
only position and momentum, but also information about all other dynamical quantities can be
obtained from the same wave function. Thus the state of a particle at a given instant t, in gquanium
mechanics, is given by its wave function w{x,t] at that time. In fact particles have a property called
spin that has no classical analogue and which is not covered by the wave function y(x,t| or ¥ir, t). |
will discuss it in details in a later chapter. Till then [ will assume that the mnideaﬂ”
consideration have no spin or we are discussing only thoze properties which do not depend on spin.
Siﬂﬂﬂ‘lamtﬂlma&wmtﬂfﬁm.ﬂ“wﬂwfuncﬁm iE afu“cﬁﬂﬂ Dfxnﬂl}'.Tﬂdﬁmbt
the state of the particle at this instant, you have to specify this function of x, i.e., values at all (¢
points, —= < x <= My first attempt will be to let you know how and what information can be obtained
about the particle if the wave function is known at an instant. I“ﬂlmkﬂthiammntgshﬂand"“m

a later chapter.

Often we use the phrase “the particlc in the state yix)". It means that at the given time the W&
associated with the particle is described by the wave function .
The wave function for realistic situations should satisfy the following conditions.



Material Particles Al Nevd Woase Do .

[H] P’[.I} alhould be fimdte everywhere This evsoes o 1l i ablaibity 1ol it et e o

a given range Is finite.
1h’ P‘II should be: square i|“l"'|{t|l|l|1" This (RLERRI [ | :l. 1'!“ I e 0 Nl Thin enmones Dl Vi

can normalize the wave function, making ths mtegial 1 The poobudaliny of tonedinngy Hlw
particle somewhere in the whole space should be |

el wixl should be continuous evervwlhie e

These conditions must be satisficd because h“l"-ﬂl tepiesents the probability densin

3.6 The abstract state and the wave function

II'}H:ILI like think'mg in 'IEI‘TI‘i.H of abatrpct duantitees, e stwie of o particle i guantum mechanion is
one qﬂlh‘l:il‘_‘," which you will Erjay. The wove Tt iog J,u'|_1.l i omly e wany G Fepreaeni (b staie This
cular ﬂp_fﬂ!ﬂﬂtﬁﬂﬂﬂ is called position representation. There nre other ways too T reqareserl 1his
gtate. And it is not necessary to have o representation of the stote o wll aid you cin keep working
with the abstract notion of the state. P.AM. Dirac who contributed o lot in the Tormulation nod

development of quanfum mechanics, introduced the ket symbol | ) for the absimet stale. An
identifiing symbaol is written inaide the ket aymbol, asuch ns ||||-':|, to cleswote o paocticulae stole, This
symbaol will be read as ket pai.

It iz like NIRAKAR BRAHM and SAKAR BRAHM. Those who practice advanee spirituslism say thal

God is abstract and has no shape. But for a common man it is cosier o worle with various
representations of God such as Vishnu or Shankar or Hanuman or Saraswali,

In this book, most of the time 1 will work with explicit representation of o stile in lerma of wove
funetions such as wix| or wir). | will still use the ket symbaol like ||;r:| almest interchangeably with the

wave function w(x] . But in situations where the wave function representation is not ndequate, |} will

mean the abstract state. Thus if 1 write |w)= Ae™ . this is not an equality in the true sense of

mathematics. The left side is an abstract state and the right side is its position representation, By this
equation | only mean that [ am referring to that particular state.

3.7 An unrealistic but important wave function—Dirac delta function

Imagine a situation where the position of a particle at -0 is known to be x - 1, with a
mathematically precise meaning. The particle is at a ‘point’, point as defined in geometry, having zero
length, zero breadth and zero height but a definite location. You know such a situation is not realistic,
Any experiment on position measurement gives a range, however small, x ¢ Ax ns the result. But let
us assume there is an ideal position measurement experiment, which gives n precise value of the
Position with zero uncertainty. This is an imaginary experiment. A proton. an electron, a hydrogen
&lom, or any other particle always has some ‘size’ as measured in an experiment. But just imagine

that the particle under consideration at t = 0 is known to be at a single point x - x; The wave function
of the particle in such a state should be zero everywhers except at x - x;. Also the probability density
4P/ dx should be infinity at x = x; because dP = 1, whereas dx = 0. Such a wave function can be
“itten “

wix)=A 8(x - x)

“hero B(x — x5) is the Dirac delta function centered at xp. Dirac delta function
“elta function Refore | move ahead with further discussions on quantum mec
itle more about Dirac delte function to make you more familiar with this function.

ja alun called in short
hanics, let me talk a
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In other worda, the area under the deltn funciion curve uhr_ualnl_ be 1,
make the definition of delta function. Obvinusly, the contribution tao
comes only from ¥ - xg as for all other values of x, the funciion is pers,

e defined as

o
fﬁ{r—xuldr =1 if kg is included in the range of integration, Le,, X < Jy o X
|

-0 if xg is not included in the range of integration.

Delta function may be visualized as a limit of & more familiar function. Think of a rectangular functien

#
Jix) =0 for x2 x5 -; A
| a a
= - for X E-:..r-c.::ﬂ+E |
ﬂ iy - w'd iy Iy a2
=0 for xzxzge—. 3
oty Fig. 3.9

It is phttedhﬁmm_:a.i.ﬂnarmundnthemmis 1 for all
values of a. What will happen to this function as a—0? Its width shrinks to zero and itz height

becomes infinity. The erea under the curve still remains 1. Th . ¥
Direc delta function in the limit a— 0. ' us this rectangular function becomes

Another important representation of delta function is

1 L 4}
Blx)= — [ e™dk .
ix

(3.71

An important result, that | will use frequently, is the following. Consider the integration

[ 3
| fix) 8x - xp) dx where is an : .
2 Xy fix) ¥ function of x, continuous at x = Xy . Contribution to this integral

comes only from x = x5 because for all other valyes of x the integrant is zero, We can write

- _—
[ flebBix-xpldx = [ fix) dx- ) el
- Zo-&



& oS

148

1=

ol

Material Particles Also Need Wave Description 29

Y gquantity however small. Taking & infinitesimally small, we can assume thet §

where ¢ 18 8 value [fixg) in this range xy - ¢ t0 Xy + ¢ . Then the integration is

W“sm“[ mt lh-t

1" flxg) ol - xg) dx = fxp) | 8= xg)etx = fix,).

Ig—F T

i T £1x0 8lx - xg) dx = ). (35

Let me come back to the quantum mechanical description of a particle having wave functinn
p[x]wﬂﬁ{#‘ﬁlj" | remind you, this does not correspond to a realistic aituation as & particle can never
be found to ocoupy just a point (zero dimension) in space. The function &x - x| does not satisfy any
of the three conditions laid down for valid wave functions at the end of Section 3.5, The first eondition
was that a valid wave function should be finite everywhere. But delta function becomes infinity at one
point. The second condition was that wix] should be square integrable. Dirac delia function s not

sguare integrable. It turns out that

1 (8x-xg)) dx =,

—i

The third eondition was that the wawe function should be continuous. But delta function
Bix — xp) jumps suddenly from zero to infinity at = ;.

All this tells that we cannot have a state of a particle in which its position is precisely known
Delta function is not a realistic wave function. But these delta functions do form a very useful basis o

discuss more realistic wave functions.

Before 1 end the discussion on mathematical properties of Dirac delta function, [ would like you to
check the dimensions of this function. From Equation 3.6 we see that §(x - x5) has dimensions of
(length)*. As hrp:fd.t; represents a probability it is a dimensionless number. So the wave function
wix) should have dimensions of (length|*/2. If you wish to write a wave function representing a
particle in definite position state, you should write it as

wix)= A 8(x— xp)
where A has dimensions of (length)!/3,

3.7.2 But where Is the wave?

I started the discussion of wave properties of particles by showing diffraction of electrons by a
erystal and so on. Then I said the wave assoclated with a material particle is represented by a function
¥(x). And then | talked of a wave function g{x)=A #x-ap). Den't you wonder what is wave-like in
this functon? You are familiar with waves on a string, sound waves in air, electromagnetic waves in
space, etc. The wave in all thess cases at a given instant = 0 is something like

D{x) = D sin(kx).

The mental picture that all of us have for a wave, is something that repeatedly changes from a
Maximum to g minimum and back to the maximum at regular length intervals as one looks at the
different parts of the region at a given time. This length interval is called the wavelength. A wawve

epresented by sinfky has wavelength A =2x/k . As x changes by 2x/k, the value of sin(kx) repecats.
What is repeating in the wave function like A8{x - x,) which is just a high spike at x = x; ? And what is
the wavelength if | insist to call it a wave? | will address this equation in a later chapter.
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3,7.3 Delta function as a o
The state of a particle for which the |:.|-|:$I e
wix) = A blx - xg) . 1 will call (1 - Xgp) as basis pos

denote it by the ket symbol |2}
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genfunction COrTes

its wave function at that instan "
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position with Zerd uncertaintyl, | am sure tp g,
rement in Chapter-2. For each measuremer,

If & particle is in the state

it i = d n
ASjx - xp)and it is at x=xg &n

ideal in the sense that it is capahl:ufmﬂﬂﬂuﬂﬂﬂm‘

gLt measu
tho result. x =% Recel ith ﬂbaaﬂh result there is associated a state called a pure state,
there are certain possible

: tates of that measurement, th,
- yrement is one of the pure S0 ..
the state l:rfﬂ:l.ll: particle bﬂfﬂiﬂcﬂ:::m:;:tspﬂJ . result. Thus |-:":I:i} is a pure satate of Positic
measurement s sure 1o gi All values of x from —o to + are possible results and wir,

measurement, corresponding o X = -
each value xq of x there is a pure state |xa).

3.8 Another unrealistic but important Wave function—plane waves
- i hich position is precisely known
i function represents the state of a particle fer which | : .
[x= En"r;:t Et:h 0. Now Icifaidgr the state of the pa:tit:[c {n which its linear MomMentum 15 precisely
known, S&y P = Fp, at time t="0. If gy Is positive, the particle is moving in the positive x-direction and
if it is negative, the particle is moving in the negative x-direction.
Once again, any realistic measurcment of linear moementum gives the value of momentum with

some unceriainty. The result could be a range Pp +Ap. But we imagne an ideal momentum
measurement which gives precisely one value of the momentam with zero uncertainty. Let us see whet
would be the wave function of a particle whose linear momentum is precisely known 1o be py .

You know how do we define de Broglie wavelength. If a particle has momentum pg, the
wavelength of the asssciated wave is i=hip,.1f pp has a precise value, A also has a precise value.

So the wave iz strictly monochromatic (single wavelength). The wave function must have a perfect
periodicity, it must repeat its value after every 4 on the x-axis in the entire range o < x < o, The waw
function in such a case turns out to be

imx
pixj=Aeh " (3.9

I immediately face a difficulty in using Equation 3.9. As it contains the imaginary number i = V-1
I cannot plot this function. You have to live with it. Graphical assistance is limited in dealing wit!

wave functions. Can | not use ﬂcna[—p',-llx] to represent the wave function of the particle wil

momentum pp? This also has a perfect periodicity. 1 give you one reason why this choice is ™
. Eg

suitable. If Ams[T.t] represents the wave function of the particle with momentum Pg. wh

would be the wave function for the state with linear momentum - py ? It would be
AE —r',:—l"II = '_.P_l:':l
uu[ » x] Ams( " h:).

:J'_l-;;: the wave function for ﬂlm state with momentum Py and -p, will be the same, which ig wroh
rent states of the particle must correspond to different wave functions, The wave func
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measurement 18 sure o the corresponding result, Thus |A:u} jg a pure state of position
measurement, corresponding 10 X = Xg- tp +w are possible results and with

epch value xp of x there is a pure siale OB

3.8 Another unrealistic but important wave function—plane waves

Dirac delta function represenis the state of a particle for which ?-aailjun ia pren'ts_e!y known
[x = xp) at time t= 0. Now | consider the state of the particle in which its linear momenturn is precisely
known, say p = Py, 8t time t= 0. If py is positive, the particle is moving in the positive x-direction and
if it is negative, the particle is moving in the negative x-direction,

Once agnin, any realistic measurement of linear momentum gives the value of momentum with
some uncertainty. The result could t we imagine an ideal momerntum

be a range pptdp. Bu
measurement which gives precisely one value of the momentum with zero uncertainty. Let us see what
would be the wave function of & particle whose line

ar momentum is precisely known to be pg .
You know how do we define de Broglie wavelength. If a particle has momentum Pg, the
wavelength of the zssociated wave is 4 =hfpy. If pp has a precise value, 1 also has a precise value.

So ‘thcl wave is strictly m?nn-chmnmﬂc {single wavelength). The wave function must have a perfect
periodicity, it must repeat its value after every 4 on the x-axis in the entire range - = x = =, The wave

fupection in such a cage turms out (o be

it means its wave function at that instant jy

| do an ideal posttion Measuremen

give
All values of x from —oo

i
wixj=A ain;x

| immediately face a difficulty in using Equation 3.9, As it contains the i '
- 1 i.'r] hﬂ .ﬁl
I cannot plot this function. You have to live with it. Graphical assistance Tﬁnuﬁglnﬂrzeal:lg with

{3.9]

functions.
wave functions. Can I not use Acos [%x] to represent the wave function of the particle with

momentum pp? This also has a perfect periodicity. T give you one reason why this choice is not

table. I ] : _
suitable, If ﬁmﬂ( 5 x] represents the wave function of the particle with momentum py, what

would be the wave function for the state with linear momentum — py ? It would be
Am:[—%xJnﬂm[%x].

Thus the wave function for the state with momentum p; and -pg will be the same hich is wronk
W
Different states of the particle must correspond to different wave functions. The wave funetio?

T
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ficulty. wix|=A en™ enresents the particle with

described in Equation 3.9 does not have this di

mementum p, [moving in positive x-d
particle with momentum -py (Moving in negative x-
the direction of linear momentum. If p, is positive, L
is negative, the wave is moving in negative x-direction.

A wave represented by the function e

irection if py is positive] and wixjl=Ae T
direction if o, is positive). Equation 3.9 itsell gives
he wave s moving in positive v-direction and if it
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i 5 K
rrp]‘f\-ﬂ[‘nTR the

¥ e called a plane wave {at [ = ). The full wave function is

formed by replacing ke with (kc—af but | am presently concentrating on the wave function at t= 0.

| define the basis momentum eigenfunction corresponding to p = py 88

1
) | 5
Vo, = <}
o Jaxn

and denote it by the ket symbol |py).

(3.10)

Remember, a plane wave is also not a realistic wave function. Though it is finite everywhere and

eontinuous, it is not square integrable. The probability density is

F*”"lrf =[A E;.F'u-*-'] [A E;M] -=-.F|“‘:=‘l=|-"i-|2

o
and hence f|rtx}|?d.:.: =oo Also the probability density I|np-u.-]2 iz the same for all x, —w < x <. This

means the particle can be found in the whole of the space with equal probability at t = 0. This is quite
unrealistic. If 1 produce a particle in Srinagar, 1 cannot expect to find it in Madurai with equal

probability,

The momentum of a particle in the state | py ) is definite, and is py . That means if | make an ideal
momentum measurement, the result is sure to be py. Thus |py; is & pure state of the momentum

measurement corresponding to the result p=p;. All values —w< p<wm are possible results of
measurement and with each such result there is a corresponding pure state, i.e. a plane wave with

the proper value of p.

3.9 Wave packet—a more realistic wave function

The two cases discussed in Sections 3.7 and 3.8, ie., the

states, |xp) and |py)are unrealistic. The delta function type wave

function represents the state where the position is most precisely

known, with zero uncertainty, at a particular “point” on the x-axis,
On the other hand, the plane wave type wave function represents
mFEtﬂElnwhi:hﬂmpaﬂideiacquaﬂfﬁkﬂymhtﬁwndntn]]
points from minus infinity to plus infinity. Both of these are
unrealistic situations. In practice, a particle is known to be
confined in a finite range. An electron that is emitted in the picture
tube of a television set is known to be confined inside the set. A

Fig. 3.10

atumh:ng&uenclusedmam’ﬂeismnﬁ]mﬂmthcmh:. A particle that is confined to a
fange x; < x<xy (in our onc-dimensional space] should be described by a wave funetion y(x) which is
&ppreciable only in the range x; <X <x; and zero or very small outside this range. Such a wave
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packet.

3.10 Relativistic and nonrelativistic CASES

yarious equations
between the kinetic encriy
d of light in vacuum, you have to ug, ,

. tudied like K = mﬂvz f‘Er P.“ mgt! , ele., Whiey,
In classical me:thh:n:-r:u you h%‘-’: ::]_nﬁ.ﬂﬂ K and the linear momenuy,, 3§
involve mass mp © particle.

close to the spee
is E:Pﬂj%, For particles hi.viﬂE"P“d mg and E=m|::3, —

5 ! ¥ m=
different set of equations called relativistic equabions. Defining u{]__ v2 e

these equations are,

K =me® - rw..;,r:2

p=my

E? = p?e? + mic* .

= a _a_I
mg is called the rest mass of the particle as mentioned in the books [for electron it is 9.1x10 kg
and E turns out to be the total energy. The quantity mgc® is called the rest mass enargy. You can
k out to check that if v<<¢, these equations reduce to familiar mnrelatiwsr_u? ml:['l.lmlnnﬂ_- Whendo |

"I""':T!E nonrelativistic equations ;_mj when does it become necessary to use relativistic cqual:mna.? That

i hether one should use relativistic or
depends on the accuracy level demanded. A guick test ﬁ:uj wh .
m?:.trelativiaﬁv: equation in a given case is as follows. If the kinetic energy K is much smaller than the

: 2
rest mass energy mgc? you can use nonrelativistic equations. If Kis comparable to mge” you should

use relativistic equations, If K is much larger than Fﬂﬁl‘:j. so that the rcst mass energy can be

neglected, the particle behaves more like a photon. The relation between the total energy (which is
almost the same as the kinetic energy] and the linear momentum is then £ = pe.

Remember, the rest mass energy of an electron is 511 keV and that of a proton is 938 MeV toa
good approximation.

3.11 You learned in this chapter

o Material particles like electrons, protons, neutrons, molecules, etc., also need wave
picture for their description.

o The state of a particle {onc-dimensional case only) at time t is described by a wave
function p(x; t). For a given t it is only a function of x and is written as wix) .

o The probability of finding the particle in the renge x to x+dx in a position
measurement is |w(x|” dx,

o If the particle is known to be at the point X =xp, its wave function is proportional 10
Bx - xg),

@ If the particle is known to have linear momentum Py, its wave function is proportiond)

1 A
e

» Jlﬂa

o ;&Fnﬂerm,thcmwﬁmcﬁnnufapanicleafagivenﬁmeiah:th-:ﬁurmﬁf“‘“w



4_When an electron is aceelerated through a potential difference V) its de Broglie wavelength is given by 4 = af Vv
for nonrelativistic speeds. If 4 and V represent numerical values In angstrom and volt, find the numerical value of

[# 3
gojution: As an electron is accelerated through a potential difference V, its potential energy is
decreased by eV, The kinetic energy gained is equal to this value. So,

eV =mv® 2 =p2,.l'{ﬂm:|

or, p=+2meV
de Broglie wavelength is A = f}* = —_.h_ = ’ﬂ =
P ~2meV 2m eV
2 a 1.5 eV nm?

h
For an electron, —=1.5eV nm™. 5o, a.:,ll[_
2 eV

If Vis put in volts, the energy €V is the same as V electronvelts. Canceling the unit eV from the
numerator and the denominator,

R E

EAE A
Bo, a= 12195,
2. What should be the velocity of an elactron if its de Bmgllgwavehngthhlpnﬁ
ik lalk

p my

h [ h Jr:
0T, p=—=—|—

md Lmc/Ad

For an electron, [—h—] =2.4 pm.
e

=M:{c =2,4?¢1ﬂ_ﬁﬂ

S0
(1 prn)

_ (2.4x107%)x (310" m/s) = 720m/s.

3. The de Broglle wavelength 1 and m& kinetic energy E for a highly relativistic electron are related as i = afE. It A

and E represent the numerical values in angstrom and kiloslectronvolt, find the numerical value of o

Solution: For a highly relativistic electromn, the kinetic energy and the linear momentum are related by
E= pe, a relation strictly true for a photon. Thus the de Broglic wavelength is

o
hh_g_mmwnm_m-n:eva
p E E E
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If Eis in keV, 4 is angstrom, A = “E
of 120" from the Incident beam, The "y

an angle hving rise to thia diffraction,

sak at
o the adjacent atomic pianes §

4, xray diffraction from & crystal glves a
lanes is I'-""'“{mﬂl 420"];2:3& S diffractj,,

wavelength is 1.5 A, Find the spacing between

Solution: The angle of the x-ray beams from the p

peak occurs for \K?;_’_r

2dsind=4
P Fig. 301
Fl 1.5A | 5A .

d: — 1
2sinf 2sin30
5. The wave function of a particle at a given time Is

2 . mx
=, J—8in— for D<x<Ll
wix] .{lLsm E
=0 otherwise.

Thus

Find the probability of finding the particle in the range L/4 < x < 3L/4 at this time.

Bolutlon: The probability is
3'—-.""" a4 2

[ ot dx= | Zsin® 2%
L4 L4 L L
L4
L LI,‘ L
L4
:..l.[x— EginEi =l[£+£l=ﬂ-52.
L 2z L Jllhqu. L12 T |

&. Chack if the following funciion can be a wave function for a realistic state of a particie,

— Ag—Xa .
=_"qE'|'J'|'lﬂ fﬂ-l"_'l'_' {ﬂ. K

Solution: The given function is plotted in Figure 3.W2. The " T
function is finite everywhere and also square integrable, But it is
not continuous at ¥ = 0. The value of wix) at ¥ = 0 from the

expression for x > 0 is A, and that from the expression for x < 0 is Fig. 3.W2
—A. Thus the given function does not represent a realistic wave ;

function.
7. Show that x 8[x - x5) = x5 8(x - x; ). Assume xp to be a nonzero constant.

Solution: Consider the function f(x)= % x 8{x - x5 .

At x=xp, Olx-so]= andso fix)==. ?
At x# x5, dlx-x3)=0 andso flx]=0. il
Now check the integral of fix in the full range.

':11
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-] L= 1
| - iy =— -], (i}
lf{xii&: xu_ixﬂx xa) a:,;.x“
i ll'l'd{“i]r
prom (i), (il
Flx)=8x-xq)
1 i
- ;;IH.I xg) = Blx - )
a x 8x - X = X Blx - Xq).

1
Bax) = — blx| for any nonzero value of o

golution: At x=0, ax=0, so Blax)=0. i)
At IHU, l:ll'=ﬂ, =0 ﬂﬂ.l']:m_ [:ii}

Let us calculate [ = jﬁ{atldx.
Put ax=y, then de=-dyfa. If >0, ybecomes = at x= o and becomes —m at x =—=m. Thus,
L] -2 i)
r:E_iﬁ{y]dy_n.
From (i}, (i) and (1)
1
ﬂ{ﬂ-':]=;51'-'-'l-

|
: i o |
If @ < 0, the integration limits are reversed so tha 2

gving  ffax) =~ :—lﬁ{rl-

X
jal

9, The wave function of a particie at an instant ks given as

In both cases, &jax)=-—&(x).

wixl= Ae™ + Be™  for x<0
— e for x> 0.
Show that 4 + B = (.

Soliction: The wave function should be continuous everywhere, Thus w{x at x =0 calculated from the
st expression is equal to that from the second expression. This gives

A+B=C.



with kinetic energy B is given by 4 =alVE for nonrelagjy,

i electron
1. The de Broglic wavelength A of an gstrom and electronvolt respectively, find the vy 2

speeds. If 4 and E represent the numerical values in an

1235
! MeV electron l'ﬂ a 10 MeV neutron The
4. Find the de Broglie wavelength of (a) & 1 keV electron (b} a 10 - s
rEpren:nt;.’.l:nEﬁEl:' ENeTgEy. Anx. (a) 28.7 pm (5} 0.124 pn (g E.L:.:E‘
4. Find the de Broglie wavelength of a thermal neutron { k7= 0.026 eV). Ans. Q177 .

0
4-F:lndthrkmctbcemrm-nd'ﬂntlmtmnudimdewtWﬂﬂunﬂm‘lg kN ; Ans. 150 4
5. A proton and an electron have the same de Broglie wavelength. If the kinetic energy of the proton is 10 3,
find that of the electron. Ans. 1836 by
6. A neutron moves at a speed of 3 = 10* m/s. Find its kinetic epergy in electronvolt and wavelengy, i
nanometers, Ans. 4.69 eV, 0.013

7. The resclutien of a microscope is roughly the same as
kinetic snergy of electrons to be used in an electron microsco

the wavelength used for imaging. What should be g,
pe with resolution of 1.0 nm?

Ans, 15y

gas at temperature 100 nK is of the arder

H. The average inter-particle separation in & noninteracting helium 1 :
ubic centimeter in the gay

the de Broglie wavelength of its particles. Estimate the number of particles per ¢
(Hint: you can assume that each particle corresponds to a volume d? where d is the average interpar
separation. Ans: ="
g, If 5 waves completely fit in an orbit of electron in & hydrogen atom, what would be the value of orbital angulsy
momentum (rp) according to Bohr's model? Does it change if it is He* instead of hydrogen atom.

Ans. E‘-E.:III

=]
10. Lattice planes in a metallic crystal geparated by a distance of 2.0 A diffract an electron beam. The sle
have kinetic energy 100 eV each. Find the angle & made by the direction of motion of the electrons with

lattice planes for which strong Bragg reflection ocours. Ang. am‘iw.su
11. Prove that (a) fix)8{x-a)= fla)fix-a) (b) &lx)=0{-x}.

h -
12, Evahiate fﬂ# for(a) a=2, b=—4,(b a=-2,b=4() a=2,b=4,(d) a=-2,b=-4
a 2+

Ans. (8) 1/5 (b} 1/5 (€0 i

13. Which of the followings represent a realiste wave function of a particle? (&) w{xlde’rﬁlj""!

dfa_i Asin bk ;
b} wixl = Ae T (2} pix) = 3 (d) wlx)= Ae™™® forx>0 and Aet® farx < 0. '
x

Ans. [t M

; . it A i
14. The wave function of a particle at a certain time is n;r{x]=_|,_gﬁ'ﬂ_ Find the real positive value of A%
1..1:.'2 +ﬂ.2

that w(x) is normalized. Axs. ﬁ;
15. The wave function of a particle at a particular instant is wix]:.-ﬂ.e"i'q, Show that A can be taken a3 'ﬁ‘:{
wrix) is normalized.
16. The wave function of a particle at a certain instant is given as yix)= ﬁm{_xﬂfﬂﬂ - Hu:] If A and By d"#
the probabilities of finding the particle in the range a to a + da and 2a to 2a + da respectively, ﬂndmﬁ::
R/P; . =
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17. Consider a function y(x) = 0 for |x| Ya, and = cfor |4 <@ . Can this represent a realistic wave function? If ne.
why?
Afis. no, it is discontinuous at x =24
18, Conaider the function p{x) = K +Ji|:3_e"':"'l‘Il where k; and k; are nonzero constants. Can this represent &
realiatic wave function? If not, why?
Ans. nio, it {a not square integrable
18, A function is written as w{x) = A¢™7" for ¥ <0 and w(x)= Ae!™ 7" far x>0 where kand y are positive
constants. Can this be a realistic wave function of a particle? If not, why? If yes, find the probability of finding

the particle in the range —lcx{l_ Ans, ves, D.BE
¥ ¥

20, The wave function of & particle & given as
r[xl-F#nE forD<x< L
L L
=0

atherwiss.

1 1
Find the probability of finding the pamicle in the range L4 < x < 3L/4 Ans. =

21. The wave function of a particle is glven ag pix) = _|-'1;'E-HIIG . [a] Find the prababdlity of finding the particle in
the range —a < x < a. [b) Find the value of b so that the pmhﬂhil'ilr_\f.ufﬁndingm: particle in the mnge —b< x<
bisz 0.5,

il—
mw“ﬂ—i‘ 6} Sin2




Position a.nd |
Linear Momentum of a Particle

qLian electron, are very different from those of clasajes|
e ogubigs o Lo g associated with the particle. This wawve function

physics. At any given time, a wave function wix] is ;
contains all the information ahout the particle that is possible to ha:w:: at tha! time. The;: is ;‘&13 we sy
that w(x)describes the “state” of the particle. In this chapter | will be telling you what Iniormation

about pesition and linear momentum can be ebtained if the wave function (x] is given.

4.1 Position distribution and expansion in position eigenfunctions
If the wave function of a particle at a given time is w{x). the probability of finding the particle at

this time in the range x to x + dx is hr!xfdx- | assume that w|x) is normalized. Figure 4.1 shows an

example where the wave function is such that jw(x)° has e (i Sl / '
appreciable values only in the range x to xp . Hence the
particle does not have a definite position at this instant, 1‘ ‘ I] " J
'l E':“rl o T
T I.I

All positions from x; to xy are simultancously available
| . F
don't get all values from x; to x, simultanecusly. You | |J| ‘| “I . L e

to the particle, However, if you measure the position, you
will get only one value which could be anything between
x; and x5 . Also, all values are not equally likely. The
probability of getting a value between x and x + dx is
|w[xfdx which is different for different values of x Suppose, you have a large number of separate
systems, each having a particle in the same state w(x}. If you measure position of ecach of these
particles, you will get different values for different particles. The number of particles giving you values
between x and x + dx will be about I |y(x|* dx where N is the total number of systems. Though all

| particles before measurement were in identical states, and identical measurements were made. the
results are different. .

Particle-1 Particle-2 Particle-3 Particle-N

Fig. 4.1

) wix) LEpITT

- UH i {}gg

-ulpj Vs wid T
_A % % |
e

Fig. 4.2
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Position and Linear Momentum of a Particle e

Onee & position mﬂlﬂ.ﬂlﬂﬂllﬂﬂ is made on a particle in state wix) and a particular resuit x is
obtained, the wave function of the particle abruptly changes to a delta function A8{x - x.}, which is the
Wﬁmu{pﬂa&tﬂﬂ corresponding to the position x; . Figure 4.2 shows this schematically.

Any wave function wix) can be expanded as a combination of delta functinns B{x-x5) with

arions vatues of x5. I will show you that there is an intimste relation between the coefficients of
expansion of pix) and the probability density. You remember,

T res(x-so)ac= £(xg).
Using this you can write any wave function w(x) as

wix)= [ wixg)8ix - xq) dy

-0
Writing the state represented by 5{x-x;) as |x;) (basis position eigenfunction) and that represented
by w(x] a8 | (x]},

Jw Lﬂ:':i['-’{ﬁ}]}'“ xo}) dxg ) (4.1)

Integration is & process of summation, Thus Equation 4.1 gives the expansion of |w{x]) in terms of the
functions |x;) which are the eigenfuncHons of position measurement with properly defined
multiplying constants. y(xy) is the expansion coefficient of |x;) in this expansion. You also kmow that
the probability of finding the position between xy and x; + dxg is |p-[xg]jzi-:u . Thus the probability of
finding the value of x in the range x; to X + di, can be obtained by expanding |w(x])) in terms of the
cigenfunctions of position measurement, finding the expansion coefficient of |xg}. squaring its
abaclute value and multiplying by dx; .

This is an application of a general procedure invelving continuously varying quantities. Suppose,
there is phyaically measurable quantity 4 which can talke all values from —= to 4= in a continuous
fas

hion. Corresponding to each posaible value i, there is a pure state of i measuremnent having a
perticular wave function. This wave function is called eigenfunction of A corresponding to the value
40- [ denote thig eigenfunction, with properly defined multiplying constant, by [4p}. At any given time,
the particle has a state | (x)) given by the wave function w(x]. You can expand this state in terms of
the cigenfunctions |4} as

e L) = TIM&H:J dig (4.2)

The expansion coefficient corresponding to the term |4y} in this expansion is a[ly). The

Probebility of finding the value of 4 in the rangedy to dg+ ddg is equal to a(4o)f* dig. Go back 1o

Equation 4.1 and the paragraph following it and see that position x follows this general description for
“Uutinuous variables,
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4.2 Expansion in terms of momentum eigenfunctions |

In the previous section you saw how a general wave functon w(x] can be expanded in termg of
the basis position eigenfunctions |z}, You can also expand w(x) in terms of the basis mormentyy,
eigenfunctions | p;). Momentum is also a continuous variable that can take all values from —=o g .

i
- 1 + Pt
The basis eigenfunction corresponding to the value py is g7 S

The expansion of |#='i-t!|} in terms of |pn.} 's can be written as

W (x)) = | alo)| po) dpo (4.3)

-

4l pp ) being the expansion coefficient of | py ). Thus,

¥ (x)= 7 | alpy) F ™ ap,. (4.4

The expansion of |w(x)) in terms of |Pg) given in Equation 4.3 means, lwlx)} can be thought of as
containing all these [py)'s in it. A partieular | Py} correspends to a particular momentum Py As
lix)} contains so many |Pp} s, the momentum of the particle has so many possible values at this
instant. We say that the momentum is not definite in the state yix).

momentum, you will get only one value of p. But which value; that no one can tell before the
measurement. Only after the measurement is made, you know the value of momentum. Be very
careful in interpreting the previous sentence, If you get a value p, of momentum in your

measurement, it does not mean that momentum was By before the measurement, As ¥ou know,
measurement disturbs the system. Momentum is P after the measurcment and not before the

measurement. There is no way to know the momentum before the measurcment. If you prepare a large
number of identical particles in the same state wix) and make identical momentum measurement on
cach of them, you will pet different vahies of momentum for different particles. The probability of

Eetting a value in the range py to py + dpy, will be in{pﬂjzdﬁ, This means, if the number of systems

N is large, in about h’lu{p,:,]{idp& cascs you will find a value af
Po o pg +dpy. And if a value py is obtained, the wave funetion of the

Of course if you measure the

momentum in the range

particle gets abruptly changed
Panticdia.q Paficla-2 Particle-3 Parficha-k
wix vl [ 1
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wix) to the corresponding momentum sigenfunction
frofm
[ have depicted the above ideas in Figure 4.3. You might say it is not a realistic representation.
The WAYe functions are in general CDmF'EH and graphical representation is often not possible. The
I

] 1 > Pk
.atum elgenfunction | p,} = T el is indeed complex and cannot be shown as a graph like

that in Figure 4.3. But it is a plane wave and by the drawings 1 wish to convey to you that the wave
packet 1¥Pe wave function w(x) abruptly changes to a plane wave when momentum measurement is

made-
Equation 4.4 can also be written as,

- i
w(x) =ﬁ Iu{pbe“mﬂp- {4.5)

The guestion is, given w(x). how one gets a[p). There are mathematical theorems, under the
heading of “Fourier transformations” which help us in finding a(p) if w(x) is given. The expreasion is,
i

1 5 % H_F'E
ﬂ[FJ = — I wix)e dx . [%.6)
J2xh o

Note that in Equation 4.5, the integration is performed over p. And it is a definite integration. You
put the limite of p after integration. So the final form does not contain p, and you get w(x}, which
depends only on x. On the other hand, the integration in Equation 4.6 is performed over x and the
limits of x are put after integration. Hence you get a{p} which depends only on p. The function a(p) is
called the momentum wawre function or momentum distribution function of the particle.

4.3 An example of expansion of wave function

Let me pive you an example of expansion of wave function in terms of plane waves, that is,
momentum eipenfunctions. Suppose the wave function of a particle at t =0 is

wix) = f’.eddxl : iM.

This is & complex function and cannot be plotted as a y versus x graph. The real and imaginary parts
are

Re[w(x)] = A e M :ni[%x]

and Im [p{x)] = Ae""ixlsin[%x].

Each of the twn parts is an oscillating function of x with decaying amplitude {Figure 4.4). The
Amplitude decayy exponentially and becomes negligible for x| greater than few times of 1/ The wave
I ]

Ral¥ix]]
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- ]
idth of the order of 1/e This | 1
ﬁ:n:ﬁﬂﬂiathu!mnﬁﬂﬂﬁmﬂﬂlﬂt:rﬂ.ng:ufx,hﬂﬁngam L :

s wave packet. f
B . bility density is = -2
Position i not definite for this particle. The probability ty is |wle)f” = |47 o 2lq n

probability of finding the particle near x = O is the largest and Uscoeance as yout lock for the g t

.nwayfrﬂ'ﬂ'l-‘:'ﬂ- the momentum
d this wave function in terms of plane Waves, Le., the m rri: Eig:u!un%
Let me fﬂqn?:nh Equation 4.5, | have to find the expansion coefficient afp). an,

can be obtained from Equation 4.6.

a(p) == [wie 7 ax

i
R ahi i

1 e
2k Iﬂ
i
LT g i W T T A
~27h g o
_ 2Ach’ 1
'Jrzxﬂ [_P—Pu}z +-H-2C2 e

This is a function of p and | show its dependence on pin Figure
4.5. Buch a function iz called a Lorentzian function. The maximum

value of afp) occurs at p=py. The value falls to halfl of the
maximum at py *#c. Thus the wave function wix| is obtained by
superposing plane waves corresponding to momenta values in the
range few times fc , centered at py .

1
4.4 Thufuctnrnfﬁ in | p)

The momentum eigenfunction | p} is defined as

i
-

fﬂFmE”

] ' - ] ) . i .
B SRS m"ﬁﬁ? Let me justify it using dimensions. Let square bracket denote the

dimensions. Then,

P a1 = [vi]-| £
g “‘“fﬁ"f‘#’]ﬂ = [afp}]:rTJ,l;-,
Also, [v(2)] «[| po)][a(p)][dp)-

This gives,
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om o % ) )

Now, p.L has the dimensions of angular momentum. Thus | pg) must have dimensions of (angular
/2. And the angular momentum most familiar to a quantum physicist is the Planck's

mﬂmﬂtum}-.
constant. Thus :.IEFI—T’I makes the dimensions correct.

4.5 The wave function as a vector

The wave function of a particle is continuous, finite everywhere and square integrable. The wave
Function tells me everything about the particle (at that instant) that is possible to know, We therefore
say that the wave function defines the state of the particle. Let us collect all possible wave functions of
Ewﬂndgal]. the set of these wave functions as F. Such o set is called the state space of the
particle because each member of this set is a possible wave function representing a particular state of
the particle, Many of the mathematical characteristics of this set are the same as these in the set of all
trical vectors that you have studied in mathematics or physics. Two vectors may be added to get
a third vector. Similarly two functions may be added to get a third function. A vector can be multiplied
by a number to get another vector. Similarly a function can be multiplied by a number to get another
function. Similarly for other properties. The set F of all possible wave functions is an example of inear
pecior gpace. The wave functions themselves are sometimes called siate vectors.

It iz not necessary to represent the states as wavefunctions to construct the state space, You can
think of the cellection of all possible ztates of the particle in their abstract form. That 15 the state space

Hl,y-} etc will be the state vectors.

An important quantity related to the geometrical vectors ia the acalar product a.b of two vectors a
end b. This product is just a number, We alao define the scalar product of two atate vectors or wave

functions wq(x) and ygix). The scalar product is written as (y |y;} and is defined as

{wilwa) = [wi(ehwatx) de. (4.7)

The complex conjugate of the first function ,(x} is multiplied by the second function wqix). This is
integrated over the full range of x. As this is a definite integral, it is just a number. So, the scalar
Product of two functions yy(x) and y4(x) is @ number. This number may be complex.

As |v) is read as ket g, (| is read as bra w. The words bra and ket are left and right parts of
the word bracket, You can think of the scalar product (i, !I;p"g} as the product of the bra I::w.l and the

ket h"'z]' In rigorous formulation of quantum mechanics, there is a much deeper significance of bra

Yectars, but | will not discuss that. For us it will be only a symbol used to indicate the first function in
% 8calar product. (g |y} is also called scalar product of the state |w ) with s ).

The scalar product is not commutative. From the defining Equation 4.7, it is seen that
(1lwa) = (i) [4.8)
Only if the scalar product is a real number, {1 |wa) = {wa|w ).
The magnityge of a geometrical vector is given by [a|= (m.a)'?, Take the scalar product of the

the n-'_'d“" iteelf and you get the sguare of the magnitude of a. We define a similar quantity norm for
in F. The scalar product of a function wix) with itself is the square of the norm of ylx].
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Norm =[{w|w)]"" Uy
K ka
=| [v ixwix :ir]
. & 1'2
=| | wixf’ df] - iy

Mote that it is a real, nonnegative number, It can never be negative and is zero only if wix) jg et
all x. Such a function [zero everywhere) cannot represent a wave function and is of no interest ¢, us,
A geometrical vector having unit magnitude is called unit vector. A wave function y(x) h“"'i“EUrti

norm is called a normalized wave function. We generally use normalized wave functions for fhe
description of a quantum system,

If the scalar product of two geometrical vectors a and b is zero, they are called arthogonal tg
other. If the sealar product of two wave functions is zero, they are also called orthogonal to each other
Thus y|(x)and yyx)are orthogonal to each other if

Wilwa) = | witxwabe)dz=0.

=i
The geometrical vector space is three-dimensional. If you choose three unit vectors i, jandi,
orthogonal to each other, you can express any vector a as their linear combination

a=a,l+a,j+ak.

The vectors i, j.k are called the basis vectors for the Beometrical vector space. The choice of the basis

vectors is not unique, You can take any three orthogonal unit vectors and that will form a basis. But
you always need three such vectors w describe all passible vectors and that is why you say that the
geometrical vector space is three-dimensional.

The state space F is, in general, infinite-dimensional. We need infinite number of functions
form a basis for F. Let me write the basis functions as &7, |'Pz}- F'?la.]-' v <+ » The basis functions are so

chosen that they are orthogonal to each other, and also the norm of each of them is unity. Sucha
basis is called orthonormal basis. The orthonarmalization condition may be written as {M'ﬁr’}ﬂu

where &5 is 1 if i = jand zero otherwise. This quantity 8y is called Kroneckar delta,
Any atate vector-{p ) can be written as

|+#}=IE=1.-|#}~ i

a=ad+a,j+ak




Position and Linear Momentum of a Particle 45

- ﬂuuﬂ'l' are called mml:ﬂ:ll'l-l!llt! of & in the directions of Li H_T[ﬂE regpmﬁ“:[? You cen write these

mwm as a, =1i.a, ay =J.a, (- 9 =k.a.To get the component of & in a given direction, you take
the scalar product of the unit vector in that direction with a. You can write similar expressions for the

mmﬂus ‘:'f Iﬁr} E

cj = (¢ |*“:" i)
that ie, take the scalar product of the basis lunﬂliﬂl‘l“_,} with the given function i) to get c;. You
can verify this equation casily. We have,

lv)=Zeil)
ar i#]v) -}r,."cr{ﬁ &) (i)

The scalar product {#jlﬁ:l i1s zero if i# f and 1 if 1 = j If you open up the summation in ({i), writing
each term separately corresponding to (= 1, 2, 3, ..., anly one of the terms will survive when { will be
equal to j. And that term will be just ¢; verifying (ii).

The kind of basis | have introduced above is called a discrete basis, This is because you can count
them, | ). |#:), |, ete. Remember, each of these is a function of x, but you can still count, this is the

first function, this iz the second, and so on. It is also possible to have a continuous set of functions as
@ basis. In such a case, the basis functions are not indexed by a discrete label § but by a variable

which can take any value from —c to +=. The set of Dirac delta functions &{x - i), also written as
l:q.} (thiz represents the state of the particle with definite position), is such a basis. You have infinite
number of delta functions, each centered at a different value of xp. You cannot label them as the first
funetion, the second function, etc., because between any two unequal values of x, there are infinitely
many other values. But you can write any function w(x)in terms of these delta functions. Such a basis
is called a continuous basis.

Note that |:-:ﬂ:| are themselves not part of the state space, as they do not represent state of any
realistic system. But any realistic state can be represented as a linear combination of these states.

In the expansion of ||..r} in terms of the basis functions in equation [i) above, | used the discrete
index i for summation. For a continuous basis, the expansion will be an integration over the whole
range of the continuous label describing the basis. For example, using |xp) basis,

W)= | wixg)|xo) o -
n this expansion, wixy) is the “component” of |} in the direction of [ x5},
i
The Plane waves IH}}=‘J_":;..1__—EEW form another continuous basis. Here pg 18 the continuous
ah
mi’mﬂmmwwuﬂ from —co (o +o. Any state hr_} can be written as

)= iﬂmeIFu]'dm~
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 Like |‘1;ﬂ,';.r the basis |pﬂ.} also does not belong tg ;

H is the eomponent of |y) along | o)
ki l where A can take any value from — to +o, we Pl

state space. In general, if |4} is & continuous basls,
write

) = [ etdl| 2

Is such & continuous basia grthonormal? The basis functions can be chosen 1o be orthogonal 1
each other but their normalization is not assurcd. You remember, thT dfimﬂﬁéﬁﬂgﬁﬂd the plane
wave functions are nat square integrable and hence cannot be norma ized. Y is given a

slightly different meaning for continuous basis, A continuous basis |4} is called orthonormal if

(4| Az} =64 —4a).

What does this equation mean? If 4; = 4z, 1.6+,
scalar product is zero. But if 4 = da, i.e., | amn ealeulating

(4.11)

if | take two different basis functions |4} and |dg), the
square of the norm of a basis function | 4},

it is infinity.
Example 4.1
Let |¢) = ‘}' el d)| A} dd where |2)'s form a continuous orthonormal basis. Show that efd)={A|w).
=l
o0

Solution: Let me change the dummy variable 1 to g and write|w) = [ elu) |,u::- du -
Then, {1j¢)= [ elu){d]u) dp

_——

= [ clu)Bld - p) du =cld).

——————————————————————————————— |

Often the continuous basis functions are not themselves valid wave functions, i.e., they do not
belong to the set F of all possible wave functions. |xg), | py) are not normalizable and do not represent
wave functions for any realistic situation. But any realistic wave function can be expanded in terms of
these.

4.6 You learned in this chapter
o Any wave function p(x] can be expanded in terms of the position eigenfunction
F(x=xg). The expansion coefficients are wlxy) and the probability of getting the
position x in the range xp to xg +dxy Is qunz dyg .

o If identical particles in identical initial states, given by the same wave function ¥ Xh
are subjected to identical position measy ; ) , i
in different measurements, rements, different values of x can be obtall

o ‘The wave function w(x) abruptly changes to |xy), Le., 8(x -xg), if the measurement
gives xp as the position, y

Sl _J
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Any wswe. function ix) can be expanded in terms of the momentum cigenfunctions

& i

o If |=ﬂ};_£ﬂtmlp‘;dp then niphﬁ_iw[xlﬂ-rmﬂﬂm-

The probability of gelling the momentum value between p, and p, +cpg s
la{po )" dpg.

If the momentum measurement on a particle in a state g(x) gives a value pp, the wave
function abruptly chamges to | Po}. Le., a plane wave with wavelength h/py .

@ The scalar product of the wave function g [x) with wglx) or, state |p;) with pa}, is

defined as

(e lwa) = |l pala) ax

and is noncommutative,
o If (i |wa) is zeTo, wlx)and wslx) are called orthogonal,

o The norm of a wave function wix] is defined to be I:pr|l::-'}l"'~1.
o If |&) is an orthonormal basis for the state space and |'.l"}-E_.E¢|-ﬁ}, then o =(d|p) -
L]
This quantity is called the component of |p) along |&).

o Orthonormalization conditlen for s discrets basis Iﬁ-:} is {ﬁlld}-:l=5_i,-.. and for a
continuous basis |2) itis {4 |4} =8(4 - 4).

Solved Problems

i
. e ad
1, Suppese (hypotheticaily) that the wave funetion of a particle is given as wix)= Ae® . Find the momentum

wave function af p).

1T '%F“:
Solution: aipl=ﬁ | wixle wle

! -3 o Lea o
- Teﬁmc i P ]"e-"l[ﬁ' p]xeix,
N2xiht g V2xh o,
Write (pg — pl=kh. The integration becomes,

LA e
alpl ?:a:nq{.
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But you know that T-Emdl=2lﬂk}.
i Thus n[_p}=ﬁ.-'.$li:}
L nJEAB{M]

A L]
= J2xrABlp- m) =B8lp- Pol _

i What does this tell? a(p) is zero for all values aof p other than fo . ~

t This is expected because the wave function wlx) itsell is A / \
| momentum eigenfunction and hence the particle has a definite || \
momentum py . |

’| 2. The wave function of a particle is given as |I

0 for x>0

2
vix)=—zx¢
ﬂ

(] ¥
=0 far x=0. gt

4 (a} Sketch the wave function. (b} Find aip) and ai pﬂ*. (2] Which value
of momentum is most probable?

Solution: (a] The wave function is zero for x<0. Also, ot x = w, the wave function is zero, For al
positive values of x, wix] is positive.

dy _ 2 | I}c"-‘“

e | 1&1—..

i dx g32| a

which is zero at x = a. Thus wix) increases from zero at x = (1, becomes maximum at x = a and again
decreases to zero at x= o« The shape is sketched in Figure 4.W1.

i
| 1 " - — FiF
' (b} ﬂU‘-‘FﬁjP‘lxle B dx

i
=  —
AR o 0o

T
N

| - i.lz’.l'.ﬁ u:"
i | The integration can be easily performed using integration by parts’, giving,
' 1
alp) = ——
| o 2k ﬂﬂ_-"l [_!; 1}2
h a
_ ||2i&‘1’a 1
T (ipa+n)®

fale)’ = alp)xa’(p)
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i<l }E{Pﬂ is maxinmim when p = 0. Thus p = 0 i the most probable value of momentum.

3. The mamentumn distribution function of a particle is given as alp) = --I!-Eup[— |pl/d) where d is a constant.
k|

(a) Check that | |a(p) dp=1.

(b) Find the value of b so that the probability of finding the momentum in the range —b < p < b Is 80%,
{c) Sketeh the functlon afp) and study the effect on itas d is Increesed or decreasad.

{d} Find the wave function w|x] and sketch It as o function of x

(&) Study the efect on w(x) as d Is increased or decreased.

Sotutios (a) | lalp)’dp = | L exn(-2[plit)ap

. fik

=1

exp(2p/d)dp + | - exp(-2p/d)dp
i}

a,

i
=2 IE exp{-2pfdydp =1,
0

(&) The probability of finding the momentum in the range -bh=p=< bis

& B
1 ;
| |“:"'-l'-"”2 dp =2 IEEIPI:-ip.ld'IdF =1 -expl=-2b/d].
- 0
According 1o the question, this should be 0.90. So,

1-exp(-2b/d)=0.90 i

i) N
ar b:Elnll}:‘l-lSd /
1

[¢) The sketch of alp) is shown in Figure 4.W2. The K"J
.
maximum value of alp] is I/Jd. As the value of d is L .

ra— —
T

increased, this maximum goes down. As the area under - L =
|I!I[;JiJ is fixed (unity), the distribution must become wider in Fig. 4 W2
also recognize this from the fact that at p= *d, the value of alp) f&lls to 1/e of its

this case. You can
masimum vahie.

2
If d is decreased, the maximum value incresses and the {2ik) —-

distribution gets narmower,
@ = [alpe? dp e
- i
T R i
Nt e N -hid 5

Fig. 4.W3
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Ned® 2 s (njdl

le] wix) is a Lorentzian curve centered at x =
maximum value it¢eff is {at x = 0, J2d/[xh) as sugee

increases and the width decreases, On the other
width increases. Compare with the case of a(p} -

4, The wave function of a particie Is given &s
2 . XX
= [= ZZ for O<x<L
wix) 1|Lan

= {} ptherwise.

2h 2h 2h
Find the probability of its momentum being in the range —— 10 /=% Toa7

constant. You can treat % as a small quantity.

Solution: The momentum distribution function a(p) is

BB oL Lm g

a(p) uge sin—
_¥l

o an _ 2% G
Lol [ = (Vo
-2

dr E“‘ﬂ[g;,.:]
Th =
uE la(p)f o -

' 2h
Assuming OO to be a small quantity, the probability of

4
ja(2) ap =% ﬂ
-
|L _[E]
. ey
]qu[l_Snj]a 225002
L:

5. Shaw that (x | %) = Bx| — ) where %) = B ) o |13} < 5
=0lx - ).

0 and falls to half its maximum value at x =44

The

gted in Figure 4.W3. As d increases the mn’ﬁ']l.hll-

where h is Plancly

momentum being in the range%h- o
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B

sotution:  (1|x2)= [ [Blx—m ] [51x - x)|ehx

Bl — 2y ) Blx — xy) dx

B f=—a 4

= [ fix) Bloe— x, ) dx , ) -

where flx)=8(x- 23], But this integration is equal to f{x;) which is equal to &(¢, — ;).

6. Show that the wave functions i, (x] = Ae%8" gag walx) = Bre*a" grg arthogonal to each other.
Solutior: The scalar product of wy(x) with w,(x) is

(walwa)= [ wilx)walx)de

> B 1Y
= [ ABxe /% gy =9

=0

as the integrand is an odd function of x Hence yy(x) and w;ix} are orthogonal to each other,

7.Let |a) and | 5) represent two normalized wave functions (x) and f(x). orthogonal to each other. Let
vy = ca[1]a) + 2| 5] and [} = caf]) -] 1]
{a) Find real positive values for ©; and c, so that |y) and |4} are normaiized.
{b) Caleulate the scalar product | @) .

Solution: () ()= [ cf [ia"(x)+ 26 (x) e [falx] + 20x] dx i

=cf [{a|a) + 2i(#|a) - 2i(a] £+ 4{A] 5]

| have written epe; =of hecause ¢ is real Also, (a|a)={f| ) =1 and (e|8)=(#la)=0 as |a},|5)
are normalized and orthogonal to each other. Hence (y|y)=5¢f .

1
For |'-P':|' to be normalized, this should be 1. Hence ¢ =E.

You need not write the integral expression explicitly as in [i) to caleulate {|y) . If an expression of
¥} is given in terms of other wave functions |&), |£), ..., change these to (|, {B]..- ete., and
change each i to —i. This gives you the expression for the bra (w|. Use this expression to evaluate
l:rl""'::' or {FH:II . [ will use this method to do the rest of this problem.

|#) = ea[la) - 18)]
“ ":"l"'"-';[{EJ*'f{ﬂ|]=ﬂg[{a|+i{ﬂ|:|.
T (gl eal(al+ ialJea o) 116)]

= B[ (a|a) - i{al )+ 1(8]a) - * (A1)
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=c3[1-i0+i0+1]=2c5.

1
For |#) to be normalized, this should be equal to 1. S0, €2 =5

(b} lv)=c[ila)+2|A)]-

So, (v =ci [i(al +2(8(] =er[-ilal + 2(A1]-

Hence, (w|g) =, [-i{a|+2(B|]c2 [|a)-i]5)]
- iea[-i(ale) + 2 al 8+ 20l 241A)]
= crep [-i- 2]
:_%_

8.Let |y)=cile)+calex) +csles)
lv'y=cilery+calex) +¢3 le3)
where |e), |e2), le3) are orthogonal to each other and each of these is normalized. Find <gy|gy') an

(wiw)-

Solution: (y|y') = [c{ (1| +calen|+ c§<e3l] [c'l |.<3l )+calex) +Cc3le, )1

i

=cjc'y (er|er) +cae's (e2| ey) +c3c'3 (e3le3) (other terms are zero)

L * *
= ClC ]_+ CQC 2+ CaC 3
Similarly (v |w)=cTe, +ee +c3e's

In general (w'y/ Y (ywlw).

9. Let y; (x)= Ae™ /2 and y, (x)= Be * . Find (v1]wa)-

2

o o
Solution: (y)|y;)= [ A'Be 2 e~ dx

[+ =] _§x2
=A'Bfe 2 dx.
Writing Ex: Yy, dx= -g—dy

Then (wi|lwa)=A"B -2 je‘yﬁ'dy =A" B\/%_



=c.g[1—iﬂ+lﬂ+i]=iﬂg-
1

For |#) to be normalized, this should be equal to 1. 80, €2 =75
) ) = ey [i]a) +218)]
oo lvl=ci[-ilal+2(s]]=ai[-i{al+ 2061
Hence, (w|#) = s [-ilal + 2(8[]ea |}~ 1] A}]
- oca[-i{ela) + a8} + 2(01)- 2061 )]
= eyep [ - 2]
: -3:'% EI‘E
. _%,
8.Let |w)=cle )+ealed+esles)
|wh = 'y ey )+ € |en )+ €3 les)
where |e), |Ez1,|', les) are orthogonal to each other and each of these is normalized. Find {!.nr||.n"} an
(wiw).
Solution: (y]y) = [efte,| + c3tea| + cites|| [ e 1+ cafen) + e fey )|
=cje’y {e1]er) + ez {ealen) + c3e's {ea]e;) (other terms are zero)
= cje’|+eje'gt e3ea
Similarly (y {w)=cior+che; +cic’s
In general {wy')# (¥}

9. Let gy {x}“-‘ﬂ_ﬁz and py (x)= B, Find {#1lwa)-

X
2

@
Selution: (y|wz)= [ A'Be e d

R -

-

3
Writing Ex-y. dxthdy

M i S R
Then  (mlwa)=A"BJ2 T eV ay e B [ZE.
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wrave function of & particle at a given instant ig wix) = Acos(kx). Find the momentum distribution
j. What are the possible vales of momentum in this state of the particle?

Ans. B{8{p — kh}= 8{p + k)| —kh and +kh
¢ in & state in which the linear momentum has the following distribution function

. Suppost thE
fiunetinn aip

E.Gunnidﬁapﬂ.rtiﬂ

1
‘"—"F]’i'p'f for-pg < p < py

= 0 otherwise.

() Check that [ lap dp =1.~

=it

by Find the wave function g in this state.
[c) Sketch the probability density [w(x]” as a function of x

Ans. [b) d’%mi_pﬂ.tfﬁ]

{ pox/R)
4. The wave fanction of a particle at a given inatant is

#lx) = I Exp[ifth.i;' for x=U
Jn:r a & J

1 { % i 1

~ | Y,

4

for x>0

{a) Sketch Rejwix)| as a function of x

{b] Find the value of b such that the probability of finding the particle in the range -b< x < bis 0.9,
[c] Study the effect on Rejy(x]] as a is increased or decreased.

{d) Study the effect on Relw(x)] as py is increased or decreased.

{e) Find the momentum wawve function a(p) and sketch it

i) Study the effect on the momentum wave function as a is increased or decreased.

Ans. (b} =1.15a (&} |2"] -
va® (p-pg) +(n/a)’

4. The wave function of & particle is given as

wix)]=Ala+x] for -a<xs0
=Ala-x) for Decx<a
=] otheryise,

18] Find the value of A so that wix) is normalized.
1o} Sketch the wave function wix) and study the cffect of varying aon it. _
I} Find the momentum wave function a(p) and sketch it as a funetion of p. Study the effect of varying a on it.

o (B 0 [E(w2)/(5)

EI r
The momentum wave function of a particle at a certain instant is given as
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Position and Linear

EXERCISES

particle at a ghen instant is yix]= Acos(kx], Find the momentum distribution
m in this state of the particie?

Ans. B[8(p - kh) + B(p + kb ], - kh and +kh

he linear msmenium haz the !El“'ﬂmnﬁ digtribution function

1, Suppose the wave function of a
fancton alp] What are the possible values of moementu

5. Consider a particle in a state in which t
1
alp] = for - pg < p < Po
Jiﬁh
= i atherwise.

a) Cheek that | jatpf*dp=1.
{b) Find the wave function gfx in this state. .
fﬁ sin| ppx/h)

Anx. B {oon {Bpx/h)

{c} Sketch the probability density ||,r{::f as A function of x

3, The wave function of a particle at a given instant is
W) m
ilx]) = Tﬂ\‘.p[ pu,J:J for x<0

=?{:=m{-i+;p¢.r] for x =0,

{a) Sketch Rey{x)] as a finction of X

{b) Find the valae of b such that the probability of finding the particle in the range =b < x< bis 0.9,

(el Study the effect on Re|pix]] as a i increased or decreased.

{d) Study the effect on Relw[x]]as py is increased or decreased.

{e} Find the momentum wave function alp) and sketch .

i Study the effect on the momenium wave function as @ is increased or decreased.

an® 1

Ams. [b) =1.15a 1¢]1J [ 2 {”}
wa” F-Fql t a

%. The wawe funeton of a particle is given as
wixj= Ajo+x] for -a<x=0

=dAlp-x} for Ocx<a
=1 otherwise,

(8] Find the value of 4 so that ix) is normalized.
(b Bketch the wave function wix) and study the effect of varying a on it.

It} Find the momentum wave function a{p] and sketch it as a function of p. Study the effect of varying a on it

MIMJ— \[:ﬂn?f;“

5. The momentum wave function of 8 particle at & certain instant is ghven os

.



ﬂm=‘l|%{d+p-m} for pp-d< P3P0

M—

W%“’-mm for py < p<Potd

= otherwise. i
Here g and d are constants. i) Syetch ﬂ[P'] Ih! Find the Prﬂb!hﬂitf dﬁﬂdlﬂg the mrodreeTkim than Bn.

¢} Find the wave function yix) . Skewh Relylx]]as 2 function of % () Study the effect on Re wix) as dis
changed. je) Study the effect on Re wix} 88 Py is changed.

..n i
3d sin” & 5P here g = M
Ans. (b} 0.5 (e Gk ?—E E_H
&. The wave function af a particle la given by w(x) =f|[i‘.|5iﬂx where

j'[r1=—:~.t for Dex e

=A for e< x=a

-
nﬂ[hﬁ—] forf o< xsate
E

=0  otherwise

For parts (b) to [d) assume that e-+ 0,
|a) Sketch f|x) as a function of x Show that it is continueus and finite everywhere.

(b} Find the value of A for which w( x) is normalized.
fc} Find the momentum probability density lﬂ[sz {er this wave function.

{d) At which value of momentum is !:.;t[pf maximum? What is the value of this maximum?

- anif(- 23]
Ans. (b) 1/Ja (c) :  (d) Nkg, =
whalky - pihY e
7. Suppose the MOMENTUM WIVE function of a particle is o p) = Ae #* 4% Find the wave function of the particle
O
Ana, an’
T
i i
& Find the scalar product {.:;,ﬂpﬂ} where |xq) = 81x - %) and | o) 7_"]%.35%”_ R _l-,gil“ﬂw
"

(| P} wh LW L
9. Find the scalar product (p| P "‘|Pﬁ}'j§;;" “"l"‘:"?ﬁ"h ' Ana. Sip - Pl

10. Let |a), |8}, |7) represent three normalized wave functions arthogenal to each other. Also let
o) )+ 218 1 1lzY] and [6) = eafla) =) +1)].

1a) Find real, positive valuea of ¢ and ¢, for which |w) and |¢) are normalized. (b} Calculate (w#) -

|
Ans. TN b 1=
'HI Fqﬁ 1 . '1;:1

L e S ——— »
= a0
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11. Find the sealar product of H"L{I]=z‘.£"j""2 and P’g[ﬂ-ﬂf‘j+ﬂe"‘%

12, Let yy(x) = %am%m% for D<x <L

= otherwise.
2 . KX
x) = |=sin— for O
Fz[] J: T < xa L
=0 otherwise.

Find the scalar product .:pll.‘pi}.



_ __ ntalist
certainty Princip|e

5.1 Position and moment

To find the position .
mg:\tﬂandl‘ummimm- i5

squatons Lke

icle at a given time when the :mllml pﬂ'.mlnlm fin !_"'I"""-'.
variety of high school physics problems. Yoy )

1 2
- —iaf
¥ = Luf =

4 iz iz pood as long :
' i = m and v = 8 m/s and so on. This is goc 2 A% oy
mu:‘: :ﬂﬂ;ﬁ i?i?:r:eh:ts;ﬂ %nill an wooden block, a dust particle, elc. But for a quantys

svstem like a molecule, an atom, an electron, etc., saying that x = 12 m, wil_I i.nvil_r lqlzuul.[ut' -;;m:'nrr: A
|;.|.-::'cl:-.- cannot be at a particular point (as suggested by X= 12 mj at any gl"-"-Ell'I- :m_n__. ! 1.1 .5; 8 Wy
funcnon will be a Dirac delta function centered at that point n_n_d this is ur}rv:.lil stic. AU any time ke
wave function of the particle has some spread making the position L}m:rrtmn in a range. If m.,_“ aie
funcnon is spread in the range Xy to X3, the position can be anything between x; and x;. We sz

that position has an uncertainty of roughly Ax = l"'"J —-’f||- In any realistic situation, the particle hay
some position uncerainty Ac

Similar is the case with linear momentum. Telling an exact value of velocity and hence the
momentum is not allowed for a gquantum system. At any given time, the momentum of a parick
cannot have a precisely defined single value p. If it is so, its wave funetion will be a plane wave whik
is not a realistic wave function. The linear momentum of a particle at any time is spread over a rangs
p o py. We say that the momentum has an uncertainty of roughly Ap, = P2 — |- As the
mormentum we are talking about is in x-direction, | have used the symbol Ap, for ils uncertainty wits
x as the subscript.

It rums out that for any wave function, that is, for any state of the particle, Av and Ap, both
cannol be made very small. If you choose a wave function in which Ax is very small, Ap, will be quiz
large. And if you choose a wave function in which Ap, is very small, Ax will be quite large. Let me gve

3';“ y {f’ﬂ of this fact by considering the extreme cases, one in which Ax = 0 and the other in whict

Case I: Ax=10

The position uncertainty Ar is i ses . : :
Wi wie Bt e ?;*’:_1:“1}’ if the position of the particle is precisely known. Th#

wix)=A bilx - xg).
What can you say about its mao
. mentum? You know
urique value of momentum. What is the probability
hrtn'ccnplndp-dp?‘l’nuhmwhw to get it It is
the equation

that it is not a plane wave, o it does not hae 3
that a momentum measurement will give a value

|ﬂ‘~p“- dp where a|p) is obtained from y(x) using
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1 ® oo -
a(p) == [vixje s,

Using wixl=A §[x - xg),

w

] i
A - = pX i -
[} = f a - t: d:[ ___..ﬂ. np.th
[PF ;Er'l'?' .f : i F W azh g )

X

| have used the property [ fix)5(x~ xp)dx = f(xy| of delta functions to evaluate the integration.
-

|Af

i
| -E.'- iFIr;
21h

Thus, |alp)dp= dp

AP - e tpn |4
tme el ﬂpllﬂﬂp_

This is independent of p. Thus all values of p from - to += are equally likely, The momentum is
completely uncertain. Henee, the uneertainty in momentum is Ap. ==,

If you take a wave function with Ax=0, then Ap, will ba =

Case Il: Ap, =0

If the momentum of a particle is precisely known at an instance, j.e., Ap, =0, its wave function at
that instant must be a plane wave

i
A EAP-'_

F'[xj=Jm

What ia the position of the particle? If a position measurement is made when the particle is described
by the above wave function, the probability of getting a value between x and x + dx is given by

- I 2
tef e = %m‘ ac L.

axh

S0, what do you find? The probability is independent of x All values of x from —= to 4+ are equally
likely. The position is completely uncertain. The uncertainty in position is Ax = =,

5.2 Exact definition of Ax and Ap,

I showed you in Section 5.1 that a wave function that allows precise determination of position (Ax
= 0) is completely uncertain about the momentum and the one which allows a precise determination of
momentum (Ap,.= 0) is completely uncertain about the position. Both of these are hypothetical
Situdtions as in any realistic case we have neither Ax = O nor Ap,= 0. However, the inverse

wationship between the uncertainties in position and momentum holds in case of real situations too
:.-ul'll:' -an be put in terms of a mathematical inequality. But before telling you about this inequality, 1
first define these uncertainties in a more formal way,

Consider the marks My, M;, M;, ..., My of N students in a certain examination. A statistician

b b‘ interested in knowing the average marks and also the spread in the marks. The average is
by the formula that you learned in your childhood
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.
N
ﬂ_:_g;;___.——-——”i"“'"ﬁ » -:7 3 M.
M = (A= N sl .~ the marks is measy
hals used 12 denote 1€ average- = spread in ed
;T:Lﬂiiwmmd ﬂﬂﬂﬂﬂfdﬁﬂifﬂﬂﬂlﬂ defined 33 54
1 z
RS A PTAE _
"_1"HTT1 ¥ I ]tm;lm H’_Euppﬂﬁf m:E is no ipl:‘l‘.:_ﬂd, that is,
quantity represents the 5P M = M for each iand o=,

You can understand why this AL, The mear 3 will also be A Then

all the students get the same : '_u._f i
M; -
deviate from the average. | |
S niributions from all values M,
equivalent 1@

the idea of deviation from the mean, this side or

and averages it. Hence, it 13 g

that side. Equation 5.1 takes the €0

n r -._I -|l
measure of the spread in the quantity M Equation 3.1}

» 2 i (5.2
e 2.[_1_-;'“]] _{(a?) = (M} :
i —EEEMI N L= ] I:{ ) ]
: . i different number of dots, varying between
Next, consider a LUDO dice. 1t is a small solid cube and ¢ e rumber of dots on che Wi face it

1 and B, mpmnwdnniulﬂm%mymtmmcdlu.

the number you play with.

Suppose you throw the dice a large number of times and note down the rlluml:h:rs Xy, .-I'E v Xy iy
xy you get on the top face. If the dice is well made each of the six numbers will be equally likely. So |
w;Jl occur close to Nj6 umes, 2 «ill also occur close to N/B times, and so on. We say that the
probability of each number is o = 1/6. What is the average of these numbers? It is,

'||I'
f‘]':FEI!'

=l ll£v=l£731£t4i£+53£+ﬁx£
N 6 6 i) G =] ]

L] J:J_EJ
&

And what is the standard deviation? It is represented by
12

27
F’[{E:]_{“-' | »

(P)=y =
= 1
wl

N N N
A, L L AL N s N N
3 i 3-1& 4 ::E+5 !75.""51“ ]=91f5.

S0, o ..[wuﬁ]nls.sﬁ]” ~17.

Now just imagine, the dice is i
going to be the numbe * mymrhﬂnd‘m}’ﬂumdbuu[m : y ;
or 2 you say ooonh! u:ﬂ;l: 111'-:':: top? You are not. If you get 5 or 6 mrhama it. Are you certain whaﬁ
fact the average 3.5 of much. [fitis 3 or 4 you say DK, what el ps you think El'ﬂll'f- If you ge¢
a large number of throws js also yuu:. npc“:;r:ﬁ:ﬂ:?ﬁ; Efll::ur:l [n
e .

probability thea the a ahen
; ¥ ¥, the average of a large number of otcurrcnces of a variable {g eall
] ed its expect
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How much lﬂl'h; ;'“ffﬂﬂinlr? Raughly speaking, anything between 1 and B is possible and the
expectation value is 3.5, 20 uncertainty is + 2.5, But we need a more precise definition of uncertainty
Mathematicians and physicists agree to use the standard deviation o as a measure of Unccnainr:},'-

After all, uncertainty is_b:causr& of the spread in the varous ih ;
spread. So, the uncertainty Ax in x is defined by possible values of x, and & measures the

4L/
M'[(E}_Ex} ] : (5.3)
For the unbiased LUDO dice, the expectation value is 3.5 and the uncertainty is 1.7 as ealeulated
above.
Next suppose a variable x can take values x;, X3, X3 ..., With probabilities gy, ps, py... If we

pick up a large number N of the values of x, x; will occur Npy times, xy will ocour Np, times. and sa
on. So,

1 N 1
{x}FFEx' -ﬁ-{.r] x Npy + 29 % Nps +...... ]-%x.p;- (5.4
1 X 1
and (#2)=EE&2=F[112“NP1 +x3 x Npy *:[=$I,2p; i5.5)
In fact, for any function of x say fld, the expectation value is
(Flx)) =X Flx)p; . (5.61
i

Now consider a particle with wave function w{x). Consider the variable x representing its position

in an ideal position measurement. Beforehand I do not know what value will be obtained in the
measurement. It can be anything from x = == to +=. | wish o knew the expectaton value and the
uncertainty in x Can | use Equations 5.3 to 5.5 for this purpese? There is a difference because here x
[position) is a continuous variable. 1 do not have the probability for a particular value x = but [ have

the probability for a particular range x to x + dx. | can still use the above equations but with slight
modification. The summation { = 1 to N will be replaced by integration from x = -x to = and the
probability p, for the value x; will be replaced by dP for the range x to x+ dc

The expectation value of position is {x}= | xdP. But the probability dP for finding the particle

in the range x to x+ dx is equal to dP = |p{x) dx. So,

{x}= Ti' x|w!.rﬂ= dlx . 15.7)

Similarly ~ (x?)= | £ ap

= ?xliw:xji dx . 15-8)
In fact, for any function of x, say fix), the expectation value is
(5.9)

{flx))= qi Six)lptxyelx .

The uncertainty in the position of the particle, for which the wave function is y(x). is, as usual,
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s [() ]

i 5.8 respectively.
where {x} and {x’:} are given by Equations 5.7 and

E} i ILiE]E hﬂ.5 wave :I-"'.'-"_'L-_.a

“I.igI iy l_l“: 1..'|I!If_":E'rt-E..ltl'I-[l'lII lﬂ I:H:IE- Eﬂ I:ﬂnﬁldf_r mﬂrfifﬂm;'ﬂ, Thl..‘. 'P-ﬂ- : i :,l
i :nlum [I—Cﬂmpﬂl’ltﬂt] I:I-htEJI'IEIi I.{ an dE‘ﬂ]- II;!IEIII'I.:II il r .

IFL“- Nhﬂt "u‘l"-l". hﬂ ihe Mo ; ih g l :|'|'!|"I mEﬂIE”.I.E] -

: ing from == t0 +%
made on this system? It can be mCIIE (¢} by the usual

ined from ¥
and p + dp is lalllp‘.ﬂlldp where alp) is obtain

ition. N

Fourier transformation

2
equation. The expectation values of p and p° are

(pe)= 7 e latpf de

and {ni}FEP’ la(p) de

and the uncertainty in momentum is
12 i

apc =|(#2)- (Pl

: nt of mom ]
.ﬂgﬂiﬂ-T am using the subscript x to rem K-cOmpone t m Enium

ind that we arc waorking only with

5.3 Heisenberg uncertainty principle

With uncertainties in position and momentum
wave function wix) representing a state of a particle,

as defined above, it turms ouit that you take any

and you will have,

Ax Ap, = hf2. {5.11)
This relation is called Heisenberg uncertainty principle. It can be proved using the properties of Fourier
transformation. However, | am not interested in working out all that mathematics, because the
physical implications of the uncertainty principle are much more interesting to discuss.

Heisenberg uncertainty principle puts a theoretical restriction on our capability of accurately
measuring certain quantities. If 1 need to know the position of a particle 1 make a posinon
measurement by doing an appropriate experiment. Now 1 am talking of real experiment in (ke
laboratory and not an ideal expenment, It may be X-ray diffraction, scattering of light from ke
particle, interaction with photographic plate or whatever else 1 can think of. When 1 do the expenment
1 get the position of the pasticle with an uncertainty Ax. How small or how large is Ax? That depends
on my expenm:r_:tai set up and my ability 1o perform the experiment. Heisenberg uncertainty pr',nmp!:
puts no theoretical restriction on it. It could be an angstrom or one-tenth of o ang-:.'t e o6 8
femtometer, depending on how advanced is my technology. However, the measurement will leave 1he
particle in & new state. Remember, measurement disturbs the system. Before the measurement, the

particle was in a state say |@), after the measurement the state becomes |¢). It is in this state Lk
tl‘:;:; T;ﬂk;gzem: position w!lh an uncertainty Ax. The uncertainty principle says that in this statd
ntum uncertainty cannot be less than hf(2ax). My measuring device which gives the

sition wit i
ﬂﬂmc “t';!‘il::: i:ﬁt‘tﬂﬂﬁglﬂ Ax, ml.ﬁ:' have changed its state in such a way that the momentuf
fiain ) now. The theory says that no experiment can ever be designed which

measures the position with an accuracy bette '
momentum has an uncertainty less thﬂ ﬁl.r{'z;ﬂ'_han Ax and leaves the system in a state in which th¢

i ;
milarly, | can design an experiment which measures the momentum with an unce rtainty 3P as

small as [ wish. ;
e ttchné:::;rrzrnﬁ.:ﬂc to a:l:hq:?t the accuracy | wish, it is because | am not using ufficient?
not designed my experiment well. There is no theoretical rest Fietion of

b
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hiw arnandl Apy 1 oean oclileve. g whinlevi enpwe
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W1 know the mmoamentng with an

wonbite withy gssnition uncerlainty As
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b s A, wond A Apr in less Wi b/ 2

s the theory i thrown o clisllenge 1 e R TIE
I womenne Camens upwithomaespecie ) whicl e
evolution in science,

alists The challenge is sl vpEn. Any day
fies viwertainy principle she/he will bring o

f.4 Experiments which tried to beat uncertainty principle but falled

In the formative pelods of quantum mee i 5, uncertainty principle was very difficult for
l'll'l-fi"i""“' o eyt 10 ks sobd i Einatein wim iever « enneidarg tunlales witls 1l prncipibe. People though
of dilferent expetiments which would proncipte be doalde it whocl) wonlil elely um:rr:ll.m].'r'gr
I.,.m,,-”:lr. | will describie twor of (hem iy ench ol these, o bewm ol elecimons m prodvieed [remernkes
these are only theught experiments wnd are aot done o laboratory] with well defined momentumn
and an attempl is made to locote an electron in (i beeam to an arbittary precision

{a} Locate by passing through a slit ; diffraction oxperiment

Suppoae electrons of n glven kinetie enerpy K oare coming from o source such as o hot filamme it
PI-"'-“I nway Irom us. In order o el am eleetron witli bowwn Iu.n'ﬂ_i"”' we pul i sl I.I_-|||r whieh
has a hole of dinmeter bin it Take the center of the hole as e or igin and - mas olong g duaneter of
the hole, The y-direetion s tnken perpendicular to the plate. An electron thid cames oul of e Fieale,
must be somewhere in ront of the hole. Thus the uncerlmnty in the position (3 of this electron of this
instant in of the order of the dinmeter b of the hole, By decreasing the dinmeter of the hole, | can
reduce this uncertainty Ax.

However, it is also on experimental faet that electrans diffract from ;
the hole and change their direction of motion. Electron diffraction is
similar to that of any other wave and follows the same rule, Most of (e '

electrons that pass through the hole go in 8 cone of semivertical angle ]
il where

1.224 A ; S :

sind,; = —-nb = b i) f
where A is the de Broglie wavelength. The particular electron that we
are talking of and for which Ax = b, may be diffracted in any direction
gven by # which is roughly confined to the range -8, to f,,. The
magnitude of the momentum p is related to the de Broglie wavelength
a8 p= h/4 and the x-component of the momentum is Figend

LLEA |

elociron sourcs

Py = psin® =+Esin.‘.h i

As # is distributed in the range -#, to §,, we do not know p, precisely without actually measuring
the direction of mation of the electron after it came out of the hole. As sin¢ varies from say -sind to

*eing, , Py varies from - %Hn i, to %ainﬂm . Thus, the uncertainty in p, is, from (i) and (i)

e 41

S0 i1 reduce the width b of the hole, the uncertainty Ax is reduced, but Ap, is increased. On the
“ther hand if | ake o plate with a bigger hole, Ap, will be small, but that will increase Ax. So it is not
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possible, by this arrangement, 10 produce an electron which has both Ax and Ap, very small. The

uncertainty product in this case is, Ax Ap, =[bl=ih

Indeed we have not used the precise definition of Ax and Ap,
Mature's meticulous consistency. Make the hote smaller and the angular divergence of the begm
Tlfmm GEHII‘IE information ;ihﬂul oSl Is iL:‘t'qlllIi!ﬂllllf‘ll Ly the loss if prarme it -'rnf'arjn.al,r,n

and vice versa

What if 1 make an accuratc measure ment ol
measurement? Will that give me a very small Av and also a very small Ap,

the momentum measurement, il will disturly the system and the information aboul the positon
obtained in the first expenment will be lost resulting in larger position un ertminty

{b) Locate by illuminating with light: Helsenberg's gamma-ray mlecroscope

Consider the experimental arrangement
<hewn in Figure 5.2a. I I heat the filament F, it
will emit electrons with small starting velocity.
The arrangement A is 10 Serve [Wo PUTPOSCs.
The electrons are allowed to go beyond A only
through the slits and hence i aligns the
electron beam in the direction of the x-axis
(towards night in Figure 5.2a). The slits are
wide but are at sufficiently large separation 1o
ensure that any electron going beyond A, has o
linear momentum almost in the xdirection. Al A
Another purpose is to create an electric ficld F

fB) = h, consistent with the uncettainty prineiple

Pt the wlen in to pet the {ee] of the

wentum aller making an erourate  poeaition
¢ Mo, it will et Whien 1 de

that accelerates the electrons in the a-direction. e
If the potential difference through which the —I]
electron travels is V, the kinetic energy 1] () ®)

acquired is pl/2m=¢V. Thus the lincar

momentum p, =/ 2meV . Thus | know the

linear momentum p,with a very good accuracy and Ap, is very amall.
However, as any given electron can be anywhere in the beam (along the x-axis), 1 have no

knowledge about its position x. The uncertainty Axis very large.

To acquire knowledge about the position of an electron, | have put a light source D, alens Land a
screen S. On the screen | have put some chemical at point C, so that if a photon of light hits this pont
I come to know that it has done so. BC is the principal axis of the lens. The distances are so adjusted

Fig. 5.2

that light starting from B should reach the screen at C according to the lens equation 12, ‘—::; .l the
v u

object point is to the right of B, light will reach the screen to the left of C [Figure 5.2b) and if the object
point is to the left of B, light will reach the screen to the right of C.

The idea is the following. As I switch on the light source D, some photon emitted by D will fall on
the electron at B. This photon will scatter from the electron and may go through the lens If it does not
do so, some other photon will do so. If the photon, scattered from the electron at B, goes through the
lens, it will hit the screen at C. The moment | find a photon hitting at C (the chemical changes at C W
tell me that), | know that there was an electron at B, So now | have located the electron (o be at
and so Axis negligibly small or zero.

Ap,was already negligibility small and now Ax is also negligibly small and hence | seem 1o have
defied Heisenberg uncertainty principle AxAp, zh /2.
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. i3
where have I ditehed you in the a ;
an image is formed by o lens. w) e ATEUmMEnts? | hyye
when P int imug - 1N BN image of g poing o SONSIdered e gy
the imnge 18 1101 8 POIRE AMURe, but it spready 1o fagm, 4 For I B b St 1 TN eflreny
"y

of the light used, the radius of 1he image dj I: R ¥ie imige 1 £ o
fi LHy A
angle i ay he CEnEe o 1) I;rrl: s F
Vs, ey Ly

h# wiy e ol

H‘ti.
2R

gn the photon may land up at o Position ot "
eviation is governed by equation (i), her than that predicieq by the

This means, il my light source D sends 4
phaton ;

the electron gocs through the lens, i may not ﬂtril:::_-":: I:I:'r_tl'l.rn al B and 1he phots
diffraction ."'qu‘:_'ﬁm“ does hr:ut tell that your photan wil “f::u_':rii:-,a:; r] ‘]'['.hu in e
g:ﬂl-:lr%ﬂ;: iﬁgﬂ?ﬁﬁhe}r high. But worse Part is that & phowg whi;-hniuI];T- le
not at B, car ; L A soreen at O Suppase the pheton stsrts urbnglagy @ r-'r_q-_d e
the Ecufn:trlc'u optics tq e phnmn should strike the SCTeen b Oy B du‘_:: .:-q.n-. 20 Aressding v,
like a disk centered at C; with a radiua r. | have shown this disk by the thick Ifmw I, the image w

oton coming from By can strike anywhere in the - WICK Lne an Figure 5 26 The

disk i i ¢
will Include the point C and hence the photon image. If B, is sufficiently close 1 B e digk

starting from B, ca L p
fnd that a l‘_‘l]‘ll:r‘tﬂl."l. hisa striek. At c, SHLL ML cibih Eu:'gﬂlhal | 1 C8n reach C. This thearns even  yuu

iFny frarenigle ared the

W altey 'r.-“-:r.

il R Facmd -n,_'_
I'Jl'nll.r\-'ll‘.i.!."l:r A e

1 I B 4 ois
uncertainty Axis not really negligibly small. Let me estimate le- NI the ooy a1 8. Tl
In Figure 5.3a, | show the range B,B; from where the
photon can reach the point C teking account of diffraction 3 _._E_ _
cffects. The disk image of B, is centered at €, and just includes '
C. Similarly, the disk image of B: is centered at C; and just |
includes C. So, C\C = CaC = r. Each of these makes the same ' ;
angle & at the center of the lens. ByB; makes the same angle ’____,_._.;_ : |
20 at the centre of the lens as made by CCa If d be the ol = |
distance of the peint B [rom the centre of the lens to the point P L i
B, i ]
id /
ByBy = (20)d = . ,_BL.E ‘
0, the position uncertainty is '
poal ':: 1 o (a) o)
fx=F. i Fig. 5.3
OK. But that should not be too bad. I can choosc a small 4 [perbaps by f/Hd apmebine
large R and make Ax again negligibly small. 1 already had ﬁi,;::ilialh:ﬂ;t eh:::mn atighily st
. But not really so. | Pt s
ehance to make Ax Ap, smaller than /2. But o the photon from D which has a wel defined
before the photon seattered from it. 1 am sending the i defined momentum py. So. bef=t
Momentum p,. Before the scattering, the electron also had a we

After Lhe scatiering siso the
part of the lens. The
the X

ectron system is py +P2-

ing C can come from any P=
ﬂ-m E EIE a I'r'l:ll'-l.‘l E'l:' {Fls-urr E.th

E\fr:mn.n:ﬂr:i-|.|:di!M'*--"'-“'”"‘""E

the seattering, the momentum of the photon-cl
tatal momentum is p; + pg - But the photon re g
momentum of the photon is h/f4. If it starts from B at an

Now sina can be anythin

R

h
“Omponent of its momentum will be 'f““’ !

' artain by
“< d). Sa the x-component of momentum of the photofl [s unc

Ap, = Exﬁ

i d
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i
hits the electron, it chag

when the photon ; 12ny
ount. Actually: ponent of the momentum of the electron any

is definite, the electron momentum shy,
tron and the photon
As the total momentum of the elec

i aifm
also become uncertain by this same i sl
the path of the electron & little. This changes the x-ca
introduces uncertainty in it. The uncertainty 18

.1 hR ]
!ﬁpzlﬁ t'j:F_t|= E ¥

Using (i) and (i),

) - b b ERC T

This is independent of 4 and R You cannot reduce the uncertainty product arbitranly by choasing j
is is indepe

and for R.

The arrangement described in this section is called Heisenberg's gamma ray MICTOSCOPE.

5.5 The best I can do—Gaussian wave packet

¢ wiEl
Suppose the wave function of a particle at a given . ., ) o o
instant is, _|_|:,||ril.||
g 11 |} o (] ¥
1/4 Lox alldl . A
Fﬁl'{-z—,] g Ve—xol fa? PO (5.12) ;Iwﬁullllqi Y = I~ I, 5
a ] Jil i: | i
You cannot plot it because of the imaginary pumb:r i 1y !
involved, But if you plot the real part or the imaginary part a) -
as a function of x, the shape will be as shown in Figure Fig. 5.4
S.4a. It ia a wave packet confined in a finite range. The
abasolute value is maximum at x= x5 and decreases as one goes away from this point as shown =
Figure 5.4b. At x=x; +a, it is decreased by a factor of 1/e, i.e., to about 37% of the maximum

Though [wix] does not become zero at any finite value of x, it becomes very small as one moves 2
distance few times of *a” on cither side of x;.

14
2 zic :
The factor (;-;,—J appeanng in Equation 5.12 ensures that the wave function is normalized.

The probability density for position is
betxh? =" [x) wix)

/2 . i i
=[._-"*i] e e-x,Pa? PxX P

172
Ta

Mathematicians call the above functinn in
; tion in li) & Goussi . J 2
Eq‘-l.latmn 2.12 is I‘.I'llreﬁ:m called a Caus ﬁ‘m"- The wWHYeE Fﬂ.“:}ut wix) d{ﬂ_—nb{d e

ﬁﬂﬂﬂ#ﬂl’tpanj;gtm Fancti in the

form y[x|=|v|'_l-!elﬂrj where g{x) | ¥ lunction (x) can be wrnitten 10 =
15 a real funetj

packet if nction, We

il

call a wave function wix) a Gaussian wa'®

() jwix) is a Gaussian function
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I S is linear in x such as %x.

e~ fat - ]
The factor & B iy I in Equaﬂﬂﬂ 5.12 tniures the

sscillatory character and satsfics the second condition. If ¢ *-wf
eqm'['j:lﬂ 5.12 it would e & PLE.F.II!' wave with a definite

3 lifvear UMM ey
=lx=% o

gut because of the factor e
wavelength and a single momentum.

it

(x) = J xhoter’ ax

LS

142 3
- Tl ) e,

both sides about the point x = xg.
()= T2 pix) ax

B2 2

2 T b | e
_ :?{—2' o2 #.F“dg-:.a?—.rﬁ.

ac )

bt

The uncertainty in xis
se=[(2)- 2] -5

To calculate Ap, , we find alp).

i
i % - 3 P*
a(p) = Jwix)e dx
J2Th
(LS Y ol S |
Y
2=xh _, zat
_a’ip-pyr’
=Be W
vhere Bis a constant. The momentum probability density is
Y- Ap-pr
_a’ip-mF JAp-p
lﬁ'} = BJE ﬂhlrﬂlz -

late)’ =|Bf" e
This itself is a Caussian function in p centered at py s cafl b:
The results for (p,) and Ap,can be written by companisen with
“Apeciation value of the momentum is
{P,l:l =P
"nd the uncertainty in momentum is

j |

Brst conditgn, The pan . : Pt

13 no more a plane wave and hence does »

Let me now calculate Ax and Ap, for the particts with the wave function given by E

This is expected because the function jwlxf (plotted in Figure 5.4b) and hence Lixf

scen by compannii
(i) and (i) The averag= |

orvws i an
=T werr nos there
Py and wavelengh & Py

i0g -ﬂ-:-h'l' 1 5_""!:':

i

Shaatuan 5012

1S INImeing on

1721

it with agquanan W
-_’_:-_-_T or :.!‘H"
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The uncertainty product is

AX r “_ ‘| ™ l = E
W) a2
Thus the Gaussian wave packet corresponds to the state of the particle in which the uncertaingy
h . 9
product Ax Ap, has its minmum possible values, 1.€., &

5.6 Can I continue to use classical physics for my kancha?

am describing in the name of quantum mechanics tell thar, g
this nme the position x of the particle under consideration is thiy
cimilarly don't say that the momentum pis this much a

lues of x and p at the same time.

The new rules of game that |
general, you should not say that at _
much unless vou have actually measured it.
this time. And in no case try o give precise va
n's laws. We use “initial conditions® where the values of x and p are
rpose of solving Newton's laws is to find the precise
concept totally rejected by Heisenberg

But people sull use Newlo
precisely given at the same time ¢ = 0. The purpos
values of x and p at some general instant of time I, @
uncertainty principle.

We have not stopped teaching
laws are still used successfully in all

Newton's laws after the invention of quantum mechanics. These
calculations of spacecrnfl projections and a spacecrafl sent 1
moon has never landed on Mars. It is also true that electrons diffracting [rom crystals cannot be
understood well using Newton's laws. 50 one must know when classical mechanics can be used and
when quantum mechanics is necessarny. The answer is provided by the uncertainty product Axap, .

Consider a piece of stone, a dust particle or a ball. When we talk of its position in normal
laboratory conditions, what is the uncertainty in it? My measuring apparatus like meter scale, tape,
vernier calliperse, etc., will never tell me position better than say a hundredth part of a millimeter. So
take Ar=10"m. | am talking of values corresponding to very careful measurements, in many cases
Ax will be much more than this. Similarly what accuracy do we expect in velocity measurement? Let

me take it as say 10 m/s. If the mass of the particle is | mg, the uncertainty in momentum is Ap, =
rr.:.u-=_ 10-% kg m/s. The uncertainty product in the above conditions is Ax Ap, = 10718, In the
situations we generally encounter and even for many of the sclentific experiments, the uncertainty
pmduﬂ."rs- mur.:h larger than this. Quantum mechanics sets a lower limit of #/2=10"%Js, It wams
you against rying to go below this limit. But who cares for such a limit? If the product is anyway going
to be more than 10" Js, how does it matter whether there is a law forbidding us to go below

10~ J s ? Classical mechanics, whi
y . which does not recognize any imi
results in such cases. y such limit, therefore gives very accuraie

When we talk ; . )
of an electron in an atom, the situation is different. The position uncertainty is of

the order of the diameter of -10
of the atom (=107'"m) and that in momentum is likewise smal

i mq‘kﬂ m/s ) and the product iz indeed
3 close to the limit. Th ; i
here and it forces you not to use classical mechanics in su-:hlnas:: e B

5.7 You learned in this chapter

= For Di .
prq:-r:it::la: i.::::.,?nfznmm Tvpe wave function of a particle, the position of the particle 8
For pia.nf wave Iy o oS oot~ to += arc EIq'ﬂ'"'"".'_'l" Fmbﬂh]t

= ¥Ype wave function, the momentum i ] =
the pﬂG.l!.':lun from —r to «x are equally probable. um is precisely known but all ¥
Uncertainty in position is defined as

o

es o

]
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7
-2

5l 2| x
.ﬂ.h.'=[ Ey={x) where {x) = [  § . "
{ | 1 I IEre (&) .{I,FII‘ el nne {:3}“ ;IJ hffiﬂjfj:_

. Uncertainty in momentum s delined " 2 )
o efined as Ap, [(p-}'{F:}JJ

where '.rP::' = J' [ iu-l';-:l-]i'1I dp {pf} ' ]p: |ﬂlpfdp

1 5 f]l
d = = v h il i
and alp) :'E.'!.'-l J: wix)e

For any state of a particle Ax Ap,

Q

= &2 This is called Heisenberg uncertainy principle,
s The uncertainty product is minimum, i.e., &2 for a Caussian wave pocket

s In the situations where the uncertainty product is much larger than &, laws of classical
mechanics can be applied 1o get very good results.

Solved Problems

1 Using Helsenberg uncertainty principle, estimate the minimum possible energy of a linear harmonic osclilator of
mass . The potential for such a particle s Vix) = mmirjfz.

Solutlore In order to have an uncertainty of Ap,, the value of the momentum itsell should have at
least a value comparable to Ap, . You cannot have an unceriainty of 5 units if the value never exceeds

7 units. So we assume that ps Ap, . Similarly x = Ax. The expression for energy is

|
E = L lm;,._.lp_-'-"
2m 2

- I"—F'--}: * 1m||r21.1..l:|1 f
2m 2

z L As we are looking for the lowest energy, let us write

ke

From uncertainty principle, Ap,

A
APy 24x "
2
El-—-—-h—-ln lmmilMF-
Bmjaxyf 2

For Eto be minimum,

L should be zero. This gives,
Ax)

2 A & har
L-“j 2 e ﬂ.l"ld 'Eﬂﬂn ﬂ 5 = Wﬁa’blﬂ tl‘lﬂ'ﬂ' ufl Iil'l:l'r
Incidentally, a rigorous analysis also shows that hayf2 is the_mlmmu give Lhe exact value of

L
used above 15 a-f_mg:l;:m“m <uch a way that the

Ric ; method
oscillator. | do not claim that the hose my approxim

ihiﬂfll um energy. | knew the exact result and €
result matched with the actual value.
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inetant The readings are known o hays
= Tug snesoomete Oof 2 muuﬂiﬁtm-ﬁ?'{mfhﬂlﬂﬂﬁﬂ";‘ the position of the vehicle at that Inuﬁ
B Eﬂmtmmﬂhﬂﬂﬂlﬂl““ unce ¥

aemarsmg T T HEsemhetp UNSEnaely Frl'dllh’
Soletiae: The uncertamty M the momenium 2

e, = Ammy i=mAL,

=1180kg}~{2km [h)

=100 kg /s.

. : in the position Ax should satisfy
= : . s the Ly mn
AorerEmg o Beasenberg Uncertamniy Principle,

(A AD, | =

i | ==

T‘:atr:'pmmmpﬁﬁmi!

s A =_£th_'s—=ﬂ_5-l{] m -
e T3y, 200kgms

~ -2 10-158 ,
Remember the tize of an piom is of the order of 10 0m and that of a nucleus is107"m. A size of

o™ ie oo gms= 1o detect with our present day technology and hence we can safely ignore it
;:n:ﬁ-:a;::;.-_-: ¢ thas | have not used the standard definition of Ap, and so the value of (Ax] o

siramed i st exsct However, the minimum would be only somewhat different from this and ignoring
Y e

1 The speee of 3= ceTON [m=1-57.w'~3‘ k:;; is measured in an experiment to be Etll}ﬁm,fs.Thumlwfrm
=15 memsoreet B Be umcertainty of 10%. Estimate the minimum uncertainty in the position.
Solstion: The tmrerizmy m speed i Ap, = 5=10° m's. The uncertainty in momentum is therefore
tp, ==ae, =167210 25210z ms
=835:10 kg m's.
The e unceracnty In position is about
' 1+
£ = =
2047, 1 2.8.35.10®

[2x

10°%m.

So the oocema—ty in posstion s about | nm which is quite signifanct with the modern technology.

F— i Vo Fmiad ot ] ™ o
ia) p.. ir “Ii. md.l.'_,rmdt [1:1] (p})-iw [;]l-hl-iz-}ﬂx}dt.

lﬂhmfmmhm&mmmm:m T

&

;- !n’
wirkls —— | gi B
V2ot _i mes ap

This b= — T ==
_—_— fpﬂipjf' dF. lil
The r'.#::!:.tnd 53 of the SguaAhom Even in the question is
. : - . a

I- [t

- (]

d
-
; Jvl.ﬂd:
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= .I i I.l'u'u-‘.lt' 2™ dp, i)
C A gk J2zh b

i !

| ehlPrPIX

L

. dn. !

[ [ {lip_,]l-ﬂ-;

.

i

=?l-:_| j' ]'ﬂ'[ﬂ'll Py alps) dpydp, .
P

i3 )

f]

(e variables Py and p; are used in the two integrations on momentum. This can be done as we
E'-‘P'“-“’"_ defnite integration and the integration variable is dummy. Out of the three integranions in
are |n|$5¢ decided to perform the x-integration first. So, the x-dependent terms are collected in the

(il cet. This integration is equal to 2xh [ p;- py | [Chapter 3). Thus,
brac

dpy .

1= T{u'im{ | bz alpal élpz - ;) dpy

—a —I

e [ decided to perform integration on ps first and so all py-dependent terms are collected in
This Lim
the bracket, This gives,

I= ? a’(p ) B alp dey

it

- T by lale R =)

—x

fb) From (i), l
& ks
a2 [-i] p* alpreh” dp.
dx? :J.Eml'i e _IT
So the RHS of the equation given in the question is

i ® 'I-px
= 1 . -ﬁPn-'f 53 1 [_‘1_] Eﬂ‘ ]EJ'r 1 dp, |dx
[= [[ En'ﬂ_‘fnﬂ i )e d‘p.} h ![4_55 "2 _LFE P2

=0

& Lreo
i [ ﬁmﬂ pl]xd: dp,dp;

- LT ap) plalmal [e

2zl _, o

T 4 atpa) 6(pa -H}%Jdﬁ

=0

= Tﬂ'lﬂl[
-?a'-:p.lp?nwm = [ plalm ) dey =( ;}

5. The wave function of a particle at a given Instant is

x |
=4 =X
F[I]=%eﬂ " forx<0
a
X I
’-"LE E*hhi I'ur.t}ﬂ'
a

Find Ax and Ap,.
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Sedution: You have already worked with this function in Chapter-4 (Exercises), The probabitity densiy,
winf" s symmetnical about x = 0 80 the expectation value of xis (x) « 0.
-] -
11""- ‘{1. befn )™ ol
- rj. v lf:"‘l*t‘t\'#i\: Yeivia g,
- A g "
- d
;_f e h'l.'tf.'l'-ﬂ—.
@, 2
Thus, A "'.- (x) ¥ =a/2.
Thr mamentum wave h.mr.mm alp) 12 given by (Chapter-4, Exercises)
"I' 1
qﬂ: }
Vea® (p- Vs (Ara)
Thuhmﬁmunmu-ﬁ:lhnm P= py,.and so is }ulpf. Thus .[pﬂ.:;;u, H.;....,d.“gﬂ {Pi}?[tan
grtaby

i > 3
(i) = ] PPlatp) ap.
&nﬂ:urmnredldlﬁmhinmﬁnn.hnn:ywriu
- |
2= r'ull-l:' Jr"—]w-lrllinc :
(e 1 di?
Mﬂhmmﬂrmmbknr-ﬂ.ldiﬁdﬂh:int

(Ff:l"‘*:[-‘ o

e 2 ® 2
IF (x) ;iplxhln- ]'v Ix]i:—w{xldx . !'r,r l_.tl-:tj—,w!x!dt]

to use the result of the previous problem.

egration in three parts.

T8 Itk 1y o R P . o
T a 3 . wix)
lf.:li.;‘E ;u[u+ ] ]fd it+.j;w e dx’ &

T 1 X 1
: == = X l( 1 | _"_"'_HIF
- e a § P — a h d:
.! a :|'u II+ H]E

1{1 I.th" D v I :
=-p) 2|l P t/a o ool 1f 1 ipy -2z, |
[a[n* v) Teeacey g, a5 T
hh‘lt—rn.
Forx<( dy i[l in, —i!pu:
W —_— - L}
dc  Jala "y J*°
i
e S RSN
a
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EXERCISES

Using uncertainty principle, estimate the minimum possible energy of a particle moving in the potental

11
3 W |

1.'.' -1" I,If'ﬂ.- Ang —

b = Vo x| 2 ma? |

A nucleus has diameter of the orier of few femiometers, Assuming that an electron resides inside the nucleus,
estimate its minimum kinetie energy. Detn pariicles coming from radioactive nucled have kinetic energy of the
order of an MeV. Compare this with your resull and convince yoursell that electrons do not reside inside a

nueleus. Ans. - 10° MeV
3. A particle of mass m is confined to o region 0 < x < L The potential energy of the particle is zero while it is in
this region. Estimate the minimum pesaible enerpy. Ans. A’,l'ql'm.ﬁ
4. The enerpy of a hydrogen atom is written in elementory analysis as
7 1
E ol e

Im, dregr

where pis the magnitude of the linenr momentum and r is the distance of the electron from the proton (you
need not assume a circular orhit, the electron can change its distance from the proton giving rise o
uncertainly in radius). Assume the uncertainty Ar o be equal to the average value of r and the uncertainty

Ap 10 be equal 1o the average value of p. Also assume (Ar)(Ap) 1o have a value of hf2 and find the average
dr ey A
value of r in the ground state of hydrogen atom. Ans. —F—"-}-—- =53pm
me

Using the assumptions given in the above problem, find the minimum value of the cnergy of a hydrogen atom

i me’
in the ground state, Ans, - ]‘ " =13.6¥
32rtel ¥

| f:mﬂdlnl fwo wave functions: y(x) = Ae<la’ glkx gng waylx) =Bel"h|t"|l"= g2i%% 1n which of the two, the
ty product Ax Ap is larger, or is it the same in both the wave functions?
Ans, Same, h/2, as both of them are Gaussian wave packets

Shery L
that the expectation value of x may be written as (x}= [a [.F‘]'[ﬂ'l'f;]ﬂlﬂldF where alp is the
TENTUm waye function, e

Ehl}‘ thl mi d:
" Ihe expectation value of x? may be written as {.L‘:}= Iﬂ'lP]['-"IE?'] alp) dp where alp} is the
fitlmn Wiive [unmml -
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i . .
9. The momentum wave function of a partcle i gven aa ﬂ.ﬂi‘m“ﬂ'lﬂfﬂﬂ- Find (x}, I:IE:J. (o) aing

IIlF’fl,l Evaluate the uncertamey product Ax Ap, .
lﬂ.Thtmmrﬂnmmﬁm-::mullputﬂuwhr
Fotap

alp)=—rme™ ' far p5o
i

— N
| & WP

- a.-_l & o ke F.-I'D-
Py

Find the uncertamty product Ax Ap, .
11. The wave function of a particle st a given inatant is given aa

—_—

win) = !-iﬁ.ﬂ for —acx<0

¥ 2a!
-J—is-fla—n frfl-x<a
=0 et Tt

Find the uncertainty product Ar 4p, .

Ana0, ¥ pd 0, p2ja Wi

Ans. 7y

Ana, ,ﬁﬁﬁg

12. Consider wave function .rf.rl-:[l—r’} in some units for -1<x<1 and zero everywhere else. {a) Find 1he
Constant ¢ so that the wanve funcrion is normalized. b Find Ax, Ap and the product Ax Ap.

Ana. (a) J15/4 (v ,lg Eh. Ea

13. The momentum wave function of 3 particle is a[p) = 1Ja , for -a/2 <p<af2 and = 0 otherwise. What is the
order of uncertainty i meomentum?® Show thal as o is changed, the uncertainties in momentum and =

PRzt VEFY wmversely io each other,
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6.1 The operator "“E for momentum
You have seen in the previous chp

Prer faolved ]Ft'?lh]tm:q]
momentum p, can be written as

that the FEPectation value of the linear

\Px) = ?v'lxi[—rni}w{xlﬂx

ar I:P-I::I= lw‘{x:l P!F[x}dx 1fl-l]
—a
i .

where Py is wnitten for the operator —IHE- It operates on

the function wix] 1o Bive another function

., irix)
L
de

.
Py ‘—Lﬁa

. e x)
Pyw(x) = —|J'|T‘-r— i

Compare Equation 6.1 with those for expectation values of x, X2, [fix), ete.

(x)= :j;w'fxlr wix) dx il

()= Tw'ta 2 i) dx

fi3)
] (i}
(fix) = [ o' (x) fix) wine) et
- e - X 7 All the
Don't you fae) that P, of Equation 6.1 has a direct relation with the lincar mul':l'-'“t“r: ;: ), and in
x " X},
SHustions above have similar mathematical structure. In the integrant, we have " x) :'" o
b“"-'Etrlthmw: Put xto get (x), x® to get {1'2:}' flx) to get (fix)) and P, to get (py).
Provoleg us to identify Py with the linear momentum p,. -
; i tiation with res
But Py is wrinten for —iﬁ'j‘t. It is a mathematical operator, essentially differen -t
0 £ Its joy,

=
£ Y 8 F :-“mlﬂt. i _ﬂ.-'ﬂ
** 10 operate on & function fix) and give us a new function. For
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: 2th _x?ia®
= ﬂ" = d 'f: ﬂ: o x E. -
: i} =L F:!TJ-F
Figure 6.1 shows the shapes of fixl and —:P,fllil IJ: | 5
t i . 4
this case. Note that [ cannot plot P fix) as ¥ /"" ™\

i oy i

i

P, fle)=Py e

complex. g
So P, itself is not the linear momentum but 1;: = :
closely related to that We call it knear m:::ﬂE: i \ /
pperator or simply momenum tor. The e
reminds us that we are talking of the x-CoOmponen Fig. 6.1
momentum.
In general, the functon Pywix

\
/

.,
.

St

|, where wix] is the wave function of the particle, does not seem 4,
rpre i1 3 icle at the given instant happens to be
ial 1 tation. But if the wave function of the partic _ |
E:L*Eﬁﬁg'nf the linear momentum, Pywix] does have a special Inlerprtt?.an.. The wa
function of a particle for which the linear momentum is known to be py (hypothetical situation), js
given by
i
= Po¥
¢x)= Aet
This is a pure state for the momentum measurement. If the particle has this wave function and an
ideal momentum measurement is made, we are sure to get the value pg . Also the measurement wil
not change the wave function which will remain #(x). Let us see what happens if P, operates on ¢{x).
i

- — Pox
P.ﬁx|=4ﬂ£me-""’1 - p, Ae?

ar Péix| = p, ¥x). (6.2)
We see that when P, operates on @{x), the functional form remains the same, the function is only

multiplied by a constant py. In general, P, chanpes the shape of the function. Look at Figure 6.1

once again to check this. But, for the function used in Equation 6.2, operation of P, does not change

the functional form, it simply multiplies it by a constant. And what is that constant? It is the value of
linear momenmim in that state.

Show Equation 6.2 10 a mathematician and he/she will tell you, *It is an eigenvalue equation”. I
an operator A operates on a function [(x) and gives back the same function multiplied by a constanl,
that is, if

Aflx)=a fix)

then flx] is called an eigenfunction of A and a is called the e R i
vl A ding to this
eigenfunction fix). eigenvaiue of A corresponding

i
- i SR " : ;
function Ae 1 an eigenfunction of P, and py, is the corresponding eigenvalue, Denoting

the state represented by wave function by | Py} . Equation 6.2 can be written as

Px | Po)= po|po) (6.3]

The state represented -
operator. s BY an eigenfunction of an operator is also called an eigensiate of !

6.2 The operator for position

The ex i i i
pectation value of position of a particte in & state given by the wave function w(x) is
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{x) = Iw*hj X pefa)ls,

We can write it ns

(x) = 'j w (%) X wlx)elx

ihd)

s written for multiplication by . Equation 6.4 resembles E
he aperation being mldbiplivation by x Then fuantion 6.1 of you treat X as an

X flx)=x fix).

x operating on f{(x) gives n new function x flx], For example, Xe * « xe¢ ", The function xe * is
x

where X i
ﬂ#ﬁ[ﬂr, i

quite different from the function e * ., Operation by an operstor in general changes the functional

form.
The aqerwiar X correspands (o the position in the same way as Py corresponds to linear

momentum. We call it position operator.
If the position of a particle is precisely known to be, say, x, {hypothetical case), its wave function

is given by
#x) = ¢ Bjx - xy). n

The definite momentum wave function was shown to be an eigenfunction of mementum operator
P,. Is the definite position wave function given by (i) an eigenfunction of the position operator X7 Yes, it

is. Let me show this.
}{ﬂrj-xﬂ.tlﬂxﬂﬁix-.ml. {ii)
In chapter 3, | solved a problem showing that
x B{x - x5) = xp Blx = xg).
Using this, Equation (ii) becomes
X glx) = xp #lx]

o X|xg) = %0 |x0) -

A definite position wave function is indeed an eigenfunction of the positi
of position [xp here) is the corresponding eigenvalue.

How many eigenfunctions are there for X? Infinity. These are of the form ¢ B{x - xg) and xg can
take any value from —» to +w. For any given xp, C can also be taken differently but that does not
change the form or shape of the function and is not considered as o separate eigenfunction. | "

You know that a wave function can be wrillen as o linear combination of d:h_ﬂ I'uﬂ!:llﬂﬂﬂ"::“
different values of xo. That means: Any wave function of @ particle can be wniten as @
combination of the eigenfunctions of the position operator. e
These are plane waves like At
jx) can be writlen as a h'rlf:l-r
of a particle

6.5}
6.6}
on operator and the value

And how many eigenfunctions are there for P, ? Again infinity.
nd py can take any value. You also know that any wave function ¥ i
“ombination of plane waves with different values of pp. That means: Any wave fun
“an be written as a linear combination of the eigenfunctions of the momentum s s

. For each
quant,;-" we have operators for variables other than position and momentum? ¥c3
¥, we have an operator, :

measurable
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6.3 Operator Formulation

s . t ; s 8
The aperator X (multiplication by X is associated with the medst rable physical quantity ‘posie. .

i uantity ‘momentum’. In ear
2d P, (that is, -ik ° | is associated with the measurable physical quanti SRR N each cage
- 1 A ——
clx

: urement of the correspond..
the eigenvalues of the operator represent the possible results of meas s

t the states in which that guans.
piysical quantity and the eigenfunctions of fhe opEae m1]apnr:j?=ncdl¢d a dynamical variable ha, :
Bas 3 definite value. In fact, each measurable physical QUANE . €00 L0 iovion of the relatn,
carresponding operator with such properties. Let me EIVE i v
berwesn the physically measurable quantities and operators.

\a) For any physically measurable quantity a, whic
associated an operator A. ,

: ti
llhl E.I#ﬂ-‘i'ﬂim! af A are “-": unhr Fnu'b]t [E‘Sult!- ﬂf II'IE'&EUI-EIHL'I'I.I ﬂr T_h.'ﬂ' (LA I.'}' o

i icle in which the value of g
The eigenfunctions of A represent the states of the particle i the
s quan:ﬁ a is precisely known. We say that a has a definite value in such a state.

id) If the wave function of the system before the meas_urem:ﬁt of a happens to be an
eigenfunction of A, the result of the measurement I3 sure to be the corresponding
eigenvalue, _

i} If the wave function of the particle before the measurement is not an eigenfunction of A, e
result of measurement cannot be predicted beforehand with certainty.

{f) If the measurement gives a result gy, the wave function just after the measuremens
becomes an cigenfunction of A corresponding to the eigenvalue ag , irrespective of what

was before the measurement. This prineiple is called ‘collapse of wave function in o
measurement’.

h we call a dynamical variable, thers

i@ Any wave function y(x) can be written as a linear combination of the eigenfunctions af A I
the eigenvalues a, of A are discrete, and @(x) represent the eigenfunctions &f A, the wave
function yx| can be written as p(x)= ¥ e,¢(x) where ¢;'s are constants (independent of

i

ﬂ'l.. It f-hE HEEI'WEJU-E‘I a of _ﬁ, are :n-nﬂnuuua [[‘I."I'Jm —ma [0 +ﬂ}1 and ﬂx.ul fE'FIl"E'EEﬂl The

eigenfunctions of A, the wave function w{x) can be written as w(x)= [ cla)elx,a)da.

i} The probability of getting a particular value i &
. ue in the measu i e
coeflicients of expansion €, or o). el

6.4
Operators for some of the measurable quantities

The procedure for writing the expression for the

operator of a d i i e simple. Wt
ble in terms of position ynamic variable is simp

x-and momentum p . Then replace x by ©¢

operator X, and

P. by the operator Flgjh_d_ in this s 41 ger the
EXpreann ﬁ':arlhtﬁpe:atur But th dx “Kpreauion. In general, you will £
EApreaion for the s corea T are some cas

ﬁmﬂlﬂﬂ mnttmm 4 28 'i.n Whiﬂh thil pmc':dur: dm not E-I“It th:- :‘MTEC:
F'am grving below seme of th - will talk about such cases later.
axms i;":-;" And remember, | g, lnlk:ntqmmunh! used measurable quantities and the correspon™
= & ODETETInrN Eiven I'I'I‘_'I't it E 1n one dlmcnui:m. Far the present, the space MEans ﬂiﬂj' the I
matian of a particle, pond 1o the variables we commonly encounter while discussin® ¥
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Quantity . Operator __—_'_'_'_‘“"_'_‘—'—-h—-——
; T o —— Symbel

Position —— 3 _EUEF'_HE'““”“ by x —'—H——-—}l——_.__
| Linear momentum - e -
| |x-component) | e Py

i . e ¥ e — —_'_‘——._H
| Kinetic energy | _Fﬁ_ 4 —‘——R—-__._
| 2m g2

. ' . | ghf o

| Potential energy . Multiplication by Vix) v
i Total mechanical energy ' W2 g2 H =
| | amga '™

6.5 You learned in this chapter

= With each physically measurahle quantity there is associated an operator,

o The operator for position is multiplication by x and that for linear momentum |

T
R
x = e

(%]

The eigenvalues and eigenfunctions of t
intimate relations with the measuremen
section 6.3,

he operator comesponding to a variable have
t of that variable. These relations are given in

Solved Problems

|
1 Lt the wawe function of a particle of mass m al a given Instant be w[x]:..ﬂ.e'“}'“ . What will be the function
Kvix) where K is the kinetic energy? Is this wave function an elgenfunction of kinetic energy?

[
Solution: The kinetic energy operator is K== — ——  Thus

2m gy
Z " |
Ky(r)e- 2 (402 nj]
2m dy?
|
'—i—-i[——zﬂ;ﬁe_ﬂ EIJ
2m dx a
_2&&2[ —2x _Aiad - P
= z.xf e J+e “J
=_ALZ[1—E2-£E‘E.HI
T-ha ma a
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1, 2 aqa particular ime, it has e
energy p‘{;} = ﬂktz .-

the value of a .

g definita total mechanical energy. fimel
wix)=Axe . If the particle has a h- y
hanical energy is H=—2=— = -Vix). iy,
s wave function should be an eigenfune,

2. A paricie of mass m s subjected o the potential

Solution: The operator corresponding 1o the total me

particle has definite value of the total mechanical energy, it
of H. thar is,

Hp(x)= dw(x) where 1 is independent of .
[ 1 - ]
! e l‘.l.'-z [Me
Hyp(x)= A |

Mj di E—fflﬂ: }+%WE'E}I£II

2m de®

2 ; .
1- - 18 e":" el e k.-l.:l:aa -=*/a
at 2

2x -f" 1 3 --ljj'lﬂ-’
[__] e ?l v E kAx-e

t) a

_rtll'! 1 a__';l'llf:r
nz*u“ e “+Ehlxe -

[ﬁxqr‘

g ? .
zﬁ T _[ 248 % .u] Ay

T Pty

i Hy(x) has 1o have the same functional form as w(x), one should not have the BAgla e,

248 ]
__H-‘ﬂ
ma* 2
4
“1 ﬂ=[-ﬂr
mk

EXERCISES ‘

1. Let n:l-.l.r-‘ '.-mm"ﬂm“‘“‘*ﬂﬁmmma S s

. :ﬂx] rl!m‘ﬂ." U'.u: SAine Biabe q,r e
= I KRy XA - e 1) =#%]. Herz ais o rag) Positive quan ) i 3
Eity. Amm. gy o

3 ‘::r-ll:ll
Let wix) = As . Find
theramuni wix), X (x) ang p #(x) Bt x=p i

R
4. Let wix)= "J-r Ekﬂ;hﬂtmnrﬂmprm_
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5, Find the cigen funictions of P, by salving the differential equation P elx) = Apleh.

. = =& /'@ i
g. s the function wix)=Ae an eigenfunction of the kinetic energy operatur of B partile? Ans,
is an eigenfunction of the kinetic energy operator and find the corpreporndang
»E?
e

s Show that H[xj=.'!r‘*"
AmE.

eigenvalue.

Expand the function wix)= Asinkxsin2ke as a linear combination of
h‘l %r'f-llr. - sail "‘l" -r‘.'-.l

8. eigenfunctions of the momeniom
operator P, .

g, The sigenvalues of enengy for a particle are Eq, £, -
If a measurement of energy yields E; what would be the w

_ and the corresponding egenfundtions are [y [y
ave fupction just sfter the mensurement’
Ans (&,

10. Find the eigenfunctions of the operator X +%F, . Ans p':..r""""i'_" where A [ @ conatant
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Rinieli e nengy, el i Oy
thos om ToneBons whiel poonlig e Ny

The physwal dantities ke presitin, Bt s i,
Cperators associated with theme Operators aee matlicinnatis il i
atod, ettt ot be another opeoalor aml soom T,
Wi n||r|.l|lu1 et iie s Thege
Iowill Thest ilefine s Neral

Plyes aopaenatboni ® ebe b ovin Foognn frgpp58

i Thies sepuaning can b oo o
it 11 1 I b iy oy
vperators corresporsbing e plasivally measieable guintiies by
“iH"lLlh"l!ﬂ- h,.ahl,"n iy sk v lans ol ""I\"'l"l“‘""" iatlles Plicerrmifinam I"ﬂ"l'HHIIrﬁ.
Properties of wpetators aid tien tell v wiat a et opeiatin is
K ; « possable wave funetions. Wiile discossing operatois ya shonld beep iy
o s, Ehese e tears e paessibde wa

mrid that they are supposed tooact on these Tinetions onhy wincl e possible wive Tunc s of 4
particle, 1o, which are finite, continions and square integrable. o other wuorda' Lhe operators
cortesponding to the phvsical gquantities are defined tor lunctions in the state space I,

T.1 Linear operators

Suppese A b an eperaton, 101 called a linear operator iF it mntisfies the following two conditions for
arbitrary functions Fix), gl and arbitrary constant @

(b A F1o) e giad] = AL Mgl
W) Aferin] = elarfiv).
According to the first condition, you add two fanetions £{x), ofv] and then operate A on the resulting

function, or, you operate A on £{x) and gio) separately and then add, you should end up with the same

function, The second condition savs that you mualtiply a function by a constant ¢ and then operate A on
the resulting function, or, you operate A on the function and then multiply by ¢, you should end up with
the same function,

e e )
Example 7.1

Check whether the follovusng operators are near or nol: fa) Multiplication by x, (1) Squaring,

Solutlon: |a) Let fix] and g(x) bLe two functions of r. Let A denole ithe operalor
“multiplication by x®

AlS(x) + glx)] = 1-[IF1; b alx)] = af{x) ¢ xgle) = A f(x)] o Al x)]
Alefix)] = x|efix)] = exf(x) = e[Af(x)].

Baoth the required conditions are satiafied. Hence, A i o linear operator,
(b} Let A denote the operator "squaring”.

LS gt =[x+ gt
ALt =Ll . alate)] = (o),
We see that A[f(x)+ glx)] « A f{x)] ¢ A[alx)],

Sa, A s not a linear operator,
You van check that the second condition 1s also not fulfilled.

L
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7.2 Operator algebra

When you did sddition, subtraction, muitiptation and dodsion oo oumbers. vour primary school
rpacher sald she was tracheng you anthmetic Then your maddle or high school teacher taught vou the
same operaliony un funcians of = iperhaps expressions was the term used then) and called i1 algebm
Al collcge level you were taught addition and multiplicaton of
pector algebro and teday again | am telling you sbout addition and multiplication which form opergior
algebra.

If there are two operatars A and B and an arbitrary constant ¢ we define three new operators
A+B, AB and cA as follows

WoLIors and thaf wenf under the FLATLE

(A« B) fix) = A] fix)] « B] fix)] (7.1
(AB) flx}= AR f(x]) (7.2)
and (eA)[ flx)] = ciA fix)). (7.3

Here [ix) is an arbitrary functiocn. AA is wntten as A9, AAA as AY and w0 on

You can guess how | will define A - B. The opergtor -Bis the same as |-1) Band A - B is the same
as A + [-B).

Example 7.2

Let A = x (that is, multiplication by xj and B =-§- Find [A = Bj sin x, (B + A) sin x, (AB} sin x and
(BA) sin a2

Solution: (A + B)sinx = Afsinx) = E-islmxl = nnﬂx:-ﬁmn.n:nmx-ms:

B+ Alsinx=B(sinx]+- Afsinx|= %Ismr}—.ﬂ!.inr}=ms.t-xsi.n.:

(ABjsin x = A[Bisinx]] « x < {sinx)|= xcosx

.

(BA}sin x = B[ Afsin x)] = &f;umxa: = XCosxX=-sginx.
§|

_— From Example 7.2 yvou see that the product of operators, as defined above, is not commutative.
Operalors AB and BA are, in general, not the same. Addition of opeTators is commutarive.

't““ﬂﬂﬁtﬁﬂnndﬂ’taHHIHﬁdiﬂ'm?m:anmﬁ.ﬁrmmﬂ A=~?:-; and E=£J-;.AB-BA

:’; Beneral, if one of the two operators is multiplication-type and the other is differennation-type, they
ot commute (AB=BA). If both are muluplication-type or both are differentiation-type thev
SOMmute (AR = BA).

Iftud B are two operators we can construct an operator C = AB - BA. This operator is given a

3 symbal [A, B] and is called the commutator of A with B. If the two operators A and B

. 'Ll:r_ iA, BJ operating on any function is ero. Such an operator [always giving sero when
Perated) is called zerp operatar. 3
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o the position and the -cam

Example 7.3 [ors {ﬂﬂ'*-"'fpd"dj"gj ey,

r
Simplfy [X, P,] where X and Px 07 %P5
of linear momentum of a particle.

o
P_-; :--Ih_-'

Solution: X = xand dx

Let fix) be any function of x then
[x. P, ] fix)=|XFPx - P X] Sl

- |XPy ) flx) = (P X) 1)

, (. d
=|_4uf;}nrr-i-"'a‘J"rm

L L
= ﬂ-ulr : E"-E-l- }
= _qu - m[: x f
= ihfx).
Example 7.3 shaws that [X, P;| operating on any function fix] just multiplies the function by i.
We therefore write
X, Pyl=ih. e
7.2.1 Two important commutsation relations
[A, BC]=B[A,C| +[A, B]C
LHS. = [A, BC]= A[BC)-(BC)A = ABC - BCA .
RHS. = B{AC - CA) + [AB - BA)C

= BAC - BCA + ABC - BAC = ABC - BCA .

Thus L.H.5. = R.H.5. Note that in opening the brackets | h r of the
operators is not changed. Similarly, you can prove that AR TN Sl i T SRR

[AB.c]=A[B.C]+[A.C]B. (7.6
I will be using these two results extensively and so practice them well

[7.5]

7.3 Hermitian operators

Consider an operator A which can

Biractim. wlid wold B e g on the functions in the state space F. Consider any ™

The operator A is called a Hermitian aperator if
((Avallva) = [(Avy)). 7.7)

Writing the scalar products in the integral form, this condition {
. on is

JIAvit] wateidc= | o o)Ay, o] a. =
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Thus scalar product is aniten as (v Al . The oRETaTGE A
- ; i “EAnw
anc skie of A vou have the fimst function wixiand on the ol men belweei fun verticnl lisies, Gn
wiher . -
the operator A is attached to wainl), then (v |A|i;} would be ) sile v e 1048 g hiik thay
. | I : | i W fhe mia AF L]
- o - . 5 .
js the RHS i Equation ©.7. You can alao interpret that A is attached o
ln A ! would be the scalar prostuet of Awln) with sl W
; 7 alal, That is the Liis
M5 iy

ﬁn‘n‘lltﬂﬂ. both are the same.

My That
it case the sy ikl
Expuation 7.7, 11 I

TE'LI A o d | \ |

‘.,.:,.} with ) 18 stmply (e Aleg) . You can verify that

1| Alwa) = vzl Al )
for a Hermutian eperator A. The RHS s i

= L]

Apalnd] 1
. “ walxl] wyixhede [k A with wy(t) in the RHS of Equation 7.9]

L -

= [[A r;i.ﬂ]lr;lthh

= [wg ()] Awa(x)]dx
=LHS. ik A with yyix) in the LIS of Equation 7.9]

7.3.1 Hermitian adjoint
Take any two wave functions eglt) and wzla) and an operator A In general,
((Awy)|wa) = (v |(Av2)
It is possible to find another operator B such that
{[Blﬁ “l"}} = 'I,rli'1 “ﬁr_} !'!' :
The operator B is called Hermanian adpnt of A
If A is itself Hermitian,
((Awy)|wez) = (v |(Awa))-
Comparing this with Equation 7.10 above, B
Thus a Hermitian operator is sell-adjoint.
Even if an operator A is not Hermitian, 1 ean use the symbol (i, | A|w2} - If the interpretation is 1o
attach A to y4lx] it is fine. The quantity is just (wy|(Awz))- So.

(7.1

= A. The Hermitian adjoing of A is the operator A frsell.

(wi]Alva)= [ wrlxlAvatxlde
e ermitian adjoint of & and operate that on wylx). You

But if you wish to attach A with vy lxl. take the H
then get (B, )|, ) . From Equation 7.10 these two are equal.
_you read it as "A dagger”. Thus,

The Hermitian adjoint of A is written as A’ @1

f:ﬁ'v1||r:}={i"1|i'ﬂ"1:|'-
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7.3.2 Bome properties of Hermlitian adjolnts

(m) (A") = A
Lﬂt |P|_:| ﬂrl.'d ]P’jj I:H.' lwfl nrhiu-nrr fun:ﬁﬂn'!. Ej' Ih: l'.r-l‘.'ﬁl'llllﬂl'l ﬂr -Eld.lﬂ'ml.

(A |wa) = (wi[Awa)-
Taking complex conjugates on bath sides,
(wa|A'w1) = (Avzlw)-

By the definition of adjoint,

(wa| A% ) = (iA w2 w1 "
Comparing (i) and (i},
(a') = A. 713
) (A+B) «A'+ B
Let |wy) and |wz) be two arbitrary functions. By the definition of adjoint,
(g [1A + Bz = (l*'ﬁ +8) v l?:}- iy
Alsa, (i1 |1A + By ) = {wy [ Awz + Bwa)
« (wy|Ava) + (w1 |Bwa)
= (Wwi]va) + (' [v)
W+l
i

.{[a* + ' }p,]p«,}.

Comparing (ili) and (iv),
(A+B =A' +B'. i

fe) (AB)' = B'A’
Let |¢) and [r;]l be two arbitrary functiona. By the definition of adjoint,

i¥l

fwy |IAB) ) = (Mﬂ!*ﬂ rF:} .
Also, (i |(ABpr3 ) = (v | AlBy))
= (A |Bya)
- {E'I-I'I-'F|J'|F=)
-((B'A" v |wa)

Comparing (vj and v,
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i Fal
(Al = 1'A fid

7.4 You learned in this chapter

]

A operator Ao valled o linear opevator if for srbitrary yyfa), i) and ¢,

.'i.[lr|ll'|* '|.-'_||'|-'|l| -""u!l.ql_'lll i -"I.ll.‘:llb! ail .'\11‘.-“"' .,~1,q||l_,1|”]

Tha el s | e, AT el Ge A e dlefimaed Dy

(A s Wt ) = Afpelnl] o Enfwin)]
(AR fx) = Ay (x)
kel v = | Ay

The operator AV - 18 s ealled the commutator of A with B and wetten as |A, 1)

1%, sl = 0k where X = position operator amd Py = momentum operator ioorresponding o s
dipevtiond,

An operator A s ealled a0 Hermitian  operator f for arbitrary ¢} and lws)
Vv lws} = (| Ava) . Each of these is written ns (p, | Alvea)

For a Hermitian operator A, {'.-'L | F.! ||;.='_-|:| - {IF_] l.ﬂ]p.l':}-

I (B |2} = (v |Awy) for arbitrary [p) and (pg), then B is called the Hermitian adpoint

of A 1t s written s A" ﬂi““{-"’-r 'l“"l1'3|"'.":|' Awi | Awg). Each of these is written as (w) | Alwy)

it =a, (a+m =a's 8, ap =B'At.

1 An operator A is defined as A w(x] = ¢ (x) wlx). Is this a linear operator?
Solution: For the given operator,

and
Thius

Alwilxd + walx)] = [enlx) + vy l] [ ) + walx)]

= [y 1%+ pall] vy () + walx)]

m o 1)y 10+ walx) bl + oy L) wrgl) + walx ey x)
Aylx) + Apglx) = wy L)y ) + walxhieglx) -
Alwi(x)+ walx)] # Aw[x) + Apalx] and hence Ais nota linear operator.

2.Let pix)= Ag~ /o .Find {p| Py |w) .

Solution:

So

i 2
wlx)= Ae~r 0"
. d a?y  2th -ea?
P yix =-|h—[ﬁu: o )c——x.l.e ;
' wix) o ﬂ.]
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Kh
[y [P v} [ y 1] p el o
i L '2”' : ru":
f(ﬁw 'fa ] g X o\ ex
5 Y]
. ‘J_I!r_n l[ X 20" {0’ el
a®
at
' i el funetion. s value at X -
1t is a0, hircmuse 'hl" inl:m'nnl ju mm i d i i L“: rﬂrﬁnll nul

of that at =x. The integration 18
i butions cancel

the positive and negative con

ia the negalive
praphieally in Figure 7.W1. Here i represents

from —* b o, O,
aut, This is ahown

the integrand.
g -ih —:; js a Hermillan pperator b

d
t"_-llmtp
ut e

3, Show (ha
Solutlon: The given aperatar -m% s the same a8 Py Let g lx) and walx) be two arbitrary functions

-, g
=ih— dx
f !u"':;l-t]]

(g | Pewa) = | wy (%)
= -il !' vy ()2 pax) dix.
| T e

Integrating by parts, this is equal to
-l'l[':’ffliir:[vri_‘ E j%v;mm].

wave function to be sgquare integrable, it must go to zero as x goes to o or + . Thus, the first

For the
term in the square bracket is zero. So,
(oaPava) =in | Pyt . @
- )
Also, (Pewy |2} = [ [P ()] walx) de
Ly dwylx |
1020 vatera
L i [x
=ih | # walx) e,
| . il
From (i) and (i), (b | Peta) = (P I‘-"'I:}

e
Henoe Py =~ih—c 1 L :
=i is Hermitian. Similar calculation with A 4
= — will give
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= i ” X

& ke

and

* dy |x
(A g ) s f”“&‘? walx)d .

d
Hemee .Lp-téﬁ.p'."l & ."_:llu-"L |l.-l'_-"- and s0, A= T_-j: t5 At Herminan,
4 Show that AA" is a Hermiitian operator for arbitrary operator A
L
sotution: (AA) < [AT) A" = aa!

Hence AA" is self adjoint and hence Hermitian,

5 Show that Hermitian adjoint of the operator (A s -4,
Solution: Let vy(xland y;(x)be two arbitrary wave functions.

(8wl = [eplofidpatx]dx
[~ey )] [Avestc)] e

s g e

Al [yt walx) dx

- (—a'wl |va)-
Thus the adjoint of i is —iA'.
B. Show that (1+i)AB + (1-i)BA is Hermitian if A and B are Hermitian operators.
Solution: [(1+i)AB+(1-i)BA]" =[(1+i)aB] +[(1-i)BAT
=(1+i) (aB)' +(1-i) (BA)'
=(1-i)B'A" + (1+i)a'B!
=(1-i)BA +(1+i)AB
=(1+i)AB+(1-i)BA
Thus the given operator is Hermitian.

T-Hn-um{n"}'.[n*]" where A Is a operator and n Is a positive integer.

4 T.' =
Solution: Let me use the method of mathematical induction. The statement ':""l} '{'ﬂ i
true for m = 1. Let it be true for some value rofl n. Then,

) (a7

Now, {A""]* ={ﬁ,_ﬁ]t

e
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QRO
. n=1, it must be true for 5 .
This means, the statement is alsa true for r+ 1. As it 18 tUS ¥ el Surg

it true for n =2, it must be true [urn:Jandmun.Eﬂﬂ"-" pe 5 it
values of n.

Lsnnwthm[}:".?,]-mu"" for all positive integral values of n.

Solution: | will prove the abave by the method of induction. If 1 put n.= 1, the given equation is
(X, Py ] = it

which is true, Now suppose it is true for a particular value rof n.
%71y | = irn "

Now [:"‘:"I- P:] '[HrlFl]
« X[ X, Py |+ [ Xy
= X[irn Xt inx’
wifr« 1 X",
Thus if the equation is true for n = r, it is also true for n=r+1, But it is true for n=1. So it is rue fore

= 2 and hence for n = 3 and hence for n = 4 and so on. Thus it is true for all positive integral values of
n

i
9. Prova that [JII.F,.I-I]- ;—1Ff + X[P,, V] where H-{%*?,m V is potentlal energy operator

Solution:  [XP,, H] = X[P,,H|+[X, H]P,

(g, T p?
-H-F,,Eth-[x'ﬁq? P,

- p?
- P--;,;]*IIF.J-'FIE-E;—]F; +[X, Ve,

The putential energy operator s assumed 1 be mul
zero. Also the first commutator is zern. Thus,

[:-zp,.u}-x||=,,w.r].[x,f§.]p
Im| *

tiplication by a function of x. Thus the last commutate® *

-« X[P,.V] *E:n_[x'P':]Fi

« X[Py, V]« .:";gp, [x.p, J+[x. G181

1
= X[P,. V] 2m 2AE )P,

i g
.;P._ «X[PL V).




EXERCISES

l = Pt ; | Sl | Sy
L Caloutate XPe and P Xy ARR. &) —q= oy (e, -tk o i ' e
g Leewtel \ a® \ at
wich of the following operators are Bavear® fa) A f{x) = NP {31, bl B fia) = FIsIP find Ans A
a - =

Let [} be an eigenatate of A with cigenvalue @ Show that o1 is also an cigenstate of A? and find the
£

e ﬂifnr..l.l'l.h‘. Ans |1.:
Lot A and B be Ta0 Hemmitan operators, s AD necessanly Hermitian? Is ARA neveasanty Hermitian ?

Ans. o s
Let A e [he opcrator 'Tnuhl'."ll.{"-\lh'-tl by 2 oanmd M be the Tk “dilferentialion wiky respect o v I A

Hermitian? 1s B Hermitian? (b} Whiat 1a AR F{«)- DA fa)? Ans. [al Yes, No (B fia)
& dendity cperator | actung on a function leaves it uichanged. What are the eigen values of 1? What are the
egenfunctions? What 1s the degeneracy of the eigenvalue (s)? Ans, 1, all finctons, mfinity

+ Prove that the Hermutun adjpoint of X + -:;l‘*.Ii is X- %l"‘.

5, Wit is the Hermitian adjoint of the operalor -ih % r Ams. i) ‘:'
uk'k

: 1
4. Find the Hermitian adjoint of the operalor ﬁ:;-; . Ana: =B .Il'
(]

1. Write the Hermitial adjoint of (1+ ()AB + (2+ {)DC + (3« i)CA.

Ans, (1-nfat s 2 et gate!
i1 Let A and B be two operntors and ‘,;:Hﬁ"ll- Be two state vectors with the followaing  relatons,
-l:-::l rl!.ﬂ‘:l..ﬁ.t.l":l- = '1|JI:I,E||-.|}I & -I:E,HJ., Hlj‘f}. - |!-t},
Find ABla) and AB|#).

Ane. -}, |9
i1 Wnte the Hermitian adjoint of [.ﬁ * AﬂH]} + |111 if A, D are Hermitian operators, Anas. |I“ A 'I.'-':]HA . _.LJ}
+% e the Hermitial adjoint of (14 A){1+ A + A%) if Hermitian adjoint of A ia . Ans. (14B)(10 0. 1)

[ VYL 1/4
4. Lea - —:‘.—.] -x%/ad Jdd gt
wylx) lu*r. e and walx)= ln":] 2™ polenlate {walPlvy). Ans *:_:_

|55hﬂ'l'|-hll- I“qu .Ei"'--'cl * ||'|.,'=i u'

L6 =i
3 i“"*ﬂﬁ the expressions [X, P2} and |X2, P, . Ana. 2AP,, 20X
eulate a) [XPy + BX, X] (b) [XPgrPX, Py ] Ans.(a) -2AX (b} 2000,
the vperator H = K + V where K = E:; and V -%m‘:ﬂ. Verify that [H, K| =-[H, V] =-[K.¥] and

imlity d
CXpression in terma of X and Py . Ana f:ilxp‘.ﬂxl

19, Show
that if &
“nd B are Hermitian and (A D]« 0, A is also a Hermitian operator,
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40 Shisw that (ABC) - c'ta!

{ wirgn A wrd BHY
41 Which af the Falbirwing mre surely corpect for two Hermitaan gt
T
toh (AR < A1 gy (Ams - A e (AR - A i) (AR - '

& Hermrae
?1 I‘l’"'l'" l!]ﬂl Ii A_I.l TR I!Fr"””‘n 'I'I"lh“.-” |i *_Il Ay TI'F'.”I?H

F | B wre srergicey
5 Creitain EX[IEakiOnN are ‘”w‘rl‘d frir rﬁ . !” ‘Ff,l" where A gl =
COEre]?

) [(A sy ()]
(b) AT () s B2 f (k) s 2A0 f (]
(e} A2f{x)s B2 (x) s ALSf(x]+ BA f{x)

(dy A2 () o iy (x) s Af(x)B f(x)

L ]
L

B ™ .




ore on Operators— |
Operator Form ulation [1]

Eigﬂwﬂlu:a and . eigenfunctions of Hermitian
ph}’!ili":i“' These are fl!rtctlg.r related to the possible re
Prﬂmbjijt'ﬂ:j of getting these results, [ wij therefore devote this ment of physical quantities and

riies of Hermitian operators, their eigenvalues and their cige Chapier on the mathematical

rape grs will also be on the agenda.

opera!
g.1 Eigenvalues of a Hermitian operator are real
Let A be a Hermitian operator and ¢f{x) be an eigenfunction of A with eigenvalue @ This means
Afix) = a #x).
pperation of A en #lx) gives the same function @(x) except for

an overall multiplication by a pure
pumber 4. Writing dx) E-5'| ﬁ'} » the above equation hl':mm:a_

Alg)=ald). 3
Take scalar praduct of each side of this equation with |} - This gives,
(#1419) = alel#)- ”

| have written o outside the scalar product {ﬂ.p}‘ This is because the scalar product is an

integration on x and a is a pure number which can be taken out of the integration. Now take complex
conjugate of each side of [ii]. You get

(¢lale)” = a (glg) . i)
But {é|¢) = ‘j # (x) flx) de = hd{xﬂ?d-:-

Hence it has to be real (and also positive]. Henc:{dt.ﬁ}* = (#|¢) . Also A is a Hermitian operator and for

any Hermitian operator

(b |Alwa) ={wa| Alws)-

Thus (¢lale) =(#|A|d).
Equation (iii), therefore, can be written as
(#lAlg)=a” (#]#).
Comparing with (i),
a(gl¢) = a” (#|¢)
3 (@—a){¢|¢)=0.

s : ia Hermitian
As {9]4) is not zero, you get a=a . This proves that ais real. Thus all eigenvalues o

“Perator are real,
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ﬂnespunding to differen;

i Hrmjﬁm .D-Fmratﬂr A with diHEIEn; EiE_gm
(1

Suppose |&) and |#) are WO ly
a, and a:. Thus, .
!"I"-'i:'t_ﬂ" #) |
i)
and Alo)=az|®)
with a, =@ . | will show that (@ 1e2) zﬂ'_ ith |}, and of each side of (i) with )
Take scalar product of each side of (i) with |€2/
' &
(o ]Ala)=ar(ela) !_J
|
& Aley)=az(aler)- s 5 Y
Take complex conjugates of each side of equation (ill). This gives.
[¥)

(m|Ala) =a (® |4} -
(as A is Hermitian]

Bt slala) =(alAle)
(e]a) =(ale) (definition of scalar product)
and a, =a [eigenvalues of a Hermitian operator are rea),
1 L "

5o, (v} becomes
(a]Ale) =@ (ale)
Compare with equation fiv)
a; (& @) =o (4]e)
or (@ - )¢ [#2)=0.
As we started with the assumption that a; = a this equation tells that {#|és) =0, that is, |4} aod
|¢2) are orthogonal 1o each other.

8.3 Degenerate eigenvalues

Let |#) be an eigenfunction of A with eigenvalue a. 5o,
Ale)=alé).
For any constant ¢,
Alele))=clalg))=clald))
or, Alcle))=alc|e)).

But the las
t t result shows that the function gm is an eigenfunction of A with the same :lgrn'-‘ﬁ-‘“”

So, if you have one eigenfunction |g) of
A, you can produce infini i jons of A
e el i S e s i inite number of eigenfunctio
i 2 r
.;.;.;h_ other. They arc just multiples of each o
::Eulnpllrd by a constant it still represents the
cl¢) are not considered as srparaie. We

these eigenfunctions are not in'u:lv.'|:ﬂ-‘l1*5_’“[IF

l-;l:: - In quantum mechanics if a wave fun-:fl“’.‘

pick u;m“ of the particle. So, all these eigenf et
One representative eipenfunction put @

e eigenfunction representing this whole family
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93
: 1 have two cigenfunclions of an operatr il
[t i% ]:H'-I'!IMI'.JIF in " r with the same eigenval
multiple of each ether, For example, conslder the kinetic enerpy operator e ue, which are noy
K _r:f!
C 2m o gyd

Verily thal both sin kx and cos kx ore eigenfunclions of this eperator with the same eigenvalue
Wi f12m).

I WK
ginkx) = - —| = (sinkx) | =
K(sinkx) ﬂmLul |sin II oy (sin k) .
w2ge2
similarly,  Kleoske) = Top oo

The two functions sin kx and cos kx are independent of each other in the sense that you cannat
one by multiplying the other by n constant. They are genuinely different. Let me define precisely
what | mean by independent functions.

a number of functions are called independent il none of these can be written as a linear

combination of the rest,
two functicns, this condition is the same as saying that one is not a multiple of other.

if there are two independent eigenfunctions of an operator with the same eigenvalue, the
eigenvalue is called dowubly degenerate or fwe-fold degenerate, In the above example Wi g? [l2m) is &
doubly degenerate eigenvalue of K,

Faor

2
ﬁ p
il mm— su. ,E-‘Ik"l

: is also an eigenfunction of K with the same
m

You can check that K{E'.*‘t}

2,2
eigenvalue Eﬁ;_ However sinkx, coske and e are not independent functions as you can write

e™ = coske + ininks.
Let |#) and |é) be two independent cigenfunctions of A with the same eigenvalue a. Then,

Al ) =ald)
and Alda) =alda).
Let |#)=¢,|#)+ea|d) be a linear combination of |¢ ) and |#). Here ¢ and e; are constanta. Then,
Al#) = Ale |#) + ea|d)]
“Aer|a)]+ Alea]es)]
=c1[Al}] +e2[ Alda)]
= cya|@ ) + caa i)
=afe |#) reald)]

=alg).
B0, |¢) is also an eigenfunction of A with the same eigenvalue a. Thus if there a.n:‘ two
ndependent eigenfunctions |#) and |#;) of an operator with the same eigenvalue, all possible linear
combinations of |4} and |#;} are also eigenfunctions of the operator with the same eigenvalue. But all

M it
these infinie number of eigenfunctions are not independent of each ulh;-:r. You can have only
ndent eigenfunctions and any third eigenfunction will be a combination of these Two.
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with the same eigenvalue, 1his
n eigenfunctions ure gy,

In general, i there are A independent eigenfunctions of
fold degenerale eigenvalue is aly,

cigenvalue (a ralled n fuld degenerate. All linear 2
rigenfunc tioms of this sapeeratnr with the same €EEN

enllrel @ piandde prnerile FJH,EH‘-"BI!"-‘- nding 0 different Eiﬂ":ﬂ‘l'.'ﬂul‘:!'r are

il a

In Section B2, it was shown thal ﬂg{nmnw:ﬁn;ﬂtrurﬁ:;ﬁi came eigenvalue May or may not be
arthogotial 1o Faih other, But ﬂﬂ.tn!'uﬂl;llul'.l.l COrrespo we have infinite number of I:'II_:‘.,L':HJ'L.lnr_‘l;".,.h=
and all these arc not orthopnns)

n-fold degenerale cigenvalue,

: ind ndent)
value [at best nof these arc l"_;ﬂ*m pick up n eigenfunctions oul of these

, si
1t is always pos her. When a quantum physicis

| 1o each ot _ |
o select such orthogonal eigenfunctions

arthogonal. I there I8 an

currespunding to s Slgen
1o eoeh othier. ut let me assure you P ‘
infinite number of sigenfunctions, which are orthogona

makes o list of eigenfunctions of an operator he/fshe tends 1

only,
mmuting operators

s AB = BA or [A B] = 0. Suppose A has a
}, This means

8.4 SBimultancous elgenfunctions of two co
perators. Thu

Suppose A and B are two commuting o :
ding eigenfunction is | ¢

nondegenerate eigenvalue a, and the correspon
Alg) = ald;

and there is po other independent cigen
in alne an sigenfunction of A with eigenvalue a, but that

)¢} - BIA|¢)] =B[al4)]
=a[B|¢}]. fi)
But A and B commute, sa BA = AB. Thus (i) can also be wrilten as,
[AD)| ¢} = alB|e)]
o A(B|e)]=a[Ble}]. (i)
This equation tells us that [ij}] is an eigenfunction of A with the eigenvalue a. But we assumed

function of A with this eigenvalue a Indeed any multiple c|g)
is not independent. Now,

that a is » nondegenerate eigenvalue of A with eigenfunction |¢) and hence there is no other

independent elgenfunction of A with this same ei
genvalue. 5o, | B m p
nther wiords, [ |'ﬁ>] ust be a m\]l[lplﬂ of !#:I .In

B¢} = ble)

where b is 6 constant. But this mean : z
e % |¢} is an cigenfunction of B. So, I have proved the following

if tum operators A and B commut - -
O i oo ph Rt e, any eigenfunction of A eorresponding to a nondegenerate

If all rigenvalues of A are nondegenerate, then _
i ““1,::;,: :rrl:::; ::L u::ffnli ;ar:n:h;] nﬂndtﬁtlncmtc. aﬁlliﬂﬂ?tg:“fuf:ﬁncﬁngi?:li ﬂ;iﬂi::g{::gﬁm Sl
and |&) and |¢&) nre twg: In;g-L;:e::dD:n’; I:i dfﬁ:n"‘flﬂ' To start with, suppose it is clnu':im;: 1::::1:
Aenctions o) +¢ : genfunctions corresponding to this sam ‘3 z
! 2|#) for arbitrary values of ¢ and ¢y are al e cigenvalue. Al
eigenvalue a. We still have equation (ii] valid for each of the tigm::nﬂg:nm::ﬂnm of A with the same
ctons of A and hence,

A[Bl#)]-a[Bla)].

S0, Bl@ ) in an elgenfunction of A with eigenvalue a. But we ca
nnot

because two cigenfunctions of A with a de
hence need not be multiple of each other.

generate eigenval say that Blg) is a multiple of |#)
ue a may be independent of each other and
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op each cigenfunction of A with eigenvalue . need not be an eigenfunction of B. However it tums
vat out of the infinite number of eigenfunctions ¢; |# )+ 3 |é:}, you can choose at least two which
gut tht cipenfunctions af B. To illustrate this, let me consider an example.
are ﬂ‘::'; ki&w that the functions sin kx and cos by are eigenfunctions of the kinetic energy operator K

the same eigenvalue Kk /[2m). The linear momentum operator P, commutes with K (both are

e : ]
wil jon type). Are sin kxand cos ke also eigenfunctions of P, ?

differentiat
P, 15in*-'-tl=[-r'ﬁ?j;]1alnkr|n = —ihkcos kx .

you see, it has not given me a multiple of sin ke Thus sin kx is not an eigenfunction of P, , although it

is an eigenfunction of K. Similarly cos kx is not an eigenfunction of P, . However, if you make a linear
eomhbination
cos ke + i sin kx = @™ .

it is an eigenfunction of K as well as P, as shown below,

g 3 2.2 .
" h* d= i<k
K e =~ — (7] = (™)
2m dx 2m
e gy G o ke, ifx
= —fif— = hk ’
and P.e 1 dII:B J [e™ )

Another linear combination coskx-isinkx = e g also a simultanecus eigenfunction of K and

P,. Thus each eigenfunction of K eorresponding to the degenerate eigenvalue g2 f(2m) is not an
eigenfunction of Py, but we can choose two linearly independent functions which are eigenfunctions of

K with the eigenvalue #%k? /[2m) and are also eigenfunctions of Py.

In general, if there is an n-fold degenerate eigenvalue of an operator A, and another operator B
commutes with it, you can surely get n independent eigenfunctions of A with this eigenvalue which are
also eigenfunctions of B. | am not proving it, but you take it [rom me. Il you are interested in wniting a
get of all independent eigenfunctions of A, you can choose these functions from the simultaneous
eigenfunctions of A and B if they commute. We say that there is a complete set of common
eigenfunctions of A and B if they commute. If there are more than two operators, all commuting with
each other, you have a complete set of common eigenfunctions of all these. Complete set means any
function may be written as a linear combination of these.

If A and B are two operators which do not commute, in general, they do not have simultaneous
eigenfunctions, For, if they have a simultaneous eigenfunction liﬁ} :

Al¢)=a|g) and Bid) = b|¢).

Then, BA|¢) = Ba|g) = aB|d) = ab|d)

g AB|g) = Ab|¢) = bA|¢) = ab|4)

o, AB|¢) = BA|g) .

= [AB - BA]|¢) =0, i)

Thus, A, B can have a simultaneous eigenfunction |¢) only if the operator AB - BA (which itself is """‘ vy

Zmif A and B do not commute) operating on |¢) gives zero function. There are certain cases where it

m hFlFFEn- But in general, if A and B do not commute, equation [iii] is not satisfied and they do
Simultaneous eigenfunctions. For example, |X, P¢| =if . So, for any function |#)

i

[XP, - P, X]|#) = ih| ¢} Kb 5
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=0 mwh;m], That is nol a Firﬁﬁilﬂt‘ wive functio,

which is not zero unleas 1#} itaelf is zero [#(x) on clgenfunction.

i any coIn
any way. So position and momentum operators eannot s

t
8.5 Basis for the state space in terms of the eigenfunctions ol an OPeINiex

_' - ' I, : : F.. !_ r--
L i lled a basis for the state space F, if cach
et . | ), ... isca
set of independent functions |ﬁ:|' | J}r | } of these functions (Don't worry about continuouy

& : - r : i Talql H : 1
function in F can be written as a linear combin=l/2 for discrete and confinuous basis). We geners]ly

basis, the basic physics in this section is the same ther and each of thes
choose unhnnnnimﬁmﬂiu where the basis vectors are all orthogonal to each other 4 MELL o8- M

veclors is normalized. Suppose a is a physically measurable qumrfut}' for E:l:l Ep::llz:]t-d :t;xriﬂ:z‘ :r'lj_.r.
corresponding Hermitian operator, Any wave function {.!-l'::l of the pil}l'tji.'lﬂ L‘EIIFI n};jnn 20 Hr: I.l:i.:nr
caombination of the :lgtnfunl’.‘“ﬂﬂﬂ- al A {ﬂ!’ld the E{_!I'Em[!iﬂﬂtﬁ Epptﬂﬂnﬂ‘]fz t:I;;- ::.:j:lﬂjuﬁt wn"; :’j”i: ”[':
the probabilities of getting particular values of a in a.mcnsurcmtnﬂ- = F h
independent eigenfunctions of A, these will form a basis for the state space F.

te. the task is simple. Just wrte the
If all the elgenvalues of the operator A are nondegenerafe, HHe : ] . :
eigenfunctions and you get an orthogonal basis for F. Choose normalized eigenfunctions and you have

an orthonormal basis. What happens il an Eigl::l‘l.‘-'ﬂl'l.l'.‘-, say dj, is n-fold d:gtmrrnh:? You have 19
choose o set of n orthogonal eigenfunctions of A with the eigenvalue a; and ml:-‘i'-ll# in the '_”-’i‘-'l‘-’- B
in all cases it is Wﬂﬁllh].f Lo g:l an ﬂnhunmﬂ] basis Elr the state Epﬂﬂ F from the EIE‘:“[UHCIII':IHE ol &

What if you start with a different quantity b for which the Hermitian operator is B. You can again
get a basis from the eigenfunctions of B. IT A and B commute and all the eigenvalues of A and B are
nondegenerate, you end up with the same set of eigenfunctions. If they commute but some of the
eigenvalues of are degenerate then each eigenfunction of A is not necessarily an eigenfunction of B,
but you can still choose a basis from the simultaneous eipenfunctions of A and B, But if A and !_;1 da
not commuie, you cannot choose a basis [rom simultaneous eigenfunctions of A and B. This is
because in general they do not have simultaneous eigenfunctions and even il they have, they do not
have enough simultaneous eigenfunctions to form a basis.

8.6 Some important operators
{a) Projection operator

Suppose |#), i =1, 2, 3, ... form an orthonormal basis of the state space F. Let me write an
expression

P =la}al-
I can treat this as an operator with the following meaning.

Pilw)=@)Alw) =(Alv) )

= E#[Il wix) fit]lﬁ}

=c;|@).

':'h:n M-Hﬂi :;emteu on a function |y} it gives a new function which is a multiple of |4). In fact
i = (4 w) I8 the compancat of |y} along|#). In other words, if lw) is written in terms of l4)'s
[w)=Xe; & with ¢; =(¢ |w). Therefore P, = I ) (&) is called a projection operator |

The term projection is commonly used in y
. FENpREGE, Erometncal vectn o ;
I'is A.l. Similarly, the projection of |w) on &) is ¢, I4). I space. The projection of a vector A on

What is the operator ¥ here th
; |#}{#| where the index i runs through all the basis vectors? Operate it on

any wave function |w). You get,
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Yiajlallivi=Xia)ia|v)=Xeld)=|w).
I I

The operator ¥ |4 @ cperating on any wave function leaves it unchanged. This is the unity operator.

yalues and eigenfunctions of the Projection operator
Let |w) be an eigenfunction of the prejection operator [¢){4|and A be the corresponding

cigenvalue. Thus,
;-'ﬂi_ & v =Alw)
e, CHCHIEEILE i

Taking scalar product on both sides with (4|
414 (alv) = ilalv)
or, A-A)alvw)=0.
This is possible only in two conditions. Either i is equal to 1, or {ﬂiF:‘ S0, 85 ohe Gl of
|a)(&] is 1. In this case, from (i),
(& ]e)la)=]v).
This means the eigenfunction |v) is a multiple of |¢). As all multiples of an eigenfunction are

themselves eigenfunctions with the same eigenvalue, and we have to pick up one representative, we
can take |& ) to be the eigenfunction corresponding to the eigenvalue 1.

Now look at the other case, that is, (& |w) =0. Equation [i) in this case gives
ilw)=0.
But [} itsell is not the zero function as it represents a possible wave function. So i=0. Thus all
functions orthogonal to |4 ) are eigenfunctions of |4 ) (4 | corresponding to the eigenvalue 0.
So the projection operator |@ ) (@ | has two eigenvalues 1 and 0. The eigenvalue 1 is nondegenerate
and the corresponding eigenfunction is |@). The cigenvalue 0 is degenerate and all functions
orthogonal to |4 ) are the corresponding eigenfunctions.

Example 8.1
For any projection operator P, show that (a) P is Hermitian (b) P* =P,
Solution: [a) Let P =) (¢ where |¢) is a normalized state vector. Let |a) and |b) be any two

state vectors.

Pib)=l¢) (db)
o (al(P[b)) =(als) (¢]b).- (i
- (alP = (ale) (4
" ({alP)/b) = (al¢) () i

From (i and (@), (a|(P[b)) = ({a|P)|b) . Hence P is Hermitian.
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fb) For any state vector ja),

Pla)=(6) (¢la) .
So, P?la)=P(Pla))=(|¢) (#)le} (¢|a)

“l¢) (#9) (¢la)

- 16) (dla) (iv

Thus from {iii) and (iv] P~ ':a:l = P!n} ;

As ‘a is arbitrary state vector, P =P.
— ]

'y : 2
T'hr LR 0] mems prm",:d E_bﬂlu't i_n E_“ﬂmpl_t E.l. nﬂm:l}'l P IS anﬂ“m ﬂﬂd F ‘Pl are

sometimes taken as the defining properties of a projection operator. Any operator satislying these
operators is called projection operator.

{b] Parity operator

The panty operator operating on a function wix] gives another function which is obtained by
replacing x by =x in wix). Thus iof [T 15 the parity operator,

Mylx) = vi-x).

For example, Me*™ = e | Mcosfkx) = cos{-kx) = cos(kx), I sinfkx} = sin{-kx) = -sinfikx] ete.

Elgenvalues and cigenfunctions of the parity operator
Let ¢{x) be an eigenfunction of the parity operator [] with the eigenvalue A. Then

Medx) = Agix).
Mo, Nfretx)] = N[Agx)] = A[MHx)] = A2@x .
Also, njngx| = N{e-x)] = ¢x).
Sa, AZgx) = fx)
or, P |
or, dual -1,

There are only two e

genvalues of the i
the sigenvalue +1, FerN-openvne. +1 and

=1. For eigenfunctions corresponding to

Melx) = ¢(x)
OF, #-x) = dlx}.
Such a function is called an even Sfunction. It §
i | 13 symmetric about x = 0. Functions like cos kx,

s ———, Blc., are even finct .
::. 1_“2 ¥ ons, All EVEen ﬁ-'l-l"tmﬂns Bre l:imfunctiuns ﬂf N with the same
eigenvalue +1. Party of the state of a particle with an even W iyt

L , ) is said t I
For eigenfunctions of the parity operator corresponding to the eigenvalue 11 o be +1
MNglx) = |-1)g|x} =

or #l-x} = -¢ix).
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guch a function 1s called an odd funcnon. [t is antsymmer=r 150ur = = L Famctioms flee m e
re odd. All odd functions of x are cigenfuncoons of 1 with eigeovaipes | Parrte of
- 2 L

article with an odd wave function 1s said o be -1
partic

3 A . : £l 2 =
There are functions which are neither even nor odd. «™% s such 3 fimemon ey —

change & to -x, you neither get e"" back ner negative of it The party = nor tesinee &r-ins
can wrile

.
s

La’

2 2

xn.,[f"nd-ﬂ- _[Elq—u‘"‘ﬂ1
The first part is an even function with parity +1 and the second pars i3 1 st Sinemen wrs e

~1. S0 the function ¢ is itself not an eigenfunction of the FALTY coerator (L mut f =n e e
as a lincar combination of eigenfunctions of 1.

8.7 Expansion of a wave function in terms of eigenfanctions 2f 1T rpesyee

Let a be a dynamical variable and A be the correzponding Hermmnan spemamr. L= e = e T
of A be denoted by a,. Some of these eigenvalues may be degmmerare. ' @ 3 4 donoess—e——re
eigenvalue, | denote the corresponding normalized eigenfinccon ov & F 2 9 2 e
eigenvalue having degeneracy n;, [ denote the n, ocrthomermal sgeniineeony corcseoemmios w o=
I.ﬁ"} where j takes values 1, 2, 3, ....n,. For exampie, suppose e SEETRINeS 5. e mE

nondegenerate, a3 is doubly degenerate. a; is nondegemesare. and g o T mHimmnTT.
eigenfunctions will be written as [@).[).]6d).[#3). /&), e

Suppose the wave function of the particle at a given imstant 8 »' . Thns wore Sior—my = ==
written in terms of the eigenfunctions of A as

e

Here the summation in the first term is over all the nondegenerate exgenvaliies smt 1 e wemmz T
is aver all the degenerate eigenvalues.

Suppose | wish to measure the value of a in this state. Whar = rae procainlity o gerrmy She it
g; in this measurement? If this eigenvalue is nondegenerate, the probailicy s gves v

R=lf. 82
Il a; is degenerate, it is given by,
e ilh,f' e
j:
E."-" the expansion coefficients in the expansion of the wave furcrtop o mrms of spefmesgrs o &
%e the probabilities of finding different values of a in & measur=ment.
8.8 Expectation value of a dynamical variable

Suppose there is a dynamical variable a and the correspending Hermutan opemor 3 & T
dgmﬁmninmal‘hm |} with eigenvalues a,. Assume that all sgenvaiies of & a0 JumdEgETus

SUPpose the wave function of the particle at a given time is |y) . One can weie
Iv) =Eei4)
P
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[{Ly
}]I and hence the expectation

where o = (d vl .
1 = F

The probability of gettng 4 value a, ina measurement of ais B I
1]

yalue of a when the wave function i3 (¥

I|I v Frﬂ I.I |FI4J 1
Lk ...'ﬂiFr . Tl i
]

15

|
Now, Alw) =AZq |a) =6 Al4) -Taald)-
1 1 I
E‘:'.'ni!ﬁ:' : ’Efl oy ':FI#}
J i

Thus, (wiAlw) ={vi]

=X o (alv)ivia)

. 2
- % o (4 |v)(alv) =2 a; [ 1wl
1
1
Using (1. -
IIEII'WH!F}- | 1 ming that al
| " ariable a | proved this result assumin a
asm g gy for simplicity. With little more algebra you can
degenerate. This result is e

This Zves the = :
- mrcahies of A are nondegenerate. This was done only &
here some of the eigenvalues are :
ssumed in the derivation. We have already

prove the above result for the case W
and not discrele as a ;
such a relation is valid for any physically

sven if the cigenvaluss Are conunuous
used such relations for ix}y and {py). Now you know that
The quantity (w|Alw) is also written as {A).

measurable guantity jdynarmic variable).

8.9 You learned in this chapter
re real and eigenfunctions corresponding to different

Eigenvalues of a Hermitian operator 4
sigenvalues are orthogonal.

An eigenvalue 1s called n-fold degenerate if there are just n independent eigenfunctions with
this eigenvalue. A one-fold degenerate cigenvalue is also ealled nondegenerate eigenvalue.

s [If two operators commute then any ecigenfunction of one operator corresponding to &

nendegenerate eigenvalue 15 also an eigenfunction of the other.
nd B commute and an eigenvalue of A is n-fold degenerate, it is always
functions of A with this eigenvalue, which are alzo
find a hasis of the state space

L

- [If two operators A a
p!:u-:i!l]:'llr to find n independent eigen
eigenfuncuons of B. If twe operators A and B commute, oné can
from the simultaneous eigenfunctions of A and B.

If two operators do not commute, they, in general, do not have simultaneous eigenfunctions

No basis of the state space can be formed from the simultanesus eigenfunctions even if some

L K]

existl.

For any given function |¢) one can construct the projection operator|g)(g| . This operator has
eigenvalues Jand 1.

P.m':;,- operator upt’rn!i:j?. on a function y|x)changes each r to —x in the function. All even
functions are eigenfunctions of parity operator with eigenvalue +1 and all odd functions are

eigenfunctions of parity operator with eigenvalue -1,
The expectation value of a dynamieal variable o when the particle iz in a state deseribed by

the wave function wix], is (w|A|w) where A is the Hermitian operator corresponding to a.

[
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Lt [ \and |4, represent two wave functions In the state space. Show that the Hermitlan adjolint of |4 {ém |
L I n

Ie [ (1 |

gotution: Let |pr)and |wa} beany two wave functions. Let A = |, }{d. | and B=|4, (4, |. Then,
Alwa) =) (#n |wa)

or (| Avez) = (oo [ o [ 22} - "

Aleo, Blwy )} =1dn ) i llv1) -

So, (b2 | B} = {2 [t} |01}

Taking complex conjugates,
(Bwi|wa) = (w1 [ ) [wr2) - i

From fi) and (ii),
(b1 | Awa) = (B |wea) -

Thus, A and B are adjoint of each other and hence the adjoint of |¢,) (d, | is |, ) (& ].
2.Let |} and |¢ ) be two ortonormal state vectors. Let A = |4 } (] + |} (& . 1s A a projection operatar?

Bplutfon: For A to be a projection operator, A should be Hermitian and A® should be equal to A. The
Hermitian adjoint of |4 ){#&| is &) (#| and that of |¢;) (4] is |4 ) (k] . S

AT =[la) (&) + ) (@[]

[l « [l al]

= |&2) (] + ) (2]
=
Hence A is Hermitian.

Now, A% =16 ) (2] + |2} (4160 ) (2] + |82} (4]
=) (a0l ) (ol + o) (&[] + o2 ) (il 1) (2] + It} (1]
=18} (Bala) (o] + ) (al &2) ()] + [ ) 1 ) (8] +[62) (1)

Since h} and [ﬂ;:J are orthonormal,

A% =) (] +|2) (]

8 not the same as A. So A is not a projection operator.

3,
5 P"'Mlllmm, parity aperator I1 Is Hermitian.
" Let |y) and |w2) be arbitrary wave functions.

which
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(v [1ta) = | v bl
- :
= [witelval-xldx
adl (M |wa)= -imﬁtxﬂ'wz[xki:
= T vl - walicle

g = +m, iy = —=. The above integratio,

=

Let y = -x Then de = -dy. When x = -5, ¥
becomes,

= +m and when

Tviwal-ul-dy) = [ vitslwal-s)dy
= T wi lydwal-y) dy - {ii)

The integrations in (i) and (tj are definite integrations and hence the notation of the variable does not

make a difference. Thus
(g | Mg = (M |wa)
showing that [T is Hermitian,
4, Prove that for any wave function |¢), (#]A|#) =2 0 where A |s a projection operater.
Selution: The projection operator A may be written as |a)(a| for a particular |a).
(#1A|d) = {#]a) a]|e)
- (#laipla)
= |(#la)f’
which is always greater than or equal to zero.

5. Let P =|#h){a| and Py =|b) (4| be two projection operators where ) and |} are two Independent
normallzed, but not erthogenal state vectors. Show that EP],p!], a,

Sotution: Let |a} be any arbitrary state vector,

ByPy fa)= |4 ) {dh] ) (2 )
and PaPy )=t | ) [ |
Ir [Fi By =0, PPy &) = PyP o)
or,  (Alg){Eala)lh)=(k ) (& |} |oa)
walt) (b=
] of M} m; {'ﬁlﬂ |ﬁ:|'
nc]ﬁL
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H-Hl 'ﬁl:l'lﬂ:l. are Ei."..'rﬂ 1o e indfpfndfﬂ_t_ a_nd hfﬂf’: ane can notl Le wrillen as o
Thus [Py Pa]=0-

Note that (4 |#:}= 0 as given in the question, So | could divide by this quantity in the caleulation,
" {HE,&:};U then both By Py and PP, are z¢ro operators and hence they are zero.

multiple of uther,

{ also divided by (1 }e) . As |a) is arbitrary this is ok,

6.Let A|y) =c|Z) and A be aHermitlan operator. Prove that (| AB|#) = c* (] B|y).

Solution: Ale) =els)

or, (wla'=e (4
or, {PM =¢' ':';:l
ar, {vlAB|g)=e" (£|B|#).

2

7.Let |¢) be a normalizable elgenfunction of the operator H = ;—:E- + Vlx). Show that the expectation value of P, In
Ly

the state |@) Is zero.
PE
Solution: We have  [X,H|=[X, E:;*W‘-’H
1%, 22 (x, via = o [X, P2
2m 2m wi

Using [A, BC| = B[A, C| + [A, B|C, this becomes,
1 ik
':FIP:EI- P:; |+ X, i:'I:jl:': } - ; Py s

Sa, Eﬂ:p{,m-xﬁ-ﬁx

m
or Py = = [XH - HX},

* m' ’
The expectation value of P, in the state |#) is

(91Pu|#) = 2 (o] XH - 11X 9)

= 5 [(81XH19) - o]1ix] )] d
=§[E{¢|xg¢}-3{¢|x|¢}]= 0. i)

Here E ig the cigenvalue of H corresponding to the El.Efn-ﬁ.lnr:tiu-nlﬁ:l . Note how E ia taken out in
!Il:; ;nn'u ﬂ:e:m: in equation fit]. In the first term in the square bracket in eguation li), H.i! upternted o
should | mght, whereas, in the “‘_m”d I.-EITJ:IH Is operated on {i[ on the left. In fact in this step we
E, “ve brought £ out. But H is & Hermitian operator and so the eigenvalue E is real. Hence £ =




Chapter-8

104
epnce and |¢) and |wa) be two orthogonal w,,,

r the state
orthonormal basis 0 runs over all the basls vectors.

lat. i= 3,... be on )
E-l—ﬂ |ﬁ_|l-‘ I|2| I {.ﬁllﬁ"‘g}? 'I'H.-ﬂlndﬂl:l

functlons, What is the valug of X, (] |}
i in the given expression, as these d, i

ummation
Solution: You can take |w) and |z} out of the 5

depend on i, Thus the given expression is,
1 (o[ S1a) 4 )
I

But EH:H:.M is the same as the unity operator. So,

I={py|wa) =0
as |p) and |y3) are orthogonal.

9. Prove that {ﬁ“|:-t=|ﬂn}=£|{ggn|x|;ﬁkﬁi where |¢;) denotes a basis state and k runs over all such staiey
k

forming an erthonormal basls.
Solution: The LHS of the given equation is

{#n | X ) = e | XX )
-l (x[ Tl )
This is because §|ﬁ}{ﬂt | is the same as the unity operator. So, the LHS
= 0 1) X1 0) = 20 ) 0] (9 | X1 ]
“ Xt | X

which ia the RHS.

10. Consider a two dimensional state space of g quantum system with |‘-"],Il and ]Eﬂ as the

orthenormal basis vectors. A Hermitian Operalor A satisfies the [nl]nv-ring,

(a1 ]Aley}=0, (e IAlez)=1, (ez]Aley) =1, (ez)=0,
Find Ale;} and Aley} in terms of the basis vectors.

Solution: Let |} = Aley) . Any state vector in this state &

the basis vectors |e, ) and lea). Let ) =, }‘v’l'r‘+t=;|e=:1
Then, ¢ ={e |w) and ={E-'1|1a-*}.

= e ={erfy)=(e;JAle)= 0

g o2 ={eali)=(ez|Ale =i

- Wisiea)  or  Ale)sile,)
Next, suppose |#)= Aleg) =d [elj +dyJey)

Then, = (erle)=(ei|Aleg)= 1

.
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dy = ey [} =(ea|Ajeg)=0

= @) =ile)} or Alea)=iley)
11. Consider the situation given in the previous problem. Find all cigenvalues and eigenvectars of A
Solution: Let ¢ |l'|. Y+ 03 |E‘_1:I be an elgenvector of A with eigenvalue 4. Then,

Alerler)+eglea)|= -:'5["i'| ey} 1 e l'f".i:'J
Using the resulis of the previous problem, this equation becomes

il:| !El} + I-L"_! :El} =Ad ﬂ] |l:"|_:| = A [‘1 ||"‘2.:|

This gives,

ic) = Acy and icy = Ag il
or (iey Miog ) = {deg J( Ay )
or  A%m-l

Note that ¢ =c3 =0 15 other possible solution, but that does not represent a state vector,
Thus, A=4%i,
Thus there are two eigenvalues of A, namely, +i and -i,
For 4 =+i, equation (i} gives
icy = icg
or o B

2

The eigenvector correspending to the eigenvalue i is therefore i”E!}"‘lEi:']- 1 have put dl—l_. to malke
W 2

this vector normalized. Similarly, the eigenvector corresponding to the eigenvalue —i is fi[le,} -192}} :

EXERCISES

« An operator has three eigenvalues, 1, 14 ¢ and 1 = (. |s the operator Hermitian? Ans. Mo,

- & Hermitinn nperator Bos bwo eigenvectors EI-E':I- - 3|£=:| mrad 31El}—2|£’2:|- and corresponding eigenvalues are 4y
and Ay Is A5 = &3 7 Justify your anewer. Ans Yes, the given eigenvectors are not srthogonal

+ Let Aund B be eommuting operatars and [¢) denote the cigenfunctions of A. Show that {#|B|d;) = &.

Prove that (4](A. B8(]#) = 0 where |#) i nn eigenfunetion of the Hermitinn operator A, and B is any linear operator.

Let fixy= gl Is iL an eigenfunction of the linesr momentum operstor? If yes, what is the corresponding
#ERenva lue? [ thirpe mny cond st with thi Lhesorem that the n-"lnum.ra]ur.-l of o Hermitimn operator are renl?
Ans. Yes, ik, Mo
Which pairs of operaturs from X (position), Py (inear momentum), K (kinetie energy) and Vix) (potential enerEy:
have simultaneous eigenfunciions to form a basis of the stele space F? Ans. Xapd Vi), Py and K
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y o WaYe Punction g(x) ab o given timgg.
: nﬂh!l?' if. Th LTS
i l:i]ﬂiﬂrl'l'l.l.‘ﬂ-l va

eation value of . Ana, g

7. Let A be the Hermitian operator corresponding Lo

an eigenfunction of A with sigenvalue ag. Find the expic A

toe 1= 2+ Vi) with eigenviics £ aned By respectivyy,
L

B Let [4) ﬂ“ﬂltj} denote eigenfunctions of the eperd
Bhew that M|PI|¢1:|.. E‘IET-_;EI'I{*Hlﬁ}'

9. Show that if Pis & projection operator, 1 - P is =
10. Let H be an operator having discrete nondegenerate eigenvalues En

n=121 _. . Show that H=EE.,!-!..H#1|-
]

lso a projection operator where 1 ia the identity operator,
e and correspending vigenvectors |4} whe,

of the parity operator 17 Ifa function is an eigenfunction of f
A

11, Which of the functions given below are eiganfunctions :
it in terms of the eigenfunctiona of TL (x) 53 &
+0

find the correspanding eigenvalue. If it is not, express

_ jx-af
e i) M‘H’I“J{di Alx +uFe""J"r"; Ans. (a) +1 ()1

12. The state space of a gvetem ia described by the orthonormal basia vectors ]I"l} and |-E‘2:|- Consider the operator

A =klles) (ex] - tlen) (ea] + lea) (|- lez sl ]
where k is a real constant,
(o) Caleulate Aley} and Ale).

(b} Is Aa Hermitian operator?
ic} Find all eigenvalues and eigenvectors of A.

Ans, (a) k[|q}f+ii¢1}:|.- t{l’|-e1}+[-!g}]. (b} Yes (c) eigenvalues J2k and -2k, eigenvectors |'|¢1} “ {1 —-.;E“e;} and
ih:ll-r{l =+ ﬁlh}
13. Consider o two-dimensional state space of a quantum system with 1) and ||.-2> s the orthonormal hasis vectors.
An operator A satisfies (e ]Aley ) = {q].‘b|t]}={ﬁlﬁiﬁ}r{eﬂﬁleﬂ =1 Find Alq} and r"..ll.‘z} ;

i - Ans. |ey)+|eg) in both cases
14. Consider the B '-’1} ‘-‘2:1
*r the situation given in the above problem. Find all the eigenvalues and eigenvectors ek

Ans. eigenvalues () und 2, eigenvectors

Tl -f2) and )2
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Schrédinger Equation

€ passes—

So far | have been talking of the wave function of a particle at an instant. That is s
writing it 83 & unction of X alﬂ“?‘.me emphasis in the previous chapters was on getting information
about various measurable quantities al that instant from the wave function wix). The mathematical
structure of eigenvalues and eigenfunctions of operators for measurahle qunrtities Wi devilooed o
this purpose. If you have understaod what | have discussed so far, you should be able to tell about the
position, momentum, kinetic energy, etc., of a particle at a given instant once the wave function wix]
sat that instant” is given to you. So you realize that the wave function (x| contains all the
information about the particle that is possible to have at that instant. I its kinetic energy is definite,
you know what it is. If it is not, you know the possible values and their probabilities. Similarly for
ather vanables.

Now | wish to address the question how the wave function changes as time passes. Il | know the
wave function now, how | can get the wave function at a later time,

9.1 Schridinger equation

What we are looking for is the central task of dynamica, Newton's second law is the basic law of
dynamics for classical physica. The “state”™ of the particle at any instant is described in classical
physics by giving its position and velocity at that instant. If these quantities are known at { = 0, we can
predict their values at any later time by solving the equation

d%x
i F = Fix, 1)
where Fix,t) is the force on the particle when it is at position x and the time is £ This is Newlon's

equation and is at the center of the whole of the particle dynamics in classical physics. In quantum

mechanics, the basic equation governing the dynamics of a particle is called Schridinger equation and
is written as

02 :
Hlw)=in—|w). (2-1)

Here H is the operator corresponding to the total energy of the system and is given a special name
Hamiltonian of the system. The wave function |¢) is treated as a function of space coardinates as well
as of time. For a particle in one dimension, this means yis a function of x and ¢ I still have in mind a
particle in one dimension. For a conservative system, where the interactions can be expressed as a
potential energy function V{x), the total energy is equal to the sum of kinetic energy and potential

energy. The Hamiltonian is then,

n &
H=K+V=c_" Z_sVx. =2
K+ 2m o2 +Vix)
The Schrédinger equation is thus,
2 g2 .8 9.3)
~ 3 g ¥R VRV =i Syl 0.

I am using partial derivatives because wi:nwnfuncﬁnnnfxmmﬂunfLﬁt;ntrﬂhﬂﬁmm

- 2 e
three dimensions is simple, You replace L . ¥ Ca +— and write the wave function &8
e a2 oy oz
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¢ wail e tas three-dimensional version in later chaplers.

Hepemaonal CESE,
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Sur what made Schridinger wnie suc _
e deraed from more fundamental equations? This will be an interesting topie o shwilenita of Bustony

o semerc=. Here [ would just show you the simplest chain of arguments which can help s b guiess ar
the Schricinget equanon
Canmger a free particle. The simplest wave function for a [ree particle one con think of jw one
o)
iz t)= AP, W

Zich i
a ware 13 used in many branches of science and engineering. The parameter &= 2o d

rmepreenis the penodicity of the wave in space and o= 2r g
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schridinger Equation
[
_oheeees e A differenriate 7 't
- " ¥ix. &) with respect to x and ¢ Once of mag
et The SEOVAINTS " and look for the relation
g L] e E ¥
" g iy
= = F A
= ) Fr ¢ 7 £
: 5 ox - i
—=izaoplas W] __H =
oX a
L] ':':.-
il w i -+ L Ae ¥ :-_IL
e e e S
11—} g LW
- L—-l-. _— s o — ATE :":T:t:':
. = d — are prog nal 1o each other and may be related to get the desired differential

ALATIOn Your can easily verify that

2

- — = :ﬂ:._;u L
2m oo o ()

Fora e parncie, Viel=0 so that the Hamiltonian is

& =
- .

H=- o

1-7
—

asd scpzaton (vl 15 the same as
Hp =& —':--u
'
wixh s the Schridimger equabion. [t needs only a small siretch of imegination to make the
sexummsren thar if the particle iz subjected to a potential Vix), then also this same equation, with H =
A=V, car be used.

9.2 Solving Schridinger equation
The purpess of Schridinger equation is to get wix, f) if wix, D) is known. In other words, this
sensames tells how the wave function of a system evolves as time passes. As written in Equation 9.3, it
= a Eferencal equaton. Different situations correspond to different expressions for V{x). Once the
fmerinmal form of Vix) and the initial wave function wix,0] are given, techniques for solving
ESerensial squations can be applied to get wix, f|. However, Equation 9.3 contains two independent
vartahles ¥ amd ¢ and this makes the task somewhat complicated. Fortunately, there Is a simple
srocedure by which you can solve Schrddinger equation more easily. , 3 with
Wre the Hamiltonian H for the given system. This may be in the form of Equation ';--E"'":J
tite th ; Lo ’ ; i r
spprocciate expression for V{x). Find the normalized eigenfunctions ¢ (x) aed the eigrravaioes: By

s Ha—dtomian This means. sohe the equation 9.5)
Hpalx)= E #x).

good. The cigenfunctions #(x) are prthogonal to
from the eigenfunctions. Thus Alx) form an
function can be expanded as a linear

I the sigeeyahieg are all nondegenerale, well and
ack other If not, choose an orthogonal set of dlx]
whencrmal basis for the state space F oand any Wie
mnaven of these functions.
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nch tt=101
on. Suppﬂutheu.':lw function at £ = 0is |y ).

symbols, |¢#) 7 o) 22

Let me use the el
pctiond |ﬁ} i

Expani i terms of the pasia [

= -[ﬂ] * i 1
|wi0l) Izq [} ¢ all the arthonarmal eigenfunctions ch
itten al [ = 0. You know that,

where t,(0} are the expansion coefficie

1 have written 0 in pnrmth:'ais 1o 4 that the W&
r,ﬂﬂ]:{ﬁlp[ﬂ]}. —

As |wi0]) is known finitin} wave function is GVETL we are tryit

with time|, 5(0)'s are alsn KNOWT.
At time f, the wave functicn has changed 10 another

different function of different from |wich) - But any woave function €

You can therefore wrile
Iw!!?}=§qlllit}- [}

As the function |w(t]) is different from |wi0))
say that as time passes, the expansion coeflicients &
dependence in ¢ . Any possible x-dependence is only in

ee how the wave function cha

function which 1 write as [wit)). This is 4
an be expanded in terms of |ﬁ}

, &(t] are also different from ¢;[0]. You can therefore
change. Be absolutely clear that there is no
|#) which is written for the eigenfunction

Ad.

The Schrédinger equation is,

iﬂg—:h'lt]}' H i)
or m;—i-[gqlrllﬁ}] =H %qlrrlﬂ}
or m:g‘f—ﬁ:ﬂlﬂ}}* 'Efr“] Hi#)
or fﬁﬁ#}#lﬂr}]:&iu]ﬂ.lﬁ}
o |G -ct08 ) =o.
(i

In the three-dimens

I'nnEl'\fﬂ:‘tnr -

Similar is the situation i space, if A0+ A ]

:mlahnnmtq“.ﬁﬂn{mlmh;cﬁ"‘yj'l"ﬂ.i-ulﬂhav
ons &) are

EXpression in the squarc

ortho ¢ Ac=0, 4, =0,and 4, =0-
tiuunnlhaaia functions. If the whol®
bracket must be zero for each i separatel:

., degle)
it
& " CiGil=0
of deylt) i
Gl - R
o fdy i
l!-Jlu L= E*igfjdt
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L1
ar nc-,u}} i:E'r

= 'El;
af ciltl=c;{0) & &

_IE.
_— |with=Zcii0)e + " |4},

75
We have done it If [p{0)) is given, |wit]) is obrained from
the procedure,
a) Write the Hamiltonian H [operatar correaponding to ensrg for the pryen pTre
b] Find the eigenvalues E; and the elgenfunctions . which form an srtherereal beses
c| Expand the wave function at time t = 0 in terms
gxpansion coefficients (0},

- e gt
the above eguation. Let me pumengrime

of thess basis fineriomald | Get the

- = d

d] Multiply each o;[0) by the quantity e ® * | These prodducts are the expanon coefimens for
|we)) -

The above prescription is for the case of discrete eigenvalues E . If the ey TR T fioe
discrete, they are not written as E; but as E(i) where the index i can ry oontrmeosdy. The
eigenfunctions are likewise written as @¢x, i) or|@#i)) . The wave function w0 82 £ =0 3 t5en writien
BS

[wto)) = Jeld, 0) | il i
where the integration is performed over the full range of L The wave funcbon af o 1o obtaoned by

- ~Eliw
multiplying each component cfd, 0) by the quantity ¢ *

- LEl
|eit)) = feld, 0)e * 'J,m:}cu. 5.7

Do remember, all these squations describing the tme development of the wave funcoon ame vaud
only if no measurement is made between time 0 and ¢ If you maks aoy Seasuremen o0 '_:e Ii;_l-‘l-"'ﬂ 3
between, you change the wave function abruptly and no one will take respocaidsy for the fmivre
the above eguations.

9.3 A free particle

Let me give you some practice with wri
I will choose a simple system, a free partic
I=0is known to be p(x,0). We wish to know iis wave

ﬁ:rgmemﬁmctim:a:ﬂzi_f;:hhr-:um: 1=0.
le. Euppmzﬁrmr:::c:imaflmpﬂﬂuﬁ
finerion at tme £ Let o8 go wep by mop

[4] Write the Hamiltonian

As stated earlier, a free particle means, there are oo oljecta
Potential energy is zers. The Hamiltonian is therefore the same as
the Hamiltonian is

:.::rr':-;r_*:r-:dhﬂ::_"—‘
the icoetic coergy operatr. TS,

HE

H= = e ——

2m de’
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basis.
(b} Find the eigenvalues and elgenfunctions of H forming & B
: e 5
The eigenvalue equation is H¥x) = E#x]. The solutions Hxl-ai:r:jcuc;gcwming me'“;r:[ﬂ Ult_-m
of E for which the solutions are found, arc the corresponding €1 1 Pression
H, the equation is,
nd ddlx)

i

. = E#(x)

d']‘
aor, _diL-.I—}I- EFLE’I-.I}-'{.J
t : ¥
You know how to solve this equation. There are several djiT:rEﬂ;; fﬁ?’{: '_’:r":h;;h the solutions may p,
wrilten. We need an orthonormal set of eigenfunctions. One such sel i3 E

i
T
J'I' - EH IgrEj
#x p)=
where pcan take any value from —=to = The corresponding eigenvalues are
2
9.9

Eip)=4+—.
P =

Equations 9.8 and 9.9 give the required eigenfunctions and eigenvalues of H. You must have identified
that these functions are momentum cigenfunctions. These form an orthonormal basis.

(c) Expand w(x,0) in terms of the basis functions

You already know how to expand a wave function in terms of the functions given by Equation 9.8. Do
it for wix, 0).
i
E 9 - px
[x, 0} = alp, 0) et
wix, 0] b l (p.Oje* dp i

x *
where, n[p.ﬂln:é:; f!,u'[x.l]]e *Hir:,
.

in (i}, aip.0) are the expansion coeficients at time = 0.
(d) Write y(x,!] fram pix,0)

The cigenvalue of the Hamiltonian, corresponding to the eigenfunction ¢x, p) is E[pl=P:flﬂ"-

]
iol ; ; - —Elpit 2 -
Multiply each expansion coellicient a{p,0) by ¢ * in (i). If no measurement is e in berween.

this gives the wave function at time £ Thus,
y Y
- A 2m| =px
wix, 1) m.fﬂiﬂmﬂ e'’ dp
e £

-I k=
ar, wlx, 1) = mlﬂtﬂ.ﬂIE" dp. (9.10)
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¢.3.1 Motion of & wave packet
_ : . . '[,h- 2 .]
The wave function p|x. I} as gwen in Equation 9.10 is a superposition of plane waves like " Im
4
. : fllos—ad] . _B _F
which can be written as e where, k= Y and o = mh This represents a plane wave ndvancing

at @ speed

sy _Ff_] /(). 2

Pk | 2mn \5 )2
if you are still in the classical mind frame, you may iden
But the wave velocity is p/2m and not p/m. The wave
velocity. When [ talk of particle velocity, | have in mind a
with time @t & particular rate, A semi-quantum PIChure can
of the particle is in the shape of a narrow wave packet (Figure 9.1}, You may mentally think that the
particle iz located at the center of the wave packet. | said "mentally®, because if you tell this to a
quantumn physicist, he/she will give vou a long lecture on why the position of the particle is uncertain
and why the center of the wave packet cannot be taken as the location of the particle. But let me
continue with the semi-quantum picture. The wave packet as a whole advances a certain distance x in
time tand in certain cases you may identify x/t as the particle velocity,
A wave packet is formed by the superposition of a |

large number of plane waves with different values of p. ’ —a '
As time passes each of these plane waves advances Wq
1

with wvelecity v, =p/{2m), covering a distance of i

ufy p/m as the velocity of the particle,
velocity cannot be equated to the particle
lecalized entity which changes its location
be thought of, in which the wave function

pt/{2m) in time { But p iz different for different

superposing waves and hence they travel different ‘\'rll] |
distances in time L There are two effects of this. The
first ia that the shape of the wave packet changes with

i

time, IT all the waves were advanced by the same
distance say x, the superposition would have given the =1 r=1
same shape displaced by x. But here different waves Fig. 9.4

cover different distances and hence the superposition

Eives a different shape. The second effect relates to the velocity of the packet as a whole,

If the wave packet is constructed by superposing waves like @™ and the values of k involved
are centered around Ky, the wave packet as a whole moves with a velocity
v, =32 (9.11)
dk Ky |
This is called the group velocity. The mathematical discussion on this formula is given in Appendix-1.
tur case wand k are given as

2
2mh h
d,
mmg UH,:—M«
dklp.x,
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pia corresponding
; aniuum nbout which all the ":;:1:--.-Im‘llyﬂf|“" '-*'-wlt- 1:;-:?:
N Drl I:';Tl'.l‘lzf::ﬂ}' give some Mtismcﬂﬁgllt:: imagine as the velocity nf ﬂ::
superposing waves are centercd. gs close to W

as a whole, through the space, is in SamE sch

particle.
9.3.2 Spreading of Gausslan wave pachket
Suppose the wave function of a free particle at f

a

.
- Ty ¥
al W :

fme ¢ =0 is given by a Gaussinn wave packet
me =

14
x, 0= —n] e
wl l[m*

You know that Gaussian wave packets arc very special.
s Gaussian wave packet, the uncertainty product Ax APy
| defined in Equation 9.8 and get the expansion

momentum uncertainty in such a state,

when a particle has its wave function given by
has its minimum value Af2. Let us see whay

happens at time L
Make the standard expansion in terms of #{x, B :
coefliclent alp, 0}, We had done it earlier while atudying the

Never mind, do it again.

alp, 0] = :&I'ﬁ [wle.0)e

= i
1 [ 2§ % oatihPe
) Jee

1 fa, | a*p-pof _
- {EJ.-'iH \Eeﬂ'[ e ] : li)

The wave function at t=0 is

}F:tif

i
wix, DI=E_EMP- ) “F[EFE]#'- ()

E] - Using the expression

5[

To get the wave function |z, ], multiply each alp, 0} in (i) by EHF[—%

for afp,0) from (i}, this gives,

11 . *ip - po )
-l 8T ol appy P :
W ﬂ‘lv'l'. 'H'--{: pl ﬂﬁ'i e _iml o ipx]dpl
When you evaluate this (with the help of your mathematics friends), you Bet

_ Py ]‘
| < P,
h EXp ﬂ1+% -
m
]
a- (x-B) (g2 2
'Em[ip"x]“" =P W/
El*q-j‘ﬁ!i
ml
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2 r S
nﬂ(.t i'l-'t - :[;-_p'-';] ht |
. m m
= H = e me— E}IP | — X+ . = X
i . I T (9.13)
g + 1 3"+ — = -
e m
i this, Bis a constant, independent of x. The probability density is
2
[x-B]
a
e of =fefexp| - 1P 0.1
bl + WiFLFF RN
2 mig?
2
2 Bn 1
= et - e S b Fat,
8| 'E.'J':F|: [1’ = ] ﬁi] fii)
2 a? ) anded
Whers 2R
But [iii] is a Gaussian lunction for any given t. The standard deviation of such a function is
b at 2
M =T E—= — g — & 15
J2 [ 4 migd ] (9.15)

which is the position uncertainty at time t At § = o,

Ar=a/2 as it should be because the wave function is a i ikl
Gaussian wave function at this time. However, as time
passes the spread Ax increases as seen from Equation 9.15, s

Se the wave function spreads as time passes (Figure 9.2), Potim

Fig. 9.2

2.2
Wntingg =A&xg , the initial spread, the spread at time ¢t is Ax = { Axy ].2 PO . =
am? (axy )
You can see that the spread is faster if Axgp is small. If you produce a very localized wave function,

it will soon spread out. If you think of producing a deita function wave function, in no time it will
spread to infinite width,

As a passing remark, alp, 0)
the probability of momentum
replaced by

15 the momentum wave function at time t =0 and laip, ﬂ[g dp gives
being found in the range p to p + dp at this time. The value of alp, 0)is

ip,
alp.t|=alp,Oje *2m

1@ get the expansion at time ¢, alp, 1) is the momentum wave function at time t and |aip, t\* dp gives

™e probability of mementum being found in the range p to p + dp at this time. As |alp, 1}° = la(p, O},
"e probability of mementum being fou

This alse means that {px}md{pi}

"eMains congtang as the wave functio
I8 the waye

back hon

nd in the range p to p + dp remains constant as time passes.
do not change with time. Thus the momenham uncertainty Ap,
n spreads with time. The product Ax Ap, thus increases.

Packet wix,t) given by Equation 9.12 not Goussian at time other than t = "TP Look
I'had defined a Gaussian wave packet (Chapter-5). | had stated two conditions. If I write
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wie) = pixte” 1o x. With p(x. 1) given by Equayq,

sian function and & ghould be
the second 15 nol.

menimuhl
wixl should be a Gaus
9,12, the first condition is gatisfied but

9.4 Stationary states r = 0 is itself an eigenfunction |4} of p,

tme
Suppose, the wave function of a particle at a given

1
according to eur schems, we should expand |0} as 5
ot But expression (i| itsell is such ap

Hamiltonian. Thus,
l“‘ﬂl‘l = | :I =

What would be the wave function at time ? i
linear combination of the eigenfunctions of the HEH:I-“ s 06
expansion. There is only one ferm in the expansion. Using

1
- -El
with=¢ * |4}
- B (9.16
or witj=r O lwion ]
This is a very special simation. A
I
e ¥ which has no dependence on x. So |pif]) and |w(0 ~ s
i . P ] t same 5tale and zo gl
function of o and differ only by a multiplying factor. Hence they represent
mﬂl:::lhlr-::umti-ﬁts of the system remain constant as time passes. Such states are therefore called

sfanionary stafcs

Example 9.1

The ware function of a particle at 1 =0 iz an eigenfunction of the Hamiltonian. Show that [a) the
probability density of the particle remains constant as fime passes [b) the expectation value of
any measurable quantity a remains constant as ime passes.

Solution: (a] The probability density at time t is

s time passes, the wave function gets multiplied by a facter

J) have the same functional form (as a

[ i
Pix, t)=lwx, II: =[P|;'u*{x. ul]lllﬂ lE:III‘I-"I-""- a)
Thus the probability density remains constant.
(b} l.ﬂ..’.h be the operator corresponding to the fuantity a. The expectation value of g at time t i3
.;nj[r] = .:vl_r:ljﬁll.i'{l]:l'

-y (%, 0} plx, 0) = Pix, 0).

= Jvix 1) Awix, t)dx

=i

-,

. } J ‘&v{x.ﬂ]}

-‘i[r_ iE'Tp{x,D]]d_t
!

_ I, e -E"”E‘ ig'r}p'{,r,ﬂ]hp{x. 0)dx
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o i) A, O)dy = (ahio),

Thus the expectation value remains constant. | assumed that the aperator A operates only on
the functions of v and not on time,

m————

Do ¥ou see the 5}'-4-“.1[ prp e tanee of cuergEy in quantum mechoanics? The operalor correspanding
2 wapion 18 called position operator, that correaponding to moementum is called momentum aperolor
r".EL so on. But the operator correspanding to enengy is given o special name Homiltonlan {The reasons
lh'r of course more hustonical, i s related 1o the great physicist Haomilton who contributed immensely
: ke development of classical mechanies). The clgeifunctions of this operator give the “stationary
;:_md wave functions in which all measurable guantities remain constant as time passes, Also, if you

wnow the eigenvalues and eigenfunctions of the Hamiltonian, you can write the time development of
the wave funciion easily.

9.5 Operators commuting with Hamiltonian

Suppose, a is a dynamical variable for a given system and A is the corresponding Hermitian
eperator. Also suppose that A commutes with H. For simplicity, assume that all the cigenvalues a; of

A are nondegenerate and the corresponding elgenfunctions are |#). As A and H commute, the
eigenfunctions |& ) are also the eigenfunctions of H, and form a basis for the siate space. Thus,

Ald)=a;|4)
and Hi4)=Ea).

Suppose, the wave function of the particle at time ¢ = 0 is given by |wi0)} . We can expand it in
terms of |&) to get

w0} = o014 -
]

(i)

The wave function at time f will be

]
Et
lwit)) = X ei0)e 4 |4)
= Feiitld). lif)
1
E'TFPW-'-E the variable a is measured at time & What is the probability of getting the value a,?
Equation (ij)

is the expansion of the wave function (at time f) in terms of the eigenfunctions of A. The
iy on carresponding to the eigenvalue a; is |.p,} - Thus the probability of getting a; is equal to
*quare of the absolute value of the coefficient of |4).

sigenfuncyj

i 2
Blete? =feore 3| <jeof.

But thiy i R
s ! this is alsp the probability of getting a; at t = 0 (from Equation (i)). Thus the probability of
"ng the valye

@, in the measurement of a remains constant with respect to time. Accordingly, the

%hﬁﬂ value |:_I:I]| .{EJ:}
"".'I"Lhngh‘ consta

» the uncertainty Aa, all remain constant with respect to time. We therefore
nl of motion,
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fee, I the previous se
e o stutionary m Etlon |y,

cle |¥ on of the Homml

plpenfuntt
ahown that if the wave franciionn |""':|' I a1 EIRY

. gul
for the particle remaii constant in Hme. &

{iche |
T I il ”"‘ |"“
ansumed thit the wave funeth e to be constan

mensurable quantities are BIHEE 0, peml
operalor A commuies wilh 1l Hmt
various values of a Teniming constant.

- 0)
Also note that, the wave function ¥ {
even though It fa e constunt of me

} IH-"I'II "”I |"r|.|||||_ all Ihl-||'.|llll'_ll.r| II'“l”l"I
B

ihe partl
i e | wiplen, In thin sedtiog | b
Firg

[ the lanpmniltisnsionm. Hepyep 16l
i1, Tor which the r'”'""l"-n:| Iify
-"lp"

{, It e, the probatility disteilyg,
i fy

511 n:—nn!nr:L 1

{ ot be an clgen function of A as well, So the vy, of
peed not be

fbeann,
a need not be delinite,

9.6 Ernfest Theorem

Suppose the sysiem has n
expectation value of a, in genern
{a)te) = (wie)| A wic)

where A is the operator corresponding to .
time. We have,

function [pit)) ot time t and a is o dynamical variabje, 1,
wave 1N

|, changes with time. We have,

Let ua calculate the rate at which this value changes wig,

e il
E'{“]' -m{ﬂrlln’tlrtll}

J i F(wit)] A Ew{!}) : (i
- (ﬁ wir)| A Ir{I]>+(F[!II = 11""“]} <9‘-‘I! 1HA| m
The term PA 12 sero If the operator A does not explicitly contain time in its expression. Operators ke
i |
o A , )
X, im}-t;. - EF , ete., do not explicitly contain time. But there are cases where the operator does
X

contain time explicitly. The electric ficld nssociated with light is like E = Epcoswt - kx). When suchs

field interacts with an atom, the energy operator becomes lime dependent. 1 will continue with

conservalive systema for which the operators do not explicitly contain time. Let us go back to eguation
[i}. We have,

H]wit)) = in::_’ﬂp[; )

il 1
ad a1} = - Hlpn).

From this,

|

2 1
{H*"“’[ == {wlti|H

(iit)
Using (i) and (iii) in (i),

d
Gla)a- ﬁ-{wiﬂﬂil“}*;},;{*’imi*’}

1
" (PIAR-HAly)

1
- 'I.I{{ﬁ. H]).
If A commutes with the Ham{

|
Iton @17
!ﬂ.ﬂ' ['ﬂlH = [ |
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interesting result is obtained when ene caleul 4 -3 .
An in calculates m{x:l and mfp,,} for a typical situation of

imensional particle dynamics. In elementary classical me i . .
of a particle subjected to a variety of forces suc?':j;a the force dﬂgﬂgﬁg.mfsxeh;:: :Jh-ldll:d_muunn
so o, For conservative systems, you can talk in terms of potential SIETB inntel fn IPHRE and
know, quantum ph}'glﬂtta use the word potential for what is Eenerally mentioned as pﬂiErT:M e
in classical mechanics. Let us consider a particle of mass m subjected to a potential 'l-"'l[l:l H;HH
considering only one-dimenzional situations, The Hamiltonian is TN

N 4 P:
H—*—ﬁn-—:h: +HI}HE+V

ooy -
where P, = -IIE-I— is the operator for linear momentum.

AL 1l B |
d-r{'r:l_l'&{[x' HEI _E(lx' E"'vD "a([x. Er":; +-I_!'E{[}li.\f]}.

The second commutator is zero, because both the operators are multiplication type. The first

comemutator is
B Lx)
== [PelX, Py X, Py Py
=5 [Pelit)+ i8] =27,
Thus, %{-ﬂ - T]E(%F"}
i} im k % | (9.18)

This relation resembles the classical definition of linear momentum, p, =my, giving %:"-Ef' .

The expectation values of x and p, are related by an equation similar to that in classical mechanics.

e
Let us now check EE{FI}.

(e} = ([Pe. H])
1 Pi
= ;FT-([F" E-.- W

nE:-{[Pl.%D+ e v)- (i

The first commutator is zero because both the operators are differentiation type. To see the effect of
SRS tommutator, let us operate it on an arbitrary function f(x}.

[P Vil f(x) = PV () - VP, f(x)
= Py VI ix)] - VIP S]]
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i
_inf f"]‘}
_ ]i_wﬂ[ ' olx
= —T#_ﬁiulxuix
(%
x 'q-lfr]
" dVix)
Thus [Py VI = -4
and from [iv], WIE&]
a0 (_ dwr])
E(p, ~dx on the particle. Newton's seeqny

__dVixl o ghe force FIX)
In classical mechanics, we PeCOETIEE =7,

law can be written as

dp, _ dV(x)
dar dx ch with this. Once again Lhe expectation

9.20 resembles very mul

that in classieal mechanics. Equations 9.13 and 9.15 are called

for one-dimensional motion. E_qr;lmtiun
values follow a relation very gimilar to

Emfest Theorems.

9.7 Quantum mechanics to classical mechanics like .
: ics, a particle is treated as localized in a very Emﬂ]]‘_ volume, like a point. The
In cia*.asu:;]l :::cha:;:‘;n here the particle is. As time passes, the Icﬂ:altmn of the P-']lr1IE|E E‘h&ngﬁ
ﬂr;: ;.umd%;:tme: rntrf-cmm any time, the position x and the force F(x) satisfy the equation of mation

dx
dr®
In quantum mechanics, the state of the
particle at any time is described by a wave = =t
packet. The location of the particle is not x
definite at any given instant. But we talk of the : i ik .
average or expectation value x, =(x) of the & Y
particle’s position at a given time. For example, 2y e
{x} for a Gaussian wave packet will be right at
the middle of the wave packer, about which
W x, rf is symmetric at that time. If you look
at this point in the wave packet, it moves as a function of time, and the relation is

%.i[&]

= F{].

Classical machan|ca Ouanium mechancs
Fig. 9.3

de?  dt| dt

or, dz-"rn fi
9.211

where .HIJ=(~
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Does this fix) represent the force at x = Xp ? In general. no

If this hag bees
; n th Eaquat:
g.16 would exactly represent Newton's second law for the o Hon

. “Xpectation value x,_ . gy <_ dv .
average calculated over entire region of space where the wave packet has g - e

! dl’
FHEI.'-'IL is not equal to the value of - E;' arf the point x = X

However, the two quantities are not ve
spread in the wave packet is small, say from
T+ 2
(gl = [ glx)elx)® dx
e —A
x A
= | glen i) de
Xa-A

ry different if the wave function is b
bon is highly locali
Tm —At0x, +4, for any function glx}, KR

Ay rd 2
=Glxm) [ ol dx
Xy =
=glx,).
Using this result, Equartion 9.16 can be written as

o
dr” m (9.22)

Thus in such a case, the time dependence of the average value of x obtained from the S
I e chridin
equation becomes identical to what you would write using Newton's laws of motion. -

9.8 You learned in this chapter

o If no measurement is made on a particle, its wave function evolves in time according to
the Schridinger equation

Hwie) =in-= vt}

@ If the wave function at t = 0 is written as a linear combination of energy eigenfunctions,
i

- —

wix,0)=Ye;|4), that at time ¢ will be pixt)=Yge A |&} where E; is the
i i

eigenvalue corresponding to the eigenfunction |¢#).
o A Gaussian wave packet corresponding to a free particle spreads as time passes. The
probability density function |p[x,f|° remains a Gaussian function but the uncertainty
product Ax Ap, gradually increases with time.
& If the wave function at any given time is an eigenfunct
measurable properties of the system remain constant as time pas

called stationary states.

& If the operator corresponding to a measurable
Hamiltonian, that quantity is a constant of motion.
o For a dynamical variable a with the corresponding operator A,

netion of the Hamiltonian, mll
ses, Such states are

quantity commutes with the

d |
Z{a)=—IAH.
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. momentum p and dV/ diola particle Mtbjecig,
D & I |I.|

o The average values of the posi
potential Vixj, are related a3

\ dv
d T B i
g e Glrd "

: chets, the above equa
= For particles represented by highly localized wave P3 ationy py,,

to Newion's eqguations of moton.

1. The stationary states of a system are ghen by |4 ) and the comesponding energies by E, . Attime 1 <0, thy yy,,

function Is |w(0)) =L s} s Sl +,‘% |1 What is the wave function at time (7
w0 wd

Solution: The wave function at tume ! is,

i I [ = =il
g LT e
!Plﬂ?=l—ﬁe " |l~.}~—3~f ol [ ) R [8:)
LY L -~

packet with a spread of 1.0 nm at a certain place. Estimate the spread of the wave packet as it moves through 10
em.
Solution: To estimate the spread, assume that the wave packet is Gaussian. The spread of a Gaussian
wave packet at time t is gven by
| 2 2.2
Ax = |ﬂ— - it—-
Y4 mial
where a/2 = Axy is the spread of the wave packet at ¢ = 0. In the present case, the kinetic energy 100
eV is much smaller than the rest mass energy 511 keV of the electron. So the speed is nonrelativstic

and you can write [ = Z for the classical descrniption where x i1s the displacement in time @

|'

Ar= A )+

Mt
am? (A, ) 0@

s
= Ilt_lgnizt..._a.r:—z
\ Am{Ax, | K

2
where K is the kinetic energy. For electron, %ﬂ- = 0.038 eV.nm? . Thus

] 0.038 I‘."!'r.nm: " “ 0 tmll
e -rlfl.i:l-ruul2 =(100 eV)
0.038eV.nm? « {:I 0® nm }2

-hrlzl.f.:lln:rl):J i i|.|:||],_.|..r:|
= (1.0 nmJ" + 95102

(ax)* =(1.0 nm)*

=(1.0nmJ +
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o A 10%nm .
itis width increases by a factor of about 10™,

ot ;_i'. [ ¥ tx. 0 wix, thdy =0

4, Prove
Solution: The given expression is

d Y b ) Oy

2wty =)+ (| 3).
From the gehrodinger equation,

ﬂlF} 1

=—H|p).
o i)

Uiiﬂ.g in '“1

%{wlv} - (%HF‘F) . (vlﬁ;:»lv}

1 1
== —(v|Hly)+ - {v|H|v)=0.

1

|
Note how | wrote - o in the first term. As o appearing in bra was taken out, it became - 11
i

You could ]m}re easily gu:usad the result proved above. The integral given in the question is the
probability of finding the particle somewhere in the whole space and this must be 1. Thua it remains

constant in time and hence the time derivative is zero,

. d 1
4.Prove that — (| X|va) = —{¥1|Px|va).

d i Ty
Sotution:  —(y1|X|va) = <lE‘-IKIF:> + (v: Nf)

1 1
= (E Hyy !?‘:|'-':r> + (’H F“la““:)

i 1
= "E(FI |H:""~|F:} * m{?llmll"":}

- Ly | xH-1Xya) = X H]lva)

But Ex H] xiqrvix] ':{-E-la:— -ILH-'Fq
3 = .Em l!m m X
d 1
Sa, E{HHIF’:?‘;{'FIMW?}'

5. Prove that %{xﬂ}. ﬁ{xpz +P.X).

Solution: %{:ﬂ) . %([f. H))

ok ]{’,-‘i]- + V(x)
ih am
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1 &
1 P =—{XP, +PX}-
=E|:P‘x+ ""_m{ S

fgrce condition). Show that (x| 4
E-ﬁpaﬂﬂlnmﬂhnihtupﬂln&lVLﬂF'hvm'mnm wiowm

rigorously the same time evolution as given BY Newton's 12
Solution The squation for {x) is

Efz lf: dv [
;,?“a"ﬂ‘ﬁ' :

Vix) _dv _ k which is ind dent of x and equals the force in classical physics. The
AS ‘-! - h:l d“_ “ Ilh |
: dv . _dV/dx is independent of x Thus {i) becomes
expectation value |- =— is also equal to k because f
( d'.r)

2k F

—?‘I;I:'——"=—.

ot m m -

According to the Newion's law, the position r of the particle moves in accordance with the equanes
1 - » .

A :--—. S0, (x) evolves in time rigorously the same way a3 x evolves in classical physics.

o fag]

7. Let P, =Py =P mu:npuwmummmmu-mmmnhn leslated system of two particles labeled 1

and 2. The patential energy depends only on the relative separation between the particies. Show that [Pyl
remains constant in Wme,

Solution: As the potential energy depends only on the scparation berween the particles, it may b
written as V{x, - xa). Let me write x; - x3 = X;3. The Hamiltonian is

Hvﬁ[l’i’, - Py |+ Vixpa).

. dif;) 1
We have e in[P" H]

1
"ﬁ[l’h +Poy H|

= [P;; +Po, PL +F§-}' i—[ﬁq +Pax, Vix]]

-

1
*E{Pl: + Pag, IIIIIII-'-':zl]

or, d{Py)

1
ar - inl Pt Pax ) ViKig) - Viz ) (P + Py ).

1]

Let us see the effect of each of the two temn |
i-n-“'lﬁ P, 1 ! 1"3 ]
The first term operating en fix,, x;) pves square bracket on an arbitrary fl.lﬂEtll;rﬂﬂ“
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[(Prx + Pay IVEx12)] fly, xa)
=(Pix + Py J[Vixy2) 16, 23]

e IS

| dox E[gz]w[‘tiilﬂxl « X

= =jh

[ d
_E[W-"I:UM- x3)]+ ﬁi'ﬂ'{fm]ﬂxh -“2]]]

= —in| Vi) Y 51 X2)

Vo) dfix, x3) dV(xya) i
§ dry "'.ﬂxl--fﬂf‘?"""l"{ﬂ:]———mz + flxg, %) e (1)
Now AViag) _dVix - x)  dVix —x) dik -x)  dVin - 5l
dey rlxy dlx; — xq) : eligy dix; - xa)
and

dVixig) _dVix - 9] dVix —x5) dixy —x5) Ve —xa]
dxy e, dixy—x3)  dxy dix; - xa}

So the second and fourth terms in the square bracket in (i) cancel. Thus

. df(x. df{x,
[I.FIJ: * PEK}UE-’-.]E]']I{III -"-2] = _|j:|\|'.[x-.|= '[ f[:.:rl:i! + fl:;ixzi‘l X

The second term in the square bracket in (i) operating on filx), ;) gives

(Vi 2 )P + Po )] g, xz)
= le.m-m[i + i}m.  X3)
. _mr:x.ﬂ[df Sl o ‘:;;‘9’]

which is the same as (iii). Thus

(iii)

o "'“-ﬁ::_]fph +IP1'|]_ [PI.H + Pﬂz”‘xlil =0.
Thus, from (i), i-::l =0 and hem:e{P:} = ponstant ,

i is analogous to the principle of conservation of linear momentum in classical
mt:hT:JrEc:t :ul;iiﬁ:liantnlu T_E:L the linear mementum of an isolated system remains constant in time.

. Let 'Irﬂ*%lh]'*::;lh} anid |ﬂ?‘j}§]ﬁ?+glﬁ} be twa passible wave functions of a particle at £ = 0

Here |@) and |#;) are aarmalized eigenfunctions of the Hamiltonian with different eipenvalues E) and E; .

(8] Convinee yourself that |y} and |wg) are normalized.
[t} Write |pylt]) and |wale) wt time &
e} Explicitly calculate {1

itilwalt]) and show that it is equal to {10 w210} .
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and [',3 }. The corresponding enerpip, i
The eigensiates of the Hamiltonian af a qu has the following sealar products, (g IP"J'- =5,

) 3Eg. At timc t=0, the state wvecior |-|v:|'
Ery, 2y and ime ; '.‘:I.ﬂ— Ann. aEHI__E_._;:-E‘
(W)= 2.J2 . l# '.v} = i"-;': ' Find these acalar products at ime £="p = 5" :
IF.[ g ‘ : i i ke¥. It corres
kinetic energy |1 ponds, ¢
rording to the classical description, an electran mmre_ah".l-'uil =iy Z

B idth 10 nm. Find the time in W
Gaussian wave packel of wi n p—

i PV -
. We have derived EPI,\F]-[—EE-:—IF{I}]. Can you write the RHS as P,V ? The LHS is8 PeV-VP,, pn o
suggesting that VP, is zero?
Let wyix, f) and palx,t) be two wave functions, each satisfying the Schradin

same Hamiltonian, Show that the scalar product of the two wave functions is constant in tme.

o B
ger equation Hy = “5:"‘" for the

* 1 aVi( x|
d
The Hamiltonian of & particle is H:ﬂ-*\-'[xp_ Prave that —= {w.|x]prg}n-;{wi| 3 lwa) for any two waye

functions |vq) and [v3).
i

2 g
The wave function of a free particle at time (=0 is w{0]=¢ Hme" . The uncertainty Ap, of the momentum

i this state is b/a . Without doing any explicit integration find the uncertainty of the momenturm at a later time
ARE. .!||'.|;|

L

| o dVix) | dVix)

b T i 2
—K=- K is the kineti and Vix] is the potential ene
. Bhow that :H:{K} \Fe g = :} wherne etic energy fx) po gy

opeTator,
. A particle movea under a parabolic potential Vix) = %hﬂ Show that {x} evolves in time in & manner idenseel

to that given by classical physics.
10. A particle is subjected to a potential V{x) = X", Show that 2(K)=n(V} in a stationary state where K and V
are kinetic energy and potential energy operators.
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Energy-Time Uncertainty

10.1 Energy-time uncertainty principle

If the wave function of & system is an cigenfunction of the Hamiltg nian, its energy is definite. The
pacertainty in energy AE is therefore zero, At the same time, the state of the system

state and no property changes with time. The system remains in this state for inf
this time At So At = . If the w

ia a atationary
. nite time. Let me call
ave function is not an eigenfunction of the Hamiltonian, the energy is

not definite so that there is a finite uncertainty AE in it, Also the state evolves with time according to

the Schriidinger equation and changes “appreciably” in a finite time At, 1 will show that [AE)|A2) is of
the order of &, that is,

[AE)(At) = b (10.1)

This principle is called the Heisenberg’s energy-time uncertainty principle. Interpretation of At is
not the same as that of AE. It is not the uncertainty in time in the sense [ had introduced uncertainty

in position or momentum. It is the time taken by the system to evolve considerably. Let me explain
this more explicitly.

10.2 Time evolution of a simple wave function

Suppose |@) and |4} arc two eigenfunctions of the Hamiltonian of a system with eigenvalues E
and E;. Let the wave function of the system at time ¢t = 0 be

[W1O) = 5 (1) +162))-
The wave function at time t is

[y i
iwlﬂhﬁ[lﬁ};iﬂ +|dr)e 'E‘*]-

Consider a variable a for which the operator is A. Suppose, it hes & non degenerate eigenvalue
and the corresponding cigenfunction is |§). What is probability that a measurement made at time ¢
Elves the value a; 7 It is

1

i i -3 «dieg
-5 -2Eal B
P <[ vt =[G la)e P +(alede P r‘if:*-’ AT r

Mhere o = (5]4) and ¢ = (& | &)
i i 1 L

ilg-B) . -iE-B)
%[%hﬂqﬂ-} reser T sejoge
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i [ B, - B,
E t E1 * 3= - !J.rl —"II._ -
-%[EEIF *t“]lﬂ +{¢1¢5 +f;l:: }Eﬂ![—i'—n——'t] -![-E'tfg I'.'|l'.'j} =

ilochy — 61 k that
Write ¢,c} + cley = Bsine and ileye} - cey) = Beos & . Chee
cea +ee
ifeye3 —eye2)
With these definitions you can write the probability P{t]as

B = 2|cy||e;|and ¢ =tan"!

)= 2 s +feal + 2fefealsintae + 1

where w=|(E; - E )|/

Rl ey

alue L1 2
The probability changes periodically with time between the maximum value Z{e, - |

minimum value é{lq'-lfﬂ}ﬂ, How much time does it take for the probability to ‘appre:

Aty charges
The time period of oscillation of Pir) is

P2 20

o |(Ey-E)

Fii)
In a time interval small compared to T, there will be \
na appreciable change. In a time interval T/4, it changes \
from its mean value to an extreme value. The time /
interval Atin which the probability of getting a; changes k.
_F

appreciably is therefore ‘of the order of T/4. | am not
very keen about the factor of 1/4, one can take it as 1/2
and say that At = T/2, or one can take Af = T/10, etc.
That is why | said ‘of the order of". | |

The probability of getting @, was an example. It . e : . e
Chl'l-ﬂgﬂd mu“ the wave funlrtinn has l,'.'hﬂ_‘nggd_ as time Fiﬂ" 10.
passed. Thus the system has changed its state appreciably in a time,

T 2mh

Al a—= :
M R
There are two possible values of ENETEY, E; and E; in the assumed state |w(0)). It remams ®

even at time ¢ when the wave function has changed to Fq:r“‘}}_ At time 1, the probability of getusg =
value E, as well as E; is 50%. S50 what is the uncertainty in energy? It is ‘of the order of
IiE = |E= —E|[ N

From (i) and (i),
AE Ad =M.

[

Once again | remind you that I have not
Therefore, the whaole di

2 used mathematical definition of AE or of B¢
3 Bcussion is, to sg
-Bi.l'ithm:tl:: 1n Etttil'lg 'ii me e

xtent, qualitative, ; keen 1o 80 057
i) fram (i) and i), Qualitative. That is why I was not
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0.3 Natural linewidth of spectral lines

10.
your phys

Lame particula

By called !
A

ics teacher in STD X1 must have taught you Bohr's model of hydrogen atom. There are
r energies By, By, £g,... that a hydrogen atom can have. The state with lowest encrgy

he ground state and the other states are called excited states. These energics are

by assuming that the electron revolves around the proton in a hydrogen atom in ‘circular
nhrnm:rr" which the angular momentum mer is an integral multiple of h. The ground state energy
arbil® ;”I o be Eq®-13.6 eV, that in the first excited state is -=3.4 ¢V and so on.
"\ﬂ"‘-lT“"l

adlel described above does not have proper sanction from quantum mechanics. The idea of a

““‘m.r:.t”w is nol accepltable because it means you know the position and momentum
geflr £ |mj| ihe same time. 1 shall devote a full chapter on the quantum mechanical treatment of
goculnd :I::m fut the fact remains that if we do a proper gquantum mechanics and assume just the
hydrogen 8200 | the energy cigenvalues come out to be the same as those in Bohr's model. So the

“|'|_'|:|| ]mt{"l'lli-ﬂ : 3 -
E:_:Iui' 1r|1-ﬂ!liﬁnﬂ between d]jftr':nl slates remains "f'Eild-
B

If a hydrogen atom ig in an excited state, it makes transition o tqwcr energy states. The average
{ime for which a hydrogen atom stays in an excited state is called the lifetime of that state. The lifetime

tor ntomic excited siates is often of the order of 107%s. If you leave a hydrogen atom in the first
r . - 0

wcited state at t = 0 and examine it at = 10785, there is a considerable probability that it will be in
2

. . -A
the ground state, This means, the state of the atom has considerably evolved in a time of about 10 " 8.

Thus Alsr= 107%s.
ls there an uncertainty AE in energy when the atom is in the first excited state? There has to be

i ' ite, it wi i nd no measurable property of the system
because if the energy is definite, it will be a stationary state and n :
will ever change. Here the properties do change appreciably in a ime r. So the excited state must have

h . , ;
- rding to the energy-time uncertainty
an unceriainty AE = : according TEY —_—

principle.

The ground state is stable. Once in the ground state, the system 1
remains there for any length of time. So there _1'9. no un-:':rl.a.m_rj.r in EM:“-._
energy ([t = =, hlr =0 |. | show the energy level diagram schematically E,

in Figure 10.2, Fig. 10.2

ﬂ

Example 10.1 5
Estimate the uncertainty AE for the first excited state of a hydrogen atom (life time = 107"s ).

=13
Boluion aBsl « 1T BV E _i0an

r lﬂ'ﬂ'a
______—-—-—_—_______—-————_——_——_——_"—-—’

- H L lhe
Consider a sample of hydrogen gas with lots of atoms in the first exited sl.ﬂ.t; Th:;n:{rft u;E .
Wound state fs £, and that in the first excited state i distributed in the range & =A%

the spread in the energy due to energy-time uncertainty. The energy of lhtmfmj_f::icﬁt:!:“;’ﬂ::
therefore distributed in range (E; - Eg)-AEto (B - Eg)+AE. Correspondingly, the w

alculated as
“fitted photons is distributed in the range 4-A4 to 4+44. The value of Al can be ‘-‘m =
'rl?I'LLI:m' Suppose the wavelength of the emitted photon is 4 when the first excited state encre
n
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he
AEE-E,_-,
or, in A = Inthe) - In(E - Eg)
or E‘i:_‘ﬁ'ﬁ_.ﬂnlﬂ'ﬂ.
' 1| |[E-Ey| 10eV

in hvdrogen atoms iy
The transition from the [irst excited state 10 the ground state AR " Bives ey

. d in the range 122 {1 + 58
il be distribute !
WRENAR of 1Adtul, B I e WEWIE“Hmwmnwltnmh and it will fall on both sideg m!E-’f

y : : . an ; q1 i P
e {“tu?;“yﬂ:rus b:a:mfr:m:::l wE::'-.*:lEfmmt of the mdinlimii rn]}:tl?i. during a particylar 'I-Ft;
wavelength. pre S pural Hineudii
= : levels is called nati : - :
mﬂﬂlltlﬂﬂ, duﬂ to Sprcnd in H]E :n:l‘ﬂ ll1 H]r 1,:,.'|l"|.'l!'lfnﬂ'-h 1y i F]I!’llf‘.lh“’ ““.l' Enhttm !-

ly the spread ;
h}'ﬂrl:fgi?lugg:t:ﬂ?;i?: ﬂ?:;?;:gﬁiie.‘ymrwill find that this spread is much larger than the gy

- |'|J[a.J
inerridth. One reason of the increased linewidth ia the Doppler broadening as explained 15.1-1“.1..?_
The atoms in a gas move in random directions with random speeds. The mean speed is given g

_ [T

- T -
which comes out to be few hundred meters per second in Inboratory l:.'nn:llllnne.. TI'“.'I-lljih this speed i
large compared to the speeds encountered in everyday events, it is still small enough So that one can
use non relativistic approximation. The radiation, that we receive from the gas. is emitted by thes
moving atoms and hence the wavelength changes according to the Doppler effect equation,

a2

c

where v, is the component of the velocity in the direction in which the radiation is received. Ths

component v, is also distributed randomly, becoming both positive and negative, and this coninbuies
to Doppler broadening.

The above description is valid for all kinds of system emitting spectral lines. Atoms, molecules
nuclei, whenever there is radiation emitted, there will be a natural linewidth given by the Heigenbert
energy-time uncertainty principle together with other types of broadening,.

10.4 Principle of energy conservation

The total energy of a system remains constant as time passes, provided no external work is e

on the system. This is the principle of conservation of energy that 1 teach in schools, Writing in the
equation form

E [initial) = E (final) {102

where ‘initial” and final’ denote two instants of time.

But now that | have told you so much about quantum mechani - ifculy #
: anics, there is a duicds
interpreting Equation 10.2. Suppose the state of the system at the ‘initial’ time is not a stationary %
and there is an uncertainty AE, in the cnergy. So, the energy may be anything in a rans pree
mlhl:f h}' Et ti}lE]_. Similar may be the case at the final’ instant where the energy May be _|_|;'|,:|.I'.'|-'r:':
in the FH“EC E’J - 4 .ﬁE: . o0 which \'ﬂlu: dao wrile rur ithe Eﬂtl'ml' at the Snitial’ instant “nd w‘“fh for B
final' instant in (1)? It appears that the law can be o

:I“m states are themselves uncertain. So there may be an apparent violation of energy ‘-"'“ﬁﬂmt;:g
owever this uncertainty or apparent vislation cannot last for long. An apparent violation of €07

% + i
AE can last for a time At = AfAE only. Thus it may appear to you in certain cases that ene

been created for some time from nowhere and it is lost to unknown sources. But it 1% e
temporary and the time duration depends on the amount of energy seems to be created and destr®

i {hi
pplied only approximately as the energic® W
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fand aental uncertainty in the interpretation of principle of
i

) : . conservation of energy helps us in a
¢ o survive as a living body as | discuss in the next section, g
big W4

10.5 Nuclear fusion

you are here to read this hfuu:rl-; and ]_am here to write this book because hydrogen nuclei in the

af the sun are fusing to Iu-]tm_'n nuclei. Nuclear fusion in the core of the sun releases energy which
"_;::Emn radiates and that is the lifeline of the earth. The temperature in the core of the sun js henit
1

I stmﬂﬁ, At this temperature, the electrons are all detached from hydrogen atoms leaving behind
bare protons. These protons move randomly with an average kinetic energy of g—kT= 1.9 keV . The

epeed corresponding to this kinetic energy comes out to be around 6«10°

rotons maving towards each other come so close that the attractive nuclear
E._ﬂ the repulsive Coulomb force. One of the protons then converts itself into
praton combines with this neutron to form a deuteron. A positran and a ne
the process. Such a deuteron then combines with a proton
nuclei combine to form a helium nucleus ex
to convert themselves completely in gamm
following equations.

EI-IH"I- 'H— 9H+e’ +u*]

m/s . Occasionally, two
force starts dominating
& neutron and the other
utrino are also formed in

to form the %He nucleus and two such

pelling two protons. The pesitrons combine with electrons
a photons. The whole cycle may be represented by the

L

EIF]H+I'H—1-'3HI:] -
‘He+ *He » "He + 'H+ 'H
Etrﬁ' e —rr].

All this is equivalent to
4'H+2e o *He s 2.

At each step the energy is released and the total energy released in the cycle is 26.7 MeV. Let us look
at the first step of the series, two protons making a deuteron, in somewhat more detail. The attractive
nuclear force between two protons is short ranged. It is effective only when the separation between the

Protons is not more than few femtometers (1 femtometer = m'lﬁmp, The average kinetic energy of the

Protons in the core of the sun is about 1.9 keV, How close can two protons moving towards each other
with this kinetic energy come? Let me work it out for you.

e ——

Example 10.2

Calculate the closest distance tuwo protans can approach if each has a kinetic energy of 1.9 keV
and moves towards the other.

Solution: Let us use only the Coulomb force and classical Physics. As the protons move closer
o each other, they slow down because of mutual repulsion. At the cl-:r.stlt separation 'd-!e
Protons will come to rest. Whole of their kinetic energy will convert to potential energy at this

Stage. 5o,
EE
——=2x1.9 keV
4]['“?'
1.44 oy
or -—ji_“_m_zggmty
o l'=-li“r—d”«-rl.u'|-:-3'5!‘:!1':1'!:1+

J800
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e seems no chance of nuclear fusion. Thig j , i
1

3 - £ ofui ation, the : :
i e gusiinges: FECCD TS .‘ H.?fhat iy pecded for the puclenr furce 16 COme into play,
phurst bomsees Tmmes lErgeT LRED i calculations that only Coulomb fopee

sine tostifes puar ESEISDOOD made dunng i

oy The TEIRSTIE

- r S fuaal [ilr'rr LT ] i
arr — L !hmdd fad p‘fﬂriﬂﬂ! hgﬂd I'l‘.il..f.n'ﬂl’l'i.ﬁ l'-"(-";-h ﬂfh{:' £ "qu’lﬂh
" =l e = ETUETY r i, “"hﬂl _-,hgulr.l' bE ”'I.-E' EEF'“F’E”-"““ fil ”“‘h Lore ']‘IHIE Enn

u.l ~epnge 15 & 202 Use Coulomb's !
o= Aeriaohe IS « L » ge Finetic em-ryy?
we have

5o Tho the protoms may hae this much of
Enhﬁuﬁuﬁj:ﬂ?mha&i}mﬂﬂfrﬂﬂﬂﬂfﬁ-

£
Exr. 088w

20 =

: Ht-.m '].E-ﬂk:v.
2,10 e

4
- F=—u
-

3
The swespr Eoctc cpergy and the lemperature are related as 5"‘7‘:”- This gives

Wsk » wempeacure of 1.5 107 %, the protons do not have enough energy 1o come sufficienty
e for mucierr fumon 1o take place But you and | are alive on the earth. This means hydrogen i
mfees Demp cooveries mio helum mn the core of the sun, Whatever my calculations, protons do come
2=, =oyr femrmmener raoge 1o aliow nuciear foroes 1o acl. From where do they get energy (o come 50 Cloge
3 =ars mert There 3 no knowm source whuch can lerid this extra energy. Once it is in the nuclear
spmpe 22 The deitersn s formed, the energy is the same as before, the extra energy seems to haw
spmmeed  The stwrpy balance i the puclear reactions described above is perfect. The apparent
rriacee s oty for a ehort me.

10.6 Asother interpretation of energy-time uncertainty

] mawe pvem voo a specific interpretation of energy-time uncertainty. The quantity AE is
coyrempiemy i energy in the given state of the system and At is the time in which the stale evolves
gurmfiesesty New ] prve vou another interpretation which is closely related to the F:::n:aitjll'.*ﬂ-lTl"ﬂ"J“*""'“‘;I=

the

ety prmcTpile. - Ax "
:__,_-_;;:;-_—- 2 fee marncle and suppose its wave functlion is
seor=wemed by 2 wave packet The momentum is distnbuted with a
mrend Lo, &nd the weve packet nselfl is spread over a distance Ax
Fip 10.3) . Then Ax Ap, = k. For a free particle,
E-= z U
. o !
- B = E [
= AE = =8 - {i) " 'U
I’- y s
‘.'1'-_'-:3';rtpruﬂmz‘unmm'.mglpgmmlm':Mrmrmu“ |

2 e, B3 & wEve patket does not represent an ener

te e fi . Ky cigenstate, . :

= egoinen fil, p represents the mean value of momentum and Ap PRRAEE. B V
N
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ad in it. Now suppose | want to
e do a measurement an this parsic

iﬂl t.h: " a 20 e ﬂE[tlﬂ‘n - !
; t m F X = ID l'lﬂlj [h'E ITIEE.E'LI.TEm{‘[]T. 15 ﬂ'.l..':l.d*"_ ax tha "". '. : L:‘ = - s
tErs RSl s i—-&!!ﬂ:" :..-....__'-5_..

this point. But the particle 1s represented by the wave packet having a soread
: Peead lrim i [t well eaks 2

rime At for the wave packet to pass through x, and for this rims i

i Presence of the =gt
it there, So | have a time At available to me to make the measy i e

finite
will be [e

whole moves with the group velocity given by v, = P
m

ment The wave sacier 55 5

As the wave packet has a spread Ax, the time available for the measuresen: is

Ax
ﬂIEE-F—-_' -
Vg (p/m)

B (. S
Thus (AE](At) [mﬁh][ P:.mJ Ax Ap, =h.

pemember, AE is the uncertainty in the energy of the particle and At is the time avalable 1o male
measurement on this particle.

10.7 You Learned in this Chapter

a If the wave function of a particle is such that it has an uncertamnfy AE, the wawe
function changes appreciably in a time Ar=A&/AE. The relanon AE At a & s calied
energy-time uncertainty relation. In this, At may also be interpreted as the t=e

available to make a measurement on the particle.

All excited states of nuclei, atoms or molecules have some ensrEy spread. As a resulr,
the spectral lines are never strictly monochromatic. The linswidth due 1o this energy

uncertainty is called natural linewidth.
The lifetime of an excited state and the energy spread in t
energy-time uncertainty relation.

o Talking in the language of classical
created or destroyed temporarily for a time A

his staze are related b

physics, an amount AFE of energy may seem o =t
[aAfAE .

2 Foge @yt SI0E
i {i'm"ﬂﬂ‘ﬁnfunurgy Eg =14.4 keV are emitted when STFe nuclel make transition from e 2

B e pusted
18 the ground state, The lifetime of this excited state is about 310 5. If the spread in the encrEy

“tate Is written as .-l'l..E.'=EE.":,l find the value of $:Har=rhthl5ﬁﬂﬂﬂﬂﬂﬂhm
c

Bolution. AR

So,
'_EEI - —_
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& he he
1___
o Eor  2nEqr
1240 eV nm tﬂ.lﬂ'mrﬂ.‘rs-

T aexl4.4x10%eVx3x107"s

-A
2, A charged plon has rest mass energy 140 MeV and lifetime 2.6 = 107 5 Ir.:':eh.lh:'j the uncertainty In determi

of the rest mass energy and express it as a fraction of the rest mass energy ; Nation
ent of the rest mass encrgy is about 2.6x=107%;. The

; i h SUTETT .
Solution: The time available for the mea nberg energy-time uncertainty

uncertainty in energy must be related to this time through the Heise
principle. The energy here refers to the rest mass energy. Thus,
h

AE s —
At

66x10" eV 5
2.06x10 8
B
£=E.Etlﬂ eV c1.Bx10°19.
E 140=10%V

4. In one model of nuclear force between two nucleans, It s assumed that one nucleon (proton or neutron) emits a pk
mesaen of rest mass energy 135 MeV and other nucleon absorbs it. Estimate the range of nuclear force,

Solution: Let me assume that the nucleons are protons. You can very well take them as neutrons or
one proton and one neutron. In this model when a proton emits a pi-meson, the proton remains the
same proton, it does not convert lo @ particle of smaller mass. This means the reaction is

p =+ p + meson. [i]

«2.5x 1072V,

Thus,

But this means an extra 135 MeV of energy is “created”. This is an apparent violation of conservation

of energy principle, However this meson gets absorbed by the other proton as the meson reaches
there. This reaction is,

p+ meson-—+pP. i)
Again there is an apparent violatlon of conservation of energy principle. But if you take (i) and il
together, the energy remaing conserved. This means, the violation has taken place for only a time At

taken by the meson to cover the distance between the nucleons. Quan eciaciios slimi yoiL 45 e

B
AE k. Th Al w— i
80 09 MEIE as Al = s Al AE . How much dlﬂ-lﬂ.l"l.'l:l_' can the meson travel in ﬂ'l:iﬂ u[m? The
maximum it can go is
[/}
oAt = c _ 1240 eV nm
AE  6.28x135«10%V

Thus the range of nuclear interaction should be about a femtometer

= 1.4k ln‘ﬁnm - ].D‘-t-sml

1. A spectral line of wavelength 600 nm hos n natural linewidih TN >
stnte from where the tmnsitions have taken place, - Estimate the lifetime of the excl!

. -9
2. A neutral pi-meson has lifetime of 4.4 « 10 % 5 and a rest mags o Ans. 1079
in the rest mass encrgy to the rest mass energy itaelf, 3 MeV, Find the ratio of the uncertamn®
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135

aclta particle hae a rest mass energy of 1236 Mey with a spread of ah ;
: Anm, 5.5 % [0 g
- I - :.
- i ticle of mass 10778 kg has wave function wix) = Ae a EhP:I

af time ¢ = 0, where a = 0.2 nm and
P =102 kgm/s.
]

ja) What is {P:} v

it} What 1= the uncertainty Ap, in the momentum?

[c) What is the uncertainty AL in energy?

{d) At what time will the peak of the wave packet reach xg = 1.2 nm?

[¢) Estimate the time At taken by the wave packet to pass through the point xp= 1.2 am.
() Find AE At

Ana. (a) p, (b) ha () 0036V (@ 1.2x107"3 () 10715 (0 3241070V s
5. Let @), |#2) be two eigenfunctions of the Hamiltonian of a particle corresponding ta the energies Ey and

4E, respectively. The wave function of the particle at time ¢ = 0 is Plr}z::;{f'ﬁ}ﬂﬁ:l} which is an

sigerifunction of an operator A with an eigenvalue ag . This operator cormesponds to an ohservable quantry a
{a) What is the probability of finding the value g if a measurement of a is made at time {=07
(b} What is the probability of finding the value og if a measurement ofa is made ot time 17
fc] At what minimum time 25 should a measurement of @ be made so that the probability of Gading the
value apy Is zero?

() Find the values of {E} , {55} and AE at time t = 0.

d
3Egt ah 5Ep ”_&lli& 'ﬂ
fe] Find (AE) g . Ans. (a) 1 [b)cos® = (6] 5~ W=7 A e 3 .




the probability of

a given time is described by the wave function wix],

!Ed.r.lnlhr
le in the volume dr at position r iy

If the state of a particle at

finding it in the range xto x * dx is given by dP = jwix
he probability of finding the partc

c¢ dimensions, the wave function is

written as () and |

dP = |wir}’ dr .
The probability per unit volume

in called probability density and is denoted by pfr).

{11.1)

plr) = %—f = jwtrl-
calculate the probability of finding

the particle in the whole of the space, it must be 1. As time passes, the wave function changes and the
probability of finding the particle in a given volume may increase or decrcase. But if the probabiliry
increases in a given volume, it must decrease in the rest of the space. In certain sense, You can

imagine probability as something that ean flow from one re gion Lo another,
It turns out that this concept is very useful when we describe a beam of particles moving under

different force fields. Belore elaborating on this, let me describe how we handle flow of matter from on¢
region to another in fluid dynamics,

Probability of finding the particle is a conserved quantity, If 1

11.1 Current density in a fluid flow

Suppose a fluid flows through a region. Al any point
velocity v and passes through it. Construct a small area dA arcund P, which

P (Figure 11.1), the Quid ammves with a
is perpendicular to the

velocity v. An amount dm of the fluid crosses the arca dA in time dt We
define current density J at the point P as 4 _
.,_ I e ¥
alrri [ ¥V —_—
J= — 1.
e s .
What is [v/v}? It is just a unit veetor in the direction of the velocity at
point P. The magnitude of the current density J is ——
dm s
Jepl= 2 Fig. 11.1
(cbA)(clt) g1

which is the mass flowing per unit time through a unit are ndicular irecti
The {luid Nowing through the area dA per unit time is n'mfd? E"Eﬁ eRmamert

You can work out the expression for the current density in _ o
pof the fluid. I have done it for you in Appendix-2. 1t is ty in terms of the velocity v and the densi®
g (1.3

Each of these quantities, J, pand v can be a function of apace point ¢ as well as of time & WHIE
polr, 1] gives the density of the fluid at the point r &t time 1, vir.t] tells how the fluid is MoOVINg  here

and the current density Jir,t] tells how much of the fluid crosses per unit time through an arcd

around r.
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, ept i used o deline 1)
Eln'lllﬂl'-l'ﬂl'bl." e ebecinle eurrent desis
“Jl B tmqﬂ_[l:.‘lh'l“ wii ""d thig dedth st b ”ILF:]H; u::- I Yhaere wre Tree &
i falin |w

antity ne is the charge per undl volume of thene jree
the M pefore. W hene iree

il e trtms goer unit
e R vurrent dennity J = pew

I L E
TATER .jll (Y] Wi 1 i i
RN EETTE 41 ¥ Jee PRRRErE fil g0 Il'lb

=¥ i
inuel o anen oA
Now SUPPOSE | cons u b which in oot perpenid)
is 1i , eriliouls
_guppose It 18 tilted Trom the perpendicubu plane by an uu: W2 b livectin of the Roaw (Figare

]tj] i Ii' i’ 1
makes the same unrgle o with the velocity. The prefec i ol dA : 1I1I“ prrpendicular to the arce
yelocity <1l have an aren dA costd The Mubd (hat posses Waragh 1) " e Plne perpendicuins 16 ihe
2 FLE e L e e
pi'ﬂ.if'-'lh“ dA costh Thus the Tuid passiog tirough dA pec ans e m”r 4 A winy pasnen thiough the
dM _ HeAcond).
dl fi) -
me construct o vector dA having magnitude equal 1o the aren dA =
and the direction townrds the normal to the aren, “This aren s colled ¥ >
(he area pectar corresponding 1o the aren dA. Bguetion (i) con then e -
wrilten &8s -
dm -
e 1.4 :
-

11.1.1 Equation of continuity

Consider an imaginary closed surface S (Figure 11.3). A volume ¢ is bounded by this tlosed
surfece. A fluid can flow into this volume or can leave it Consider o point P on the surface and an area
da around it. The mosa of the fluld lenving the volume through this area, per unit ime, is J.dA where
J is the current ﬁ::na{lr'f, at the point P and dA is the vector hanving
magnitude A and irection townrds the outward normal at . The total
mass of the Muid leaving through the entire surfuce 5 will be egual 1o

:[l-dA. The circle on the Integration mign tciin that the integration -

]

should be performed on the whole closed surface 5 bounding the

velume r. Note that J.dA may be positive ot some places jwhere the

fuid is leaving) and negative at some other places (where the fuld is X -

entering). The integration gives the net amount of Muid leaving through

the entire surface. g r
But the total amount leaving through the entire surface should be

equal o the decrease in the total mass contained in the volume r. Thus Fig. 11.3

§J.dA gives the rate of decrease of the mass in this velume. The mass

=

of the fluid in the volume r at time tis
M = [plr, t) dr
T

: e M
and the rate at which it goes out is =5~ Thus,
dM
J- T = —
Pik=—F
(1l
u" l;.l-d_.t: I—n'—]-rﬂ!r'f'dr|
Y g o have studied i

' 4 1 1
and the RHS 15 @ volume integration, You migh have 4 volume

The LHS is a surface integration theorem which relates su

"o calculus, a theorem called Causs dfugrgmlct
lions, Applied to the current density J, IL 15

____—
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i
fa-da = [V dr &
L] r
where V.J , read as divergence of J, 13
i a i
Vidm i, ¢ EJH bl
if we use Cartesian coordinates. From (i} and (i),
&
- —ple, tjde = (¥J dr
! FTLAL rI
or, {[E+?-J]drrﬂ.
r dt
Since this equation is valid for any volume r,
-ﬂj—tbFJ m{) Ili.ﬁ}

for any point r. Equation 11.5 (s called the equation of continuity.

11.2 Probability current density

You may have guessed why 1 am talking so much of fluid mechanics in a book on quantum
physics, The probability of finding a particle can be shown to behave like & fluid that can Mow, Is &
conserved quantity and follows equation of continuity with proper delinition of pruha':rmt}r current
density. Let me first work out the expression for probability current density in one dimension.

The probability density is
plx, 1) =t tff =9 i, twix 1),

ap By . Dy
= i s

Tk, a at i

Using Schrodinger equation on the RHS, the above equation becomes,
o 1 1
i T Hip| w+w I.hHHx}

1 n_'l ﬂz - L 1 h! -I‘F!P'
] e e 2l E .
m{ o iy g ] g w]+m[ e axz-b‘.-'{.t].p-p

dx

h[ﬁ ﬂﬂw']

“T2im|” a2 "

al A +8p  dw
n_ﬂx[ﬂim{w ix P'MH

Writing the quantity in the square bracket as J,, the above result becomes

& .2 1 w0,
at  ax :
“This has the same structure as the equation of continuity (Equation 11.5) in one dimension. Thus
W[ eow dy
m— W —= 11.60
Ve = oim ["" ax | bx ] (

presents the probability current density in one dimension. The corresponding expression in three
re

dimensions is
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J=ﬁ{w'?w—uﬁ'w'l (1.7

= z 0 -
L A L - -
where Vi =lg @+ io ¥ +k5z " is the gradient of y and is read as grad . Equations 11.6 and 11.7

can also be written as

i L] ﬂl:l:-"
g =—1 bt il
, mig E'I] {11.8)

h .
ol J=;Im{w ‘i’wJ. (11.9)

11.3 Beam of particles

50 fﬂ.r wulhmm mfml'dm'i a single particle as our system. In many situations we work with a
beam of identical particles, the particles moving one behind the other with the same velocity. For
example, in a cathode ray tube electrons are continuously emitted from the electron gun and move
towards the screen. In an accelerator, ions are produced at the ion source and are accelerated to a
high velocity. A beam of such particles then falls on a target material where the interactions are
studied, The number of particles falling on the target per unit time is called the flux. You can imagine
any cross section in the beam and look at the number of the particles crossing through this section
per unit time. That will also give the flux in the beam. Suppose the number of particles per unit length
of the beam is n and each particle moves with a velocity . What is the fux of the beam? Consider a
part of the beam between the sections at A and B as shown in Figure 11.4. The particles are moving
towards right. Let AB = wdt where di denotes a small time interval. The number of particles in the
beam between A and B at a given time ¢ will be equal to nuedt A - vdt -
particle at section A, at time t, will move through a distance vdt in the b RN LNIRnRER:
next time interval dif and reach section B. Thus all the particles which  Ssmsi B sisiiiiiiiiiibas
were contained in the part AB at time t, will cross through section B SRRt iaiinhiniit e
in the next df. Thus the number of particles going through section B
in time dt is nvdt and hence per unit time this number is newhich is Fig. 11.4
the flux of the beam.

Suppose all the particles in a beam move in the same direction and with the same momentum,.
Also neglect any interaction of the particles among themselves or with other objects. Then the wave

functions of the particles at t = 0 may be approximated as Ae'™ ¥ The phase constant ¢ may be
different for different particles having no correlation with each other. It rums out that for several

caleulations we can neglect the variation in ¢ and take yix]= Ae'

the beam going in the positive x-direction. The probability density lelx}” is then proportional to the

number of particles per unit length. The probability current density is proportional to the number of
pa-rﬁ'l:]E'H Efﬂﬂaﬂi‘!‘lg lhl’ﬂUEh the Ei“fn gection per urnit ﬁmﬂ, that iﬂ-. the flux in the beam, Let me

illustrate this with the help of an example.

EE—————————

Example 11.1 o
A beam of identical particles going in the x-direction is represented by the wave function

as the wave function for whele of

L px-Er

wix, t)= Ae’*{m > h

Calculate the probability current density and comparing with elassical expressions, check that it
is proportional to the fiwx of the particles m_tf're beam.

Solution: The probability current density is
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J:i 'L-wi..-l.J
Mm s il
i : r|l -En

o i ) e g LR

Dim I ‘
L

or, o =]."5|-|2£. )

m

i i
. = =lpx-El| [~ Et)
Also, |pix,tf' =A'e P eV T P,
Thus, |A]® is proportional to the number of particles per unit length and p/m is the velociry

The Mux of the particles in the beam is nv where n is the number of particles per unt lengp
and v is the velocity of the particles. Thus the probability current density Jis proportiona]
the flux of the particles in the beam.

11.4 You learned in this chapter
o The probability of finding a particle is a conserved quantity. Depletion of probability m
one region is accompanied by its increase in the adjacent region,

o The probability of finding a particle can be treated mathematically as a fluid which cas
flow and which obeys the equation of continuity.

o The flow of probability is poverned by probability current density given by

h s iy dyr' a i h . .
J Fo g — —_— e —— i P = i
i [w i W e J in one dimension and J Sim {4,.: V-V j:_n. thaee

dimensions.

© A beam of particles can be represented by a wave funetion wix, t). The quantity iz fl':

is interpreted as being proportional to the number of particles per unit length of the

Ee:un. The probability current density J then represents the flux of the particles in the
cam.

Solved Problems

x?
1. Compute the probablliity current density for a Gaussian wave packet Vi Ay o " s Pox e -

classical relation «f = .
2

—-'t—FhI
Solution:  w=Ae @
x 2
e R dy 2x i\ -3y
r X s Ry | W . A 7%y Pk
Sa, w=Ae " and = .-"’n{ ﬂzih_pﬂ]g a’ A \
ar?
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Taking complex conjugates,
dy’ o Ax 1 A
— =" ———— it
F-I'.ﬂ i | I: ﬂi hﬂﬂ}ﬂ'
b «dw_ ap"|_ a 2ipy = E_ o
= ’ Ld 2 — 2 :
J = =TT i e [ = — s a - [ ="
s Elm[mr Bx T e } Hm 4] i jAl" e =
20
3

The probability density is p =y’ =|af e @ _ Also, 22 may be taken as the velocity of the wave
m

packet. Thus J is of the form pe. Note that all ealculations are done at a glven time s0 i fox is the

game as d/dx

1 5
2. Show that for any normalized wave packet In one dimension, [ Jix)dx = {p,}/m

iy

b h o o s o =
Solution: | Jix) dx = — H’ ¥ - [w—p dx
—% =

2im| -,
=L fur 'I![‘ihi‘]w[j’] [ el {i'
2im —[ﬁ

where c.c. 1s the complex conjugate of the first term. Remember, all operations are at a particular time
t and =0 | am writing d/dx in place of 4/8x Now the integral in (i) is nothing but {p,) which must be

AT i i .
real. So the first term in the square bracket IB?-I:p;:I- and hence its complex conjugate is - {p,_} ;

o R {P

Thus IJ[I'!d-‘-'=2—[ { r:'] =

3. A wave function wix) can be wiitten as @ superposition of two wave functions vilx)= Ae™ and

walx) = Age™ % where A; and A are real constants. Lel plx), pylx} and p;x) be the probablity d o

Jix), Jylx) and Jy(x) be the probability current densities comespanding to WA T
wixl, wylx) and pplx) respectively, Show that Jix) = Jy(x] = Jalx) but plx) = pyix)+ ealx).

dyr

Solution: wix) = p(x)+ palx) and Jix}= -.rr_llm[v EJ

The wave function is given at a p.‘arﬂ[:l.ll:i.l‘ time, Hence I have used the symbol d/dx. Now,

L P

P dyy  «dyy
. I z —— —
=“‘:{:r+w’d:”"" de "2 g
- « dry v oy
Thus Jlxl—rlm[ﬁ"_:'*"“ de J+_""[ Y1 e *"’E:'L]

dya e dyy
-J:lx‘.l+-fn{rll+-11‘ﬂ[*’|j;'*'l’2 . ]

Let me evaluate the part in the bracket.
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{‘ju;ltﬂ-l 1
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el . . . 1 1._j._-|. 'll'l.l.i l_ii:_ . ‘_‘1=h-l-|"|-l.
: ax V3 _ aa ., walx=ant ¢ by
v lx)=Ae ! 2
- ada i e ] = -2 A A.k{sin i)
Thus ;{Jd“,y:iﬂ=r|h4lﬂ,g'ﬂ‘* kA A - AyAyikisin 2kl 142k x)
; i 1y

Its (maginary part is zero and hence Jix)= Jylx)=Jabxl

The probability density is
olx) =y (2 vix) =[v|' - li-":_*il""': w1l

- = ) "
=y ¥y~ 2w + W2 = V2R
- . |

|

& &
= mix)~ palx) = | vz = ¥2VL |-

Now viva = e X Age ™ = Ay dge

and paw = A" A = Ay et
Thus the term in the square bracket is,
AAy (e + &7 ) = A Ay 2eos(2kx).

This is not zero for all © S0 plx)= mix) = pix).

EAERCISES

1. What is the 51 unit of probability current density in one dimension? In three dimensions? . 3

2. Two separate beams of identical particles are described by the wave functions, wy = ""l‘"k" il A,
Find the ratio of the flux of particles in the first beam to the second beam, ",,'1,:1]_
ATk

2. A beam of electrons and a beam of protons are
: deseribed by the . :
mmdm:mmarmumnhEthﬂuﬂhww; =ame wave function H'[J:'Ia-.lr‘t"-l'md-"'
beam. Al

4. The wave function of a beam of particle in a certain region is described by oo
- W

r et ) i
probabilicy current density Jix). (b ] = ALf'h i J ja) Find the

Find the ratia of
the number of Particles going in the positive r-daeed®

o those going in the negative x-direction, 3

Ans. (a) -15/A7 Ak /m (4100

5. Calculate the probability eurrent density J for a three-d; '
imeTisinnal way

d. 1édz 1 @ g

Fo=—r+r——»=0+ —ap which i
Y& ree ranecgT "ochis the cxpression for ¥y in spherical potar
polar coordinates.

wit) = (A [ r]e™ . Use

11
LILF

ans, |'t|:|_: e
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& The wave function of a particle is given by er:%;,;p[_ﬂa,i;mx . Find the probability current density
g a @

Jix) for x < 0 and alse for x > 0. Show that it is continuous everywhers although wix) is not differentiable at

-2d 'a
lor all x

Fof
x=0. - am

7 The wave function of a particle is ¢ (r)= Acoskx. Show that the probability current is zero everywhere.
Explain your result on physical groundsa,

4 The wave function of a particle is w(x)= Ae®* L Be ™% for x <0 and y(x)=Ce™ ™ for x>0, Here k a:n.d
k* are real and the potential do not make any infinite jump. (b Show that the probability current density |18

1, Ky 1 _5’_]
same everywhere, (s} Find |A/C| and |B/C] in terms of k and k. #ﬂ-—ﬂ-lh;].all .

g, Show that if the wave function of a particle 18 real. its average momenfum must be zeTo



tates of a Particle —
Well Potentia]

Bound S
DEEP Sq‘ﬂﬂfﬂ

d dent Schrodinger eguation _
12.1 Time independen E values and eigenfunctions of the aperatgr

ortant are the cige :
sl en system. The eigenfunctions M} represent very

amics of a giv J ;
em remain constant as time passes, The

s of the sysi :
possible values of the energy of the system which an

eigenvalues E, of the Hamiltonian re .
energy measurement can give, The eigenfunctions |4} and the eigenvalues E; also FIE_‘}" key role in the
time evolution of the state of the system as you have seen earlier. You remember, in Chapter-9 we
described how to solve the Schrodinger equation

By now you must have realized |
Hamiltonian in describing the dyn

n which all measurable quantitie

special states i S
prese

- l.-'l
H|w} =ik ;1-'|-,.-r]-
values and eigenfunctions. And how do I get the

The solution was written in terms of energy cigen
for a system? This 1 obtain from the eigenvalue

energy eigenvalues E; and energy eigenfunctions |é)
equation for the Hamiltonian
H|¢) = E|#).

This equation is called the ime independent Schridinger Equation. In this chapter and the next [ew
chapters | will dizcuss different physical situations and solve this equation for those situations.

(12.1)

12.2 Bound state potentials

A particle not interacting with any of the surrounding bodies i I
there are forces on the particle and the motion of megpmtirzl: iﬁe. ﬁveeiniém;ymzkiﬂ?;t&nﬁ
conservative forces, one defines potential energy Vix) [in one dimension). In quantum mechanics We
do not talk in terms of forces, rather we talk in terms of the potential ene And ber
quantum physicists call it patential. The Hamiltonian of a particle ﬂubj-:::t:dgr:u a F?E;ﬂr:]m;:ib l-"-

wTritten as
HI 2

d
H=K+V=- — ——
2 23 Ve

and the time independent Schrédinger Equation is

HE d‘l
_Ei—tzﬁxh\"'l-‘-‘iﬂlhﬂﬁxl.

The possible solutions of this differential equati ’
- o o o

function give the energy eigenvalues E; and tiﬁtnfu:c:?;:iﬁ:';r the conditions for a realistic W&

Different situations of interest may be grouped i .

ped int o

confined to a finite region, outside which its absslute ﬂm;’iﬂsﬂﬂﬂca. lrf one, the eigenfuncio? =

bound states, and potentials V{x) capable of producing bound stm:upa r&p:ll: E-I.IE:dET.ﬂtEﬂ- m;m.s.
% Are ca B state polc

In the other category, the eigenfunction extends to infin; =
state. In this chapter, | shall discuss a simple case of I;T;E“:I::E:‘:tilun, Such states are called unbﬂ“"“!

In classical mechanics, a bound state results when

e i
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(n) the potential V{x) has & minimum as you plat t, and

b} the total energy E of the particle is larger than th a
minimum, I‘:-ut lower than any maximum on n:'ﬂht-:h sldt
of the minimum. In such a case, if you draw o Iin: BT
];uu[l.lll:l to the x-axis at this energy, it will cut the Vix) - /
curve at two points above the minimum, : I

_ngrc 12.1 shows a typical case of bound state potential, The EII :
particle {8 confined to the range x; to x;. Al any point outside \

ihis range, the total energy E is less than the potential energy V
and this woul & TeqUe the kinetic energy K = E - |/ to be negative.
And that is unacceptable in classical physics.

o = e

| i X
Fig. 121
In quantum mechanics also, the potential V(x) should have a minimum in order to produce a

bound state. However, in this case, there are some major differences in the behavior of the particle as
compared to what we have in classical mechanics. [ wish to focus your attention to these interesting

differences and hence wish o keep the mathematical complexities at W
the minimum. | will therefore start with a class of simple potential an_

W Wl
junctions called square well potenfials. In these, the potential function .| |_ h—rl_
is constant in & certain range, jumps suddenly to some other value and x
remains constant again in a certain region and so0 on. Figure 12.2 Fig. 12.2
shows some examples of a square well potential,

Though a sudden jump in potential from a value V) to another value V; is not realistic, it is not
difficult to arrange for a steep change in potential. Look at the
gravitational potential energy of a ball falling in a tumbler from its
edge. As the ball falls, the potential energy decreases by mgh in a

x

very small horizontal length. Stecp changes in potential can also W W
occur for quantum systems, When two wires of different materials « "
are joined, a potential difference is developed across the junction. Cu N
As an electron moves from one wire to the other it encounters a Fig. 12.3

steep change in potential energy.

12.3 Boundary conditions at a sudden potential jump
Yeu know that any meaningful wave function of a particle must satisly certain conditions such as

fa) It should be continuous everywhere. For any point xg, Vi
—g}= Lt wlxg +£).
:l:!l'.l?lxn e} .-.'--1--|:|4'|=lrt o }I—J’_r
{b) It should be finite at all points in space. -:
fc} It should be square integrabie. i 3
These conditions come from the Bom interpretation of wix] in terms of Fig. 12.4

the probability of finding the particle in a given region and have to be
satisfied in all conditions, even if the potential jumps suddenly (Figure 12.4).

] Id be
Apart from thesc, there is some restriction on the slope dy/fde. | “'_1“ B th;“ I:hi!:mf:r o
continuous everywhere, unless there is an infinite jump in the potential. 1 will €0 HC @ near
“ationary state  @(x) which is quite sufficient because any wave function can be W e
m’l]'llﬂil.'lnlinn of these 'ﬁ!xL
A stationary state wave function ¢lx) satsfics
3 g2 fil

i Vix) Hx) = E #lx)
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|48
4 Eyrr gl i T clx
] L | 478yt - | [E - Vix)] #5)
' m _ alx? Fay
- W1 ™ 7 | - vis)l e dx
. Foni | el Piy En v 5mﬂll qusll'ltji]". Now BUppose ¥

nd & is an inﬁnih:.'s.:'mall

: { E. Vixi
x,. Each © . .
' o value im0 the range x; 0 ‘ﬂ*"mﬂlﬂlmn

de and will go 10 ZEM0 A5 £ EDES o zery,

where x5, is sy particular walue of x @ and @lx) is then finite and henge

changea by nt most o linite walue nl x=
[£ - Vie)|@¢ix) will have some maximum absolut e
on the right hand side is therefore lesa than £ As IO E

Thus
) gy 18
-.!'_ E‘M o0} pag -0
P ale |,
oy | g
- - [A |— :
b de |, ..+1'_|IF1'.-II_,”.‘

Similarly, by integrating equation (i) from % - £ 10 X, you can show,

afl | o fs .
.:.[;.-jﬁ o0 X |, _.

3. the left hand limit, the right hand limit and the value, all are same at x = X;. This means &

must be continuous il ;. | have assumed that Vix) remains finite in the range x5 -¢ 1o X+ £ i
the potential jumps at x « x, by an infinite amount, the above assumption is not valid and the

continuity of EE is net puarantesd. Thus the fourth condition on the wave function is the following

(4} The slope of the wave function is continuous at all points where the potential is continuius
or makes o finite furnp.
The cunditions (a) te (d] are called the boundary conditions on the wave function.

12.4 Infinite square well potential

]
A very simple squuare well petential is given as | ]“
Vig)= = for x= 0}
= () forle x = L Vs V=0 yeu
= for x> L
The prtential ia zero in the fegion 0 « - g i
. o x< L and is mﬁ.mty t'tr!r}.whm __'_.___.—-—-'I""'_i

tlse. Thin in called an nfinidte square well patential
petential |t is alwo called a box potential and the g.itu;ti:r: ifw:! 1 m”“d“ﬁ 0 Fig. 125

a ene-chimensional box. The name comes from the ysyal property {II!:: I:rmr.etn keep things within I3
place a ball in & rigd box, the ball can move anywhere inside the box byt ti=' mlfm 1 it tries ¥
come it theough a wall, the wall exerts a large force 1 iy : cann'_:e l:::u o eeds inf
arnount of werk tn penetrate the ngid wall, hence we say that if Th&ﬂhﬂlllntﬂ I-and noes oul. i
peatentia) enetiy becornes infinite {another way of saying that it neve P'El'l-i.‘l.l'ﬂ{l.;:r unr-;:iim'-'“sjmii,
berx petential beceanes infinite at <0 and at x= [ The particle =X EDEFI:::EI.' el 4%
and cannot cross through the end points. In the TENge D < g < f th.euEII iﬂntlim = iz consta
implying that the particle can freely move in this region, Thys et E::: umf:i‘;nﬂg{nnﬂl bas.

.mrf”‘ |
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12.4.1 Energy eigenvalues and eigenfunctions
The Schradinger Equation for the region 0 < x < L (inside the well] is

M d*pix)

BT = Eix)

d?¢ .1 2mE
ar '—2“'"- #g=0 where k=4 3

you must have encountered such a differential equation in many contexts. One is simple harmonic
maotion of a spring-mass system. The solution of this equation is

#Mx)= Asin(kx + &£} for0<x<L, fi)
For x < 0 and x > L, the wave function must be zero, because there is no chance of finding the
particle in these regions.
#x)=0 for x<Oandx>L. {ii]
Now apply the boundary condition that #x) should be continuous everywhere. Doing this at
x = 0, from (i) and (ii),
0= Asinc. ii1)
can I take A = 0? I7 | do that, the wave function will be zero everywhere. If the particle is there, the
wave function should be nonzero at least somewhere, making A = 0 unacceptable. Thus from (iii),
e=D
and the eigenfunction in (i) becomes
#x)=Asinkx forDcx<l. fiv)
Now apply the condition that the wave function should be continuous at x = L From (iv) and (ii),
sinkL =0
or kL = nx, where =1, 2,.:::

We do not take n = 0, because that will give K = 0 and that will again make the eigenfunction zero
everywhere (check from (iv) above). Also | have not included negative integral values of n because g{x)

obtained by using these will differ from those obtained with positive n only by an overall multiplication
by -1 which will not give any different state of the system. Thus

Kwons ml; R {12.2)
L
G 2mE nx
P L
2.2,2
n=x~h
or Eﬂ :m“? g N = L 2, i, SRR [lz.a]

| have put the subscript n to write the energy eigenvalues to clearly identify different eigenvalues.
;fhtu are the only possible values of energy for a particle trapped in a deep square well potential. The
UWEsE energy

18 called the ground state energy and other energies are the excited 1 i i
; state energies. Th functions
43 pven by equations (iv] and (1) above are, ke oh-in

ﬁ.{:l=ﬂ..uin%£ for O<cxe<l
=0 otherwise.



1]

irement that
The normalization constant A« can be obtained from the require

[ [l dx =1,

2 i -
. = [Z . Thus, the eigenfunctio
Thia gives |.r'l,,|=--§. Choosing real positive value, An "||L. N8 of ih,

Hamiltonian are

Fnlx]iEuinEF for O<x<l [12.4)
s 0 otherwise

forn=1,23.... ; z
So the minimum energy of the particle in a decp square well potential is E;, (Equation 12.3), |y,

particle has this energy, its wave function will be #(x} [Equation 12.4). Similarly if the pastie iche iz
energy E, , its wave function will be g, [x). Remember, it is not necessary that the wave ﬁ.:l.ncuu? of the
Pll'tiﬂf is one of the energy E'iEEI'I.[I.ITlfHﬂﬂﬂ- It can be a aup:rpnuiﬁ-nn of the energy E]Eli'l'lﬁ.l nctions, g

that case the ene of the particle will not be b
definite. e ¥ oy LS|

Figure 126 shows some of the energy .-"\ i(\ [\ ."I"III' JJl \‘

L = Pu i nei -'II iy n=4 O b= '
eigenfunctions, the probability densities |;i,|l-11:]]2 T i Az
and the eigenvalues graphically, For the lowest \J ol
energy state, the wave function vanishes at the
ends and is maximum ot the middle. This means _\ ,l'/\ /\'

the particle has maximum probability of being LN i
found at the middle. On the other hand, the wave \ 'n'r * ‘

¢

function vanishes at the middle for the first

excited state. Thus the particle will never be = /'\
found at x= L/ j ; L
nd at x = L/ mrlwﬁr:exdlednlMe .\"'1 | gy £ | L
Note that the slope d'—: is discontinuous at 0 LroLo* | L2 L& !
Fig. 12.6

x=0 and x=L, This is because the potential
jumps by infinite amount at these points.

The allowed energy increases in proportion to n* as one goes for the excited states.
Orthogonality
You can check explicitly that different energy eigenfunctions are ortho —
T 2%
(e [a) = [ i ) by ()l = T [=in
- 0

T i P

| & _ .
*_J[mﬂim :}A'm: _mﬁlm+n}rxdr

La L
L

| sint=mhre® L (m 4+ njrat

L| T | T m

L o L o

As the sin function is zero for any integral multiple of r, all foyr terms involved in the above express®’
are zero unless m = n. Hence (4, |é,) =0if m= n,

It is useful to remember (M, n integers)
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L
Iﬂmmriiﬂ$dﬁ:=ﬂ ifma=n
o
L
camex, L
and 6[sm de_i'

These equations may be combined in the following form.

. . X L
[sin mxman.r = o Bonn

a

12.4.2 Comparison with classical mechanles

ja) There s a minimum energy

In classical mechanics there is no restriction on minimum energy. You can put the particle at rest
in the box giving zero energy. But quantum mechanics does not allow the particle to have energy less
than the ground state energy E;. The reason of this can be traced in the uncertainty principle. As the
particle can be found in the range 0 < x < L, the uncertainty 4x in its position is of the order of L. The
linear momentum is then uncertain by at least an amount /L. This means we cannol say that the
particle is at rest. So there should be a minimum energy.

L |
Example 12.1

A particle of mass 1 g is confined in a box of E-Er;tﬁlih 1 em. What could be the minimum kinetic
energy of the particle? b ' '

Solution: The minimum kinetic energy is the same as the minimum total energy il we take the
potential energy to be zero inside the box. Thus the minimum kinetic energy of the particle is

2
E, ...fL..5 x 10°%1 J,
2mi?

e e —— |
The situation given in the above example suits the description by classical mechanics. You can

never measure energies of the order of 10-% J with the present day technology. It is as good as no
restriction on the minimum energy and classical mechanics is good enough to deal with such cases.

(b} Energy values are discrete

The allowed energies of a particle in a deep potential well are seen to be discrete. If you measure
the ENETRY, it is either By, or E,, or E;, and so en. Classically, the energy can take any value but
quantum mechanically not all values are allowed. This is a general property of bound states in
fuantum mechanics.
[e] Nodes 1n eigenfunctions

For any given eigenfunction, there are certain values of x where the function is zero. These values
O points are called nodes. The points x = 0 and x = L are nodes for all eigenfunctions @, (x). Apart

from these, there [s no node in the ground state, one node in the first excited state, two nodes in the
; excited state and so on. The number of nodes increases, as we go for higher energy
Sgenfunctiong. This is a general phenomenen in bound states.

12.4.3 Mean values and uncertainties

Suppase the particle is in the stationary state |# ). Let us calculate the mean values of position
*1d Momentum and their uncertainties.
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(2] Position
The probability density |4, (xf" = 2 a2 L e gymmetric about x = L2 (Flgure 12.6), Henee gy,
L
mean value of xis (x} = [/2. We can verify it by actual calculation.

X [ & ¥ kg & nrx L

{zh= [ #alx) x fy(x) dx “J"'Exﬁlnz-—dx—-—.

Also {1} ST g 2% 2 anuz A 2
x5 )= [ﬂ_ﬂ[.:t}.l: #n [x) H_DII aln y =

The uncertainty in position is

if2
s
b) Momentom

; | i
The momentum operator iz Py =-ih— . The average value of the momentum in the state & (x) is

T _ip 2y, .nel  nrx nrx
(pe)= st -in eyt =(2)0) 2 Jain 2 s 222 g -0

and that of pﬁ is

% 2
(e2)= 1 ﬁlxl{—alfﬁf]mmﬂ=%a5’[’-'£fjain’-"—z£dx -y

The uncertainty in the momentum is
152
a'-F"a: =[{.ﬂ£}_|{pr_:lj] "nT”r'
The uncertainty product is

Ax Ap, =ngh ||-1___._1_
12 hﬂﬂj

For n= 1, that ia for the ground stale, it s abo
o EN " ut 05756, it i oo
than &/2, For higher cnergy states the uncertainty product I:;ﬂu':;_tﬂ;::g?: happ:,r & gt :

"-"""""—l-l'l-iq.-n-—--q

12.5 Density of State
The energy cigenvalues of a particle in an infinite deep square well potential are i iy
e EIVEen

b e,
n*hx
By = , m=1,2,9,..
"7 amy? i

Each eigenvalue is nondesgenerate and hence :
allowed energy values. Ir‘E:J':|r is very large, the T::rzﬂlsﬂ?‘:tﬁz:n@n::l :tm:::l Jml'l'ﬂpﬂﬂdm gt ,_-i.;h._n!' lf
and in certain cases it may be useful to treat them as 2 il plicn €3 differ by only a small L.-'-'-‘;;“
“how many quantum states (energy cigenstates) are there in the m:nun:m We then ask the EF-T:.'.E:-:'
number is d¥ , the quantity dN/dE is called the density of states = [E!:;:Inﬂ[:ﬂi Eﬂiﬁ i
¥ L] J
ant

of quantum states in the éneérgy interval £ to E+dE is Written as g(E)dE . So dN = glE) &5

hence the density of states is g{E].
To count the number of states (energy eigenstates) in a given energy in Lot me write &

encrgy cigenvalues given in (i) as
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a2
LS L
L
x ix Ax
Thus, k can take values T L and for each value of k, there iz one guantum state which

is an eNETEY :_igcnﬂm::lin:n . 1 show this graphically in Figure 12.7. What | have drawn is a k -line. Like
the number line that you may have learned in your primary classes, it is a k-line and at values

%'El.i'ﬂt” | have put a fat dot indicating the . - . " . . . - =
; sfL  2zfL InfL 4nfl SafL ez L

presence of an energy cigenstate. As our space =k il Aafl SsiL tajL il ¥

is assumed to be one-dimensional, k-line can Fig. 12.7

also be called k-space. Keep in mind that we
are considering a case when L is very large, ~/L is very small and energy eigenstates appear almost
continuously as you move in the k -space.

As k= F
. |2m 1 e ||'|'| =1 "
dk ‘“2:._5:!5_142&25 dE . (21

The energy interval Eto E + dE corresponds to the interval k to k+dk in the k-space. So, the
number of states in the energy interval Eto E+dE is the same as the number of states in the
interval k to k+dk in the k-space. But in the k-space, energy eigenstates are equi-spaced at an
interval of #/L . Thus the number of states in the energy interval E to E + dE 15

m 143 ]
I'—E dE
dic [wr"* _er g1 gn

diN = = =
l= /L) [=/L] Y 2n? 2
1 dN m 172
: 2 - E . 12.5
= L dE Eﬁzﬂ: { )

The density of states per unit length is therefore proportional to g2 db
Figure 12.8 shows this graphically. The density ol states decreases as you
consider higher and higher energies. You can easily see why it is 0. The energy

cigenvalues are proportional to n?. As you consider higher values of n, the
difference fn+1 -n2 =2n+1 keeps on increasing and so the spacing between
energy eigenvalues increases.

Fig. 12.8
12.6 You learned in this chapter
o The eigenvalue equation H|@#) = E|¢) for the Hamiltonian is called the time independent
Schrodinger equation.
o The wave function g{x] is continuous and finite everywhere. Unless there is an infinite
jump in the potential, its slope dg¢/dx ls also continuous.
= A hound state can appear if the potential passes through a minimum.

Bound state encrgies are discrete.

o For deep square well potential with rigid walls at x = 0 and x = L the energy
232,32

n
eigenvalues are given by E, = a 7 and the energy elgenfunctions by

Q
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dl}nthew-'iﬂfa
’111.1_1_ ﬁmil._: far D<x<L an

r-||.|-|

: m— tx=0and x= L
. tential with rigid walls
> Faor a deecp square well po SRR R nhx

(%} = L{2, Ax= L[-L- 11 . (pey=0 AP

Y12 2a'r*

1 A panide in a deep square well potential extending from x=0 o x=L has a wave functin

wlx)=—={la) - 2|4,)] where |4} and |¢) denote the ground state and the first eacited state wave function
3" = )
Find the !q!cﬂh‘liﬂ“ﬂxmmﬁﬂﬂtl

Solution:  (x)=w|X|w)
1
(| = 2{ ) X—= (1} = 2] %))
35 J5

=<[(@1Xla)+2(a|X|d) < 2( K| )+ +(ea|X|2)]

Now. (& |X|a) and (4| X|4;) are average values of xin the atates ié ) and L"i'é} and you know each of
them is L/2. (a|X|s) and (#|Xla) are complex conjugate of each other. The wave functions
@ (x). & (x) as well as the operator X are all real. So (@& | X|d) = (8 | X[ ) .

l 5L
Thus |~—~-4|'ﬁ|'~€1p1}] i
I r 3. Ax 2 2¢
Mow, (& | Xl = [ = = [ & il =YX
AR ::I-i f. 0 L!-u'ln 7 dx
1% X ox
) bk e

E
Purting in (), (x)=3-
1
2. Calculate (p, ) for v1xr=1_,—31'ﬁ}+h':.-}} where |¢y) and |g,) are the ground state and the first excited %
wave functions of a particie in a deep square well potential,
1
Solution: vixl = :Eifﬁ} =|éal)-

S0, {P:}={?|FI|F}
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y ;}5[{#1 [+ (a2} P :}5{!,.&}* )}
L1081 18+ 1P 0) + 1Py L)+ (P [23) i

wow, (#|Px|#) and (62 [Py |#) are the expectation values of momentum in the ground state and in
he first excited state and are zero. The other terms in (i) may be evaluated as follows,

(da|Ps|h) = E.#;E:}(_Mi}ﬁMJ dx

L
=%:—Em jnini':xi[ainﬁ]dx

L
Enx o T
Fasiniiniind - -it
2sin =

:l.ﬁrr
Ll
~thr

LE
-~ (8 [Py o) = (8 P ) =2

So by (i) (Pc)=0. |
Il you had solved the problems of the previous chapter carefully you could have answered this
problem siraightaway. The wave function yix) is real and a0 {pr} muszt be zero.

=

i
f
o
L
i{sin Ex.t”inﬁ]dxz Bif
AL L aL”

3. Let |¢he), |#,) denote two energy elgenstates of a particle In a deep squars well potential of width L. Prove that

(P20 = 22

; P

Selution: {gm|r§ ) = T[ﬁ;:;}[—fn%][--nu—]ﬁmd:

e

n2e2® 2L  mrx  nmx nixin?
= P Igam T sin T de = 3 ., B

Note that the %ﬂ. (x) itself is infinity at x=0 and x=L. But its integral across these points is
finite and multiplying by &, {x) itsell makes it zero. So no contribution comes from the end points.

4. The state vector of a particle of mass m In 8 deep square well potential, extended from x = Dto L,at i =015

l""m:'}“:,%ﬂﬁhi[ﬁ}l where |#) and |¢;) are the state vectors for the ground state and the first exited

2 mi?

z
a2 Cheteh the wave function at ¢t =0 andat [ =——

States. What will be the wave function at time ¢ = ah

Bolution: The state at time ¢ is given by,
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{ - JE - 5
f|=— g b 424)e ¥
wit) = —=||4) I#2)
; ;A3 2 r=0 E=12mL iy
Nowr, —-E-.Ejt=—i -l H_E.IH.L B —LT, 'E_ |
f homi*  =h . | Zedn
i ~ = g
S0, E_IEI! we ¥ wppse-ising=-1. 2ia), = |
] . 2,2 2 f . ] [ | .--"'_‘—h-__-
Similarly, __|._EE==_I4.|I & qm R T i _ o J ._.__,..r"-. b
A h aml?  ah ' W .
i [ fL 1] _'_'_"‘—T
S0, e_;Ej: =& M - oosdr - isindr =1. o
| / =
Thus, w{:;:zl?;[zrh}-m}]_ \_/ AW
i
Fig. 12.w1

Figure 12.W1 shows the sketches of the wave
function at time 0 and 2mi?/[rh).
5. The weve function of a particle In a one-dimenslonal box, extended from x = 0 to L, Is given as

12
wix] Jrj_r: orO0cx<Lf2-e w [
S LT A
L‘*l x| for Lf2+e<cx<L
=0 for x<0 and x> L.
L L
inﬂ}erargaE—etnE+E.ﬂmfunttﬁunp{:}ﬁsmmatu]ﬂm 0 -
L
smaooihly the two branches as ghawn n the Flgure. Take ¢ to be . '
Fig. 12.w2

infinitesimally small.

(a) Check that the wave function vanishes atx = )

(B} Check that the wave function s nuﬂﬂaﬂu;. e

(<) Find the probability of finding the particle In ground state |f an energy measurement is made.

Bolution: [8) Put x=0and Lin the given wave function and you get =0

L
= 2. L 3 e
(b) lerl=el” ex = -I—E.-:j-lir-r 2 :
Jlrtfae="1 3 J ptoace | fy(xf ac

In the limit e~ 0, this is,

i L ¢
==5+-§+El=l.

H-]HJ"

state.
()= | & ixiwix
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L
51J§ rx{lﬂ L [3 . xx |12
- — N — = — By —— | — - = gﬁizl
:{ LEIHL Lnxd.l:th JINHL'JL!'L x) dx o J|r-r
—
2

onee again 1 have neglected the contribution from the range -%—e to %4- e,

Thus the required probability is H':““I'i""HE ~96 /5",
Think, why did | menotion the wave function separately for the range %— e to %+ c?

5. The wave function of a particle In a deep square wel potential extending from x =0 to x = Ls

i) = 30x(x £)/1' (a) Find the value of i. (b) Check that the wave function ks normalized. () Find the average
valua of x In this state.

Solution: [a) Any wave function of a particle in one dimension has the dimensions of 1,"~.I'E . Thus i=

5/2.
o . L
M wlwi= | v {I}Hx!dr-%g:{x*ix—u“axﬂ.
- L
le) (x)= §w'lx)xwix)dx =%:{flx- LP dx = L{2.

7. A particle of mass m s subjected to a deep square well potential Vix)=0 for _Lex<L and V{ix]==x
atherwlss, Writs the energy eigenvalues and elgenfunctions.
Solution: The encrgy cigenvalues are

ﬂnnuﬁn
(2L)’

ln=]1:l3'l """

Fi

. 1
To get the corresponding cigenfunctions, let me change the vanable to y=E{x+L}- The range

_L<x<l isthe samens 0 <y <L .Interms of u, the potential is V{y)=0 for O<y<L and Viy)==
otherwise. The eigenfunction corresponding to the energy E, is

;,,{yj-.a“m“i”.
In terms of x, ﬁ;ﬁl]'ﬁn!inﬂ{zi;ﬂ“"ﬂ"m[n;;f +5§] For even value of m, inlxl"ﬂnain% or
. AXX
iy B ——
An 7=
For add values of n, ﬁixl'ﬁnfﬂﬂ;’: or -ﬁ“m%‘—.

Plus or minus sign does not change the state. The normalization constant A, €an be chosen as
2 1
-

Thug ¥ (x)= %ma% for a=1,3,5 ...
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and ﬁmfﬂ"f"E#lﬂ? for n=2,4, 6.0

B. A partlela Is in the ground state of a
is shifted 1o x = 2L, 50 a5 to make
energy of the partide |5 measured.

. hifti

Solution: The wave function just before the s
2 TE
o e = for e x < L
w(x) 1! Illa.h:l 3

=0 ntherwise.
This is the energy eigenfunction corresponding

deep square wieldl In
it a deep square
What will be the

- L . Suddenly the wall x =L of the ugq
lhﬂlﬁﬂﬁ.f:l‘;:a 0<x=2L. immediately after gy s
p‘::dl:mbllmr of getting the energy as the new Eround iy

ing of the wall 18

o the Emund state in the original well. When the wa)

is shifted, the new ground state wave function becomes,

!{;j =Eain§ for 0<x<2lL

=0 otherwise.

The actual wave function w(x) is thus no more an eigenfunction

of getting the ground state encrgy in measureme

of the Hamiltanian. The probabdsy

nt is ||.'|F|'|l:-’ll'|1 .

" L i 2 =
':lle}=iﬂ‘fllF{I}#-gEmn;—:EEmfﬁ

cos i nn!.:‘"—j:de

1 i[
IJE’.:I, aL 2L

L
Tx Arx
) 1 ai.n--L _uinT
1| = 3x
aL 2L
b ]
3/2x

Thus the probability is jidwf* = %_
"

9. Consider a particle of mass 10777 kg trapped In an
of the wave number k In the ground state. (b) How

100 nm-! (c) What s the density of states at £ = 3

Solution: (&) k = -!li . In ground state,

x_ d.14
.

=— 6.28nm™",
L J.'ZI.ErJ.ml =

Infinitely deep patential well of wid i
th 0.5 nm. (a) Find
ml:ﬂ]' states are there having value of k between 10 net ad
L

(b) For every interval x/L of k, there is one quantum state, The 101g) k-interval is
Ak=100nm™ =10nm™ =90nm™!
S0, the number of states with k value in the given interva) is,
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90 nm ™!
6.28nm"!

[here are 14 states in the given interval,

=14.33.

r]
2h 2
115 :
1020 <3 14x 43 V3x1.6x10°19

1 ” R
3.14x42x1079  [3 46.1071
=0.5eV ! nm!,

[c) Density of states is ETV2 At E=3eV,itis

The density of state is less than 1 in these units. With 0.5 nm wide well, the ground state energy will
be about 0.3 eV. Thus 3 eV corresponds to around n = 3. Here, the separation between consecutve
energy levels in more than an eV,

EXERCISES

u
1. An electron is contained in a one-dimensienal box of width 2 A | Calculate its minimum possible energy.
Ans. 11,94 sV

2. A ball of mass 100 g is kept in a box of diameter 20 cm. Estimate the lower limit on its energy put by the
gquantum mechanical nature of the world. Ang. = 10-83]

3. Let |¢) and |@y)be the ground state and the first excited state wave functiene for a particle in a desp

iy 1]
potential well of width L. Calculate {xﬂ} for the state wx|=4—,l_5=[|ﬁ}-z1¢2}] : Ans. E[hﬁl

4. Let |¢) and |@y) be the ground state and the first excited state wave functions for a particle in a deep

. 0 1
potential well of width L. The wave function of the particle at a particular time is w!xl=ﬁ[|.=h}+|#1}]-

S5xh

Calculate the uncertainty in the momentum. " A

S. Prove that (g, |PL|@,) = 0 If r Is an odd integer, m+n is even and |fin}, [éh) are stationary state wave
lunctions of a particle in a deep square well potential.

b. With the same meaning of |{ﬁm:}. |p5,.':| as [n the previous problem, show that {.;im|F;|ﬁ,.} = 0if m« aand ris
BN even integer.

2m ] R
7. Prove that ':"h|anEd'n}' =[n—in] where m is an integer and |@, ) is an energy eigenfunction of n particle
& one-dimensional box of length L.
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wal V{I]’ﬂ fior pex<l Mdﬂnﬂlcmmlm_%
i ite are well potent
E-..i.partirlenlmumlimanlnﬁn aqu e . mﬂ
: L : _mi?
3 ﬂi!-.‘.’_e—l—" rm;ﬂlbﬂutawnwﬁ.ln:n e
f =0, its wave function is yr{_::}n -I-I =4
1—![ % o
JL

i tiimef=0isas B
ox of length L. lts wave function & . UpeTposition of

9_ A particle of mass m is in a one-dimensional b 5 N
|ﬁ|"1 and is written as plx)= ﬁ[lﬁ:' _lﬁ}] Find the

the ground siate |@) and the first eacited state
mL?

Ans. L{.IL__I.'EE
expectation value of xat ime I'Tl .

: = = [ has a wawve
10. A particle in a deep square well potential extending from X Dt X funcoen

wix)= 30 xfx - L3,
{a) Sketch the wave function showing the labels clearly.

{b) What is the probability that the enengy of the particle is found to be ﬁrif[zmﬂ ] 2
Ang. (b} 560, verrelesszal

11. Calculate the momentum distribution function @ p) for the ground state wavelunction of a particle in deep

square well, extended from x=0 to x= L. Also find |ul[pf.
_ipL . 2 pL
lm"_
Atk ||n' l+2 * 4r 24

3 2 T ard &
VAL [5] _[_F] AL T 2 o]
o) "\ ¥ T
12. A particie is moving in an infinitcly deep one-dimensional potential well (0 < x < ). Aca N
particle is in the ground state of this potential and suddenly the wall at x - L & abifiad to x = AL falsie

the probability of finding the particle in the lirst excited state. Ana.

13. The stare ﬂfn.plrLiEll!-l:lll'IIEIIMMHdeel:l uare well 3

iy '[r;,;.q } aq potential, extended from x=0 o x=L, is gve= ¥
25 ﬁ*]“m“="“-['i511“ﬂhﬂt|wlﬂ]}hnurm:uud (b) What is the vahue of the w5

- 18

) L
ﬁjm:'hunp'[l'_]-&tx=—alﬂm:t:ﬂ?[c}'l.l-']: i 3
3 ﬂ.lllﬂ'u.-\l'ﬁ.lueul'{,r‘: at x _L_ ] _2mL gl
) =4 atmﬂet"??ld'lm
valu:auf.rfﬂrwhmrh:vatuunfﬂmmhmﬂiuniathenamuqtt.n and t Im?
T

1
Ana, (h) ———[] + i] fc) %[I_J‘- & oL

4 ; -7 YL\ 2
14, Cnn:_!der a particle of mass 10 kg confined in a one-dimens:
En&dll‘l‘bﬂ'l‘lﬂl?ﬂ‘.lﬂ madel of an atom of hydrogen gA8 sample ;‘ﬂ&lﬂnﬂ box of width 10 cm [vou can ihinic of 4
energy. (b Find the number of states having energy less the 1.;::.'1“?:: ;;:mnm, (a) Find the an-g::?:
urnit of eV-tmem-t. Ans, [a] 351020 : d the density of states at | 1
&V b} =5.8x10° (¢) 1.8 10%%eV B2
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Decp Squars Wil Pornnad i

A particle in a 2-D bax

i ] ich ig ?-dimenrioral and can Te Jesemies T DI Smenuc ek
L&t me imagne aimrldwh.u-__hﬁ <= T A, e
xmdy_mcp.uﬁcle'ﬂpﬂsiﬁnnlsdnmt:dh?:. y ard 13 izear Tomen o . B et _'n'_'r'—'
rplicati - s o 3 SIrTTSpandmE 1
mmwmgm:hmthanhg;mmmtjﬁmm. 3 SIETERD i
P, is —i.ﬁi and corresponding to g, i3 —ma"—u The wore Timroom o FSTT O @) WIUSDS =
. Ex £y = .
function of bath the variahles x and y. Partial differeooaCors aos Soe Te—iuae e ey _J;.::
considercd contain two variables rand g While diferenoaoog WIS FEIoeT T £ TN 3 i B TTOSTNTT
mdwhuediﬂcr:utinr.i.ngwi:h respect the gy, =gt @ad § COCIESL

The kinetic energy operator is

Rla 2]
= omlad ot

P12.1 Hlmﬂmnhn{nraparﬁckhmnmhm B

Consider a particle of mass m mrmdmrmﬂ:zaﬂlmrzza_:;;; H_Lr: 1“_
(he particle i inaﬁded:innqum,i:is&eemmsuesﬂit:;cmn__:. it 3 :_=
Emman}rnl'lfh: four sides, it is pushed back mo the squacs The sonemool porErE T SJUET IE 2
Sa,

Vixy)=0 if0<x<Land O<p<l
- -ﬂlhm.

You can write Vix,y)=Viz}+VIyl

where, Vic)=0 if0<x<L
=x otherwise
and Viy) =0 if 0<y=<L

=x otherwise.
The Hamiltonian of the particle is given by

h. & w82
Imax?  2m gyl

" g pa ]
W = + ——-—-—"Vf
[ 2m dx F{xl] [ mcy !"I

+¥ix) - Viz)

-

-Hl "HE

2 2 a2 2
whemHl--%i‘I*uu]mﬂ H“=_E-;; - Vind.
ex
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n_fn:ll:ﬂﬂﬂl
P12.2 The energy eigenvalues and eiges G
The energy eigenfunctions for this system are GF
Ay n, 5 1= s, (xh oy, ()
rive integers.

3 . RSY  and my,np &7C POSS
where ﬂ.l-f]-'Eﬁ“lF and ""'HIF\'IIE_M E

The corresponding energy eigenvalues are given by

En,.n, =En, * En,
where Ep= H::;f ;
S0, ﬂ.l.nilx.y}=% sin 27 sin "% P12y
B Enny = g} il +n3). P12

| have stated the expressions for energy eigenvalues and eigenfunciions withoul scivng e
clgenvalue equation. You can check that these are indeed the correct solutions by putting thes

expressions in the eigenvalue equation. Let me do this.
H thy m, 5 90 = [y = Ha] [ (), 0]
= Hy [, i, ()] = Ha [ o, (o1, ()] - @

a
oot
Now H.=—E#+F{.ﬂ. It has no dependence on y For differentiating with respect to £ == ¥

dependent part of the function is to be treated as constant So.
i [, ) [00] = [y 020] (1)
=[ B, 1x1] 4, L)
= Epn, th, (x4, (1)
Similarly,  Ha[d, (2) o, (51] = ) [Hy @, 1]
=t L5 [E".t"'la 1.!.!'?]
= Eﬂjﬁll "‘Hn: I_Ii'l .
So (i) becomes,
iy, (5 1) = By [4) 4, () + Eat (), (u)

= [Eﬂ.j + Eﬂl I*‘[uﬂ-}ix‘ y] -
This proves my statements.

different il ny # ny, but the energy eigenvalue is the sampe for

cases where nf +nj =nj +nj for totally different pairs of integers
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p12.3 Energy eigenstates in the k-space
The eNETEY cigenfunctions for a particle in a 2-D square box are

2 . mEx .
thay g (5 ) = i Sln-]Tnm% .

; : 2 .
you can wnte this as ¢, a4, (% Y= 5 sink,xsink,y.

The allowed values of k, and k; are

i mr st
ke, '-}.- and k, =—— (P12.3)
where m and ngare positive integers. In Figure P12.1, 1 K,

have drawn Kk, on one axis and ky on the other. The dots at  sa/L
the points of intersection correspond to k. k, vahues
sliowed by equation P12.3. Each dot thus corresponds 1o
one energy cigenstate. s
gg the energy eigenstates [in fact, the representative !
dots) are distributed uniformly in the k-space {only positive .,
yalues], You can see that there are four dots at the four !

corners of any given amall square and each dot is shared
by four small squares. Sg on the average, you have one dot

per small square. Each small square has an area {;r,.fi.‘,lﬂ

4nf L

nfL

nfL 2nfL dnfL dnfL SxJL E=[L k
and thus, en the average, each arca of {'-I'L}: in the k- Fig. P12 ’
space corresponds (o One eNETEY eigenstate.

P12.4 Density of states

To count the number of guantum states in the energy interval E to E+dE, | should find the
area in k-space corresponding to this energy interval. Once that is done the remaining task is simple,

just divide by (= /L)
The dots in Figure P12.1 that correspond 1o a given energy E will satisfy

122t »
E= #2 (nf + ﬂglﬂ-ﬁlﬁ +kj)
2mE
or, k2 s k? = . klir
" ky ﬂz InfL|— —1I-—
This is a circle of radius k-.ﬂ!:;E [see Figure P12.2). 4., e
Similarly the dots that corrcsponds to the energy e ) ™\

E +dE will lie on a circle of radius k + dk. an/x )'\ 5

= The dots that correspond to the energy interval E - 3 \ -
E‘_"E will lie in the aren enclosed between these e ?‘7 |E
two circles, one of radius k and the other of radius ) = L.

k- dk. This area is {2k dk). The factor of appears

gf L nfL AL anfr SmfL tall K
Fig. P12.2
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because only the positive values of k,, k, are to be used.

hk?
As E=z—r+—
g o i
= —[2k dk}
2mr
or vk dk s ——=dE .
e

Thus the area in the k-space corresponding to the energy interval E to E +dE is

1 1{ 2mx ma
<27k dk)= —| ———=dE |= — dE.
4[11 ] 4[ A ] 242

As each area of |z|,rn’ corresponds to one energy cigenstate, the number of states in the eneTgEy
interval E o E + dE is

The density of state is
E’. - [
dE  24%:
L%is the area of the square region in which the cle i
is confined. i
s o parti ined. The density of states per unit area
Lav . m
P dE 22"
Note that the density of states is independent of energy,

In the case of 1-D box, the density of - . o+
energy). For 2-D box it is Mdeptnl;::trgruﬁ- ;‘TEHE 18 proportional 1o E Hzfﬂ&ﬂ'ﬂﬂkﬂ with increase in

. calculate the DOS in the case of 3-D box in a later
chapter and you will see that it js proportional to E'Y2 (increases with increase in energy)




Even Finite Well Will Do— ‘
Finite Squarc Well Potential

An infinitely deep square well potential keeps the particle bound for any energy that the particle
ve. A finite square w:l! potential has a similar shape, but the depth of the well is linite. I have
such a potential well in Figure 13.1. The potential is zero in the :
~Lf2<x<Lf2 and V; outside it. | have purposely taken the range r._',

s -Lj2 X< L/2 because it makes the potential function Vix] an even ‘

can ha
showTl
region

function. You remember, a function ia called even il its values at xand -x oy

are the same. | will show that if the potential functien ia even, the ' : 1

Hamiltonian commutes with the parity operator and this makes the ;

solutions of time independent Schrdinger equation somewhat simpler. 1 0 L2 v
Fig. 13.1

13.1 Hamiltonian commutes with parity if Vix) is even

The parity operator TI is defined by its action on a function, i replaces each x in the given
function by —x. You have learnt in Chapter 8 that all even functions nre elpenfunctions of 11 with
sigenvalue +1 and all odd functions are eigenfunctions of [T with eigenvalue -1, Here 1 will show that

[, H] = 0 if V{x]is an even function.
For any function w(x],

H o L
M Hw(x)= "EFEEJr {x] |wix)

. n dgw[xi
_H[FE 22 + V{x)wix)

T gl _
=—:—mfi—§:=—'ﬂ+?{—x}wlvx!. (i)
Check that taking the double derivative with respect to X and -x are the same.
Also HI 2 @ e
' wix)= _z_mE'ﬁ+ {x) | Thyr(x
i
=|— E-”T-E + 1-"[.:1:}] IiD"l—.I]
b S R .
=__'.'_"..-d_".""_t_x_]+u[x}w|_.x],_ (i)
aIm  dx

If the potential V[x) is an even function of x the expressions (ij and [if) are equal. Hence
M Hy(x) = H My{x) for all w(x), giving MH = HI. Thus, [11,H]=0

As M and H eommute, they should have a complete set of commaon cigenfunctions. This means, we

an look for only those eigenfunctions of H which are also eigenfunctions of [1, that is, which are either
odd or even functions. Any other eigenfunction of H has to be o linear combination of these. If an
*igenvalue of H is nondegenerate it has to be either even or odd. 1T an cigenvalue is degenerale, We cAn

s€ even or odd independent eigenfunctions to form a complete set,
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1n
13.2 Eigenvalues and eigenfunctions of energy for a finite square well potentiy)

i 1 a hﬂ wi‘i“:ﬂ s,
The potential function V{x} for a finite square well F":'“'m:IEtl may

Vix) =0  for -LE2<x<La

=V, otherwisa. _—
its width is L. For a bound state, the total energy £ 18 less than Va.

anly for the cigenfunctions of definite parity,
Vet b= s

The depth of the well is ¥, and
The potential is an even function of x and hence | look
The potential changes discontinususly at x = -L/2 and Lf2.Thus

the differential equation in the Schrodinger equation [time  Region-| | Regiondl [Pepeam
independent) must be solved separately in the three regions ‘shuwn in 3
Figure 13.2. In Region-1, the polential is V. So the equation 18 s 1.;,7, .
-L L3 x
ol
-E-d—:%ﬂ#nmx]- E #{x) Fig. 13.2
r
ol Zm
" A2y - B4 =0
a4 |x)
or #Li"_ y2a(x)=0

Im
e il e (13.1)

| am interested in the bound states, s0 E < V; and hence ris a real. positive quantite. Th oo
the above differential equation is, ¥ - pa quantity. The solution

#lx)= Ae™ + Be'E,

One boundary condition on a wave function is that it must remain finite at all points. Region |

contains negative valu i i
oy large nega es of X and hence the constant B in the above expression must be zero

Alx) =A™ for x<-Lf2, i)
In Region-II, the potential Vix] is rern so that the Schrodinger equation is
W d?ix)
d’di(x] 2mE
ar JA—-—J + =u
R R
d %y [x)
or dx_lﬂ-‘- k:ﬁlixl = D
where k=+ % ;
X naa

Check that E is positive and so k is & real,

positive ; .
wrilten as, quantity. The solution of this equation may

#ylx)= Csinkx + Deoskx for —Lf2 < x « Li2. ([}

The Schridinger equation in Region-II1 has the o _
that in -1 tion 15
Aplx) = Ee'™ + FeT*, Region-1. The solu




Finite Square Well Polential 165

gegion-lll contains large positive values of x and the wa i
::ﬂ Rel E must e i ve function must be finite everywhere, the

dylx)=Fe™™ for x> Lj2, (i)

The use of the symbols k and yis almost standard. They are defined in a way to make them real,
jtive numbers. The symbol yis used when the total energy is less than the potential energy and k
when the total energy is larger than the potential energy. The quantity Vi - E appearing in the

g;pﬂﬂ-ﬂ-iﬂn of yis the difference of the total energy from the top of the potential. In other words, it tells
how much less the total energy is from the potential energy. The wave function has exponentially
Jecaying form in this case, The quantity E appearing in the expression of k is the difference of the
energy from the bottom of the potential. In other words, it tells how much more is the total energy
from the potential energy. The wave function has oscillatory form in this case.

Even ..;‘unl'ul.etimu

Let us first “”ﬂ". for the even eigenfunctions of the Hamiltonian, Inside the well, that is, in
Region-II, we ha'-re_* a sinkx term and a coskx term in the eigenfunction as given in (ii). The region
itself contains positive and negative values of x. The term ginke gives an odd function. I &,lx] is part
of an even eigenfunction, the constant Cshould be zero. Thus for even eipenfunctions,

ghi(x) = Dcos kx . fiv)
To make wl-x)=w(x] for I > Lf2 (See equations (i) and (iiil), we must have A=F. So, the even
eigenfunctions must have the following form:
Alx) =Ae™™ for x<-L{2
Alx) =Deoskx  for =Lj2<x<Lf2 (13.3)
ﬁ“{,il'] = ..I‘!.E_rx for x> L|||I2.

What are A and D and what are k and »? The constants k and y are related to the energy
eigenvalue E. Can I take any value of E, construct yand k from Equation 13.1 and 13.2 and get an
eigenfunction from Equation 13.37 It is not so. The cigenfunctions must satisfy the boundary

conditions that ¢(x) and dfiii are continuous everywhere. The continuity of ¢(x) at x=-Lf2 gives

dix ==L/2)=gylx= —Lf2)

or AeTH2 = Deos (kL(2) . (v)
The continuity of dg/dx at x=-L/2 gives

déy - 9

dele. pa  @le=zp2
o yAe TH? = kD sin(kL/2) . il
Dividing (vi) by (v),

y=k tnn% fvii)

ar, JhWﬂ'EI _ |2mE . L 12mE | (13.4)
e W2 o\ p?
This equation in E has some specific solutions and only these values of E are the cn:rg:rl

EE‘“"HJ_HH- This equation can be solved using a compuler and methods of numerical analysis. Here
Ve a simple graphical method to solve this equation.
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Lot me write 7= 2 and £ = &, Equation [vii) IS then
2 2 -

p=glang.
2 . L },2”:::. =£.=_ E"ﬂ?j.__ﬂ,?_';ﬁ-—

Jlt!l'.‘ll gt +4 -?[ 3 .2 "

rl'H"'n.Lz HIJ.'I
Mo~
24

: : are positive 3
which is & constant for a given particle and a given potential well Both 7 and - = because |
had chosen k, p to be positive.

Flot 5 versus & using equation {viii) and N
alss equation [ix), with the same axcs and
ncate the points of intersection. The values T 24
of n, £ corresponding to these points give the Y
possible values of E These plots are given in :

Figure 13.3, Look at the part [a) of the figure :

first, The solid curves represent the equation 9 b = x
g=¢&tané. It has  several branches. (EY (5}

Remember, | am only showing the positive Fig. 13.3

values of £ and 7 From £ =0 to xf2, tan §

and hence # is positive [first branch]. At £= =/2, the function discontinuously jumps from += o -
and remains negative till £ = 7 where it becomes zero. From £ = 510 33 2 jt remains positive |second
branch| and so on.

The equation

3 mvgL? B2
il TR
F 2h
is represented by the clreular curve. If the radius R of this circle iz less than =, it intersects anly the
first branch and there is only one paint of intersection (5, my) as shown in Figure 13.3a.

Once ry, & are obtained, you can get k=25/L or y= :
¥ =2 /L . From tio J1or 132y
then get the energy eigenvalue. Thus if ! Equatius 13,1 oF

mVylL? al
—9—2#'2 <

1.3
or Vyl? < 2l
118

there is only one bound state corresponding to even eipenfunctions
If the potential is such that g

20 x? anty?
m m

the radius of the circle represented by equation (ix) will be be .
branches of the solid curves (Figure 13.3b). Thus there will h-r:m::: .rﬂ.l'l:L E.F&nd the circle wi:-m gt
are two bound states corresponding to the even eigenfunctions, Eirnilnﬂyqi.finh;rig;i'l i thll'st;..- circle
hetween 2x and 3x, there are three bound states corresponding to even eigenfunctio r:;ls ;:I g

Once k, y are obtained from the points of intersection v :

' . YOu can wri - Usind

equation (vl write the eigenfunctiol

L UQL:: =
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=rLi2
D= ﬁ?&[ﬁﬁ} ;
cp that the eigenfunction is
#lx)= Ae™* for x<-L{2
et
Ammam for =Lf2<x<Lf2 [13.5)
=Ae™ " for x>-LJ2.

The constant A can be obtained from the normalization condition

'i]ﬂxq“.ixﬂ.

0dd eigenfunctions

Now let us search for the odd eigenfunctions. Look at equations (i, (i) and (i) again. Inside the
well, we have both sinkx and cos ke terms. If it is a part of an odd function, cos ke term should be
serp, Thus D = 0. Also for the regions | and II1, that is, I = Lj2, ${x}=-H-x}. This gives A = -F. The
odd eigenfunction must be of the form

dlx] - Ae™ for x<=Lf2
@ylx) = Csinkx for -Lf2<x< L2 (13.6)
Anix) =-Ae™* for x=Lf2.

dg

Apply the continuity equation on ¢ and 5 at x=—L/2. This gives,

Ae T4 o _Csin(kL/2)

and Aye M = Ck cos(kL{2).
From these equations,
y ==k cot(kL{2}

rL_ kL (KL

= 2 2 mt[ 2]

ur n==-fcotd

o, n=§wan({ +a/2) ™

with the same definition of £ and 5 as before. This equation is identical to that i.nllv:in'il except that S is
teplaced by £+ xf2 in the argument of the tangent function. The solid lines in Figure 13.4 show this
plot. Part (a) of this figure corresponds to the case when the radius of the circle

:lnrncu there is no bound state corresponding

0dd eigenfunctions. Part {b) of Figure 13.4
%5 & cage when the radius is larger than
:ﬁ but less than 3a/2. In this case there is
,._lttmmt of iniersection and hence one bound {a)
Corresponding to an odd eigenfunction

la less thap z/2. The circle does not intersect |
By branch of the curve n=_¢tan(f +/2) and L }
1] = Batd

g £ 0
Fig. 13.4

(o)
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circle will intersect two bram:hels of the salid
the energy eigenvalues are obtained from the
are obtained in the same way as was dons for

appears. Il the radius is between 3x/2 and Sxfﬂhthﬂ
curves giving two such bound states undlsn on. Once
points of intersection, the corresponding gigenfunctions
even cigenfunctions. These are

#x) = Ae’t for x<-Lf2
= _ﬂﬁ_sink_t far —L||'IE ex < L2 ".3_?]
sin(yL 2
==-Ae 7" for x> Lf2.

: z . _
In the table below 1 show the number of bound states for various ranges of VpL®. This quantiry

1V,|].L1}| is alzo called the strength of the potential well. The shape of
lowest energy eigenvalues are sketched in Figure 13.5.

the eigenfunctions for some of the

K vi.I2 Even Odd No. of oa
i eigen- cigen- bound
functions | functions | states N E
. o
<r/2 Trn 1 0 1
P atn? FALEE.
fir | 5 —to— l 1 2 N TR
2.2 2,2
xto3a/z | 2 90 2 1 3 ”
2m 2m
x/2te | W2’ e 1652K° 2 n "
i 2m 2m
) - - | - S

Fig. 13.5
13.3 Special features

The features shown by energy eigenvalues and eigenfunctions for
potential are also present qualitatively in case of finite square wel|
minimum energy. discrete energy eigenvalues, more nodal
eigenfunction corresponding to n higher energy, etc. However
well potential. '

a particle in a deep square ¥el
potential, Thus we have a nonem®
pointa (where ¢ = 0) H.PP'EBJ-"-HE. in l-l'-'l
there are two new features in the A

(a) Finite number of bound states

Depending on the strength of the potential well (Vol?), we may have one. two ore numbﬂ'd
' or m

bound stales. There i3 at least one bound siate Corfespondin o Exi pence
t i & g I."d
E Hn evern ¢1g:n.funr:tmn. ';J

other bound states depends on the strength of the patential, | : p her
bound states in a deep potential well. fl contrast, you have infinite num

(b) Barrier penetration

Look at the wave function in Region-I or Region-1ll (Equations 13.6 and 13.7). Here | > L2 and

the potential encrgy Vix) is larger than the total energy for any bound state. This is c}.ﬂﬂﬂm

forbidden range as this corresponds to negative kinetic energy in classical mechanics. But the e
function in these regions is not zero. This means I!'lnt Ith,-_-rg is a finite probability of finding the pal'"‘:k
outside the well. This phenomenon of particle getting into classically forbidden regions is cal bar™
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ron. We had talked about it while discussing energy-ti : ; al
pmfﬂ'“ SIRET ; . rgy-time uncertainty. For a finite potent
well, the wave funriuun n t_zjdnla“":aﬂ? forbidden region decays exponentially with a length scale of
ir This mreans. e magnitude of the wave function becomes negligible as one goes few times of 1/y
Enlo this region.

If we do ﬁr'f' ;':h': i:?m Nn':l: i”f Region-1 or Region-Ill, what is its kinetic energy? Is it negative as may
appear from E = &+ 0, it is not. If you do locate the particle, the state of the particle is no more

¢he same as il was before the measurement. The energy of the particle will also be different from the
value corresponding to the bound state the particle had.

13.4 Physical situations

Finite square well potential is a favourite for theoretical physicists. Whenever they need an
grtractive force model, the first approximation that comes to mind is the square well potential. There

are many situations in narure where square well potential can be taken as a good approximation. [ will
deseribe two of them.

;.|rm|:1-=hwal.nmet-1

Wwhy are metals good conductor of electricity? The simplest answer is that metals have free
electrons which are free to move anywhere in the whole body of the metal but cannot come out of it.
The next level of information is added when we say that each metal has a work
function @ and if a free electron is given an energy equal to or greater than @, it
may come out of the metal. This situation may be represented by a square well
potential of depth @, When the electron is inside the metal, the potential is zero,
jconstant potential taken as zero). Il the electron comes out its energy is
increased by 4. Fig. 13.6

Can this situation be described by a finite square well potential? Yes and No, Yes, because under
the assumptions made, the potential remains zero inside and & outside. And No, because it 13 not a 1-
dimensional world. The potential described corresponds to 3-dimensional square well potential which
has some different features.

[b) Deuteron problem

A deuteron is a nucleus containing a proton and a neutron. In other words it is the nucleus of a
heavy hydrogen atom. The two particles, proton and neutron, are bound in a deuteron by nuclear
. There is no Coulomb potential as neutron is uncharged. The attractive nuclear potential
between the particles can be approximated hy an equivalent square well potential written in terms of
the separation r between the particles. For large values of r, the nuclear force is almost zero and you
can take the potential to be zero. As such it is a three-dimensional problem, but we can represent it by
an equivalent onc-dimensional problem.

As the particles come within a distance of about a femtometer [m"ﬁml. attractive nuclear force
Slarts operating, making the polential negative. As r cannot be .
Ntgative, we represent it by a high potential wall at r = 0. Such an A
interaction between a proton and & neutron may be represented by a V1)
Patential of the shape shown in Figure 13.7.

_Th'-’ problem is equivalent to that of a single particle of mass IR
jI'""""”".lnr""l-t,"IFI“L,,.Hﬂ,,.]n moving in a potential V(x] with the same = fo r

“hape ag W1 shown here. As mp = my, , the value of pemp /2.

-nl'-j b‘i.l'.ll:linB energy af a deuteron 1z 2.2 MeV. It means, if 2.2 MeV
'::TE.'I" 'S given to a deuteron nucleus, the proton and the neutron
¥ Separate from each other. If the energy is zero in this free state,
tin the bound state is -2.2 MeV. The average scparation between V3
mﬂ:’”'ﬂﬂ and a neutron is about 2.0 fm. These are experimentally Fig. 13.7
bred values, These values can be obtained theoretically if we

the
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wn in Figd
i the shape sho
the nuclear interaction by & pul_mtu:tt of peih
Ftpl’I:SEnt n S ngth o

and 1y = 2.0 fm. These values give an idea of t

13.5 You learned in this chapter
an even
energy e

jon, the
o If the patential V([x) is not

Hamiltonian, [n such a case,

jeven or odd). . N
o A finite sguare well potential allows & fin

genfu petions may be

|
|

r interaction.

parity pperatol COMMULES with .

of hound states, the minimym,

|
i.
taken to have definite parity I
|
|
|
|

being cne. ding to the lowesl energy is an even function, Fo

o The energy elgenfunction correspof
higher energies odd and even cigenfunc

o The wave function corresponding to & B
penetrates into the classically forbidden regrans.

o The wave function in the classically forbidden regio
in the allowed region has oscillatery nature.

Solved Problems

tharﬂdanlmaummlnapnteuunl Elwan by

Vi) = Fror <)
=0 far O<r<L
=""EI for x=r,

{a) Write the general form of the stationary state wave function in the three reglons. (b}
plying the boundary
conditions, find the transcendenial equation satisfled by the energy elgenvalue E. E-:}Agh:m that the wave
functions are the same as the odd solutions in the case of a symmetric potential well extended from -L to+L

Solution:
{a]) The potential is sketched in Figure 13, W1. The general form of the e el on s
#ix]=0 for x=<0
—.ﬂﬂiIl-k.i'."l'El:mh fﬂr 'D";.:'.tL
- CE_J"-‘ far " L
wherse k= ||_2.-mE and y = Zm"uﬂ_ﬁ" e B
¥ " Ve V=0

I wrote this directly. The logic iz simple. V = o | ‘

eigen !"I.I:I'.I.I:'L‘It:n is zero. Region-Il hag E = V, zo 1 :;r'::fﬁ';:?i?l;!‘ 20 the
and cosine| l:i,l_;cnfunt'u'un here, Repion-]I1 is classically hm?dwdﬁme
the eigenfunction must be exponentially decaying, 50
{b) Write the energy elgenfunctions in the three rep

re
conditions. Eions as 4, &,
A(0] = #(0] gives B=0

and (L) =dmll) gives

vions appear altern ately.
beund state in a finite square well poteniig]

n decays exponentially whereas thar

0
Fig. 13.W1

@y and apply the bound®¥

A
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Asmkl = CoT, i)

da =—|d"*3 ves
ﬂ:ﬂ" d'r:l'-_" d't IJI-LE‘

kAcoskL =—yCe™ ™" . fid)
pesg ) BY @,

kcotkl =-r

irE-.‘:E_ m:fl- 2mE ,_Z=_I;M . (i)
= \ I': I'.“ lz / “ hz

s 18 the transcendental equation in energy.
je} Tqusson {=H) is the same as that obtained for the odd eigenfunction of the symmetric well potential
sz’ m the chapter, except that L/2 is replaced by L. The eigenfunction in the present case can also
b sbeained fom the odd eigenfunctons of the symmetric well with width -L to +L. This is because the
—gezheng conditons at the boundary (x = L) will be the same in the two conditions and the other
woundary condition that the wave function is zero at x = 0 in the given potential [because the
ncremzal goes to infinity) is also satisfied by the odd solutions of symmetric square well potential with
with -Lwo~L

2 Show Tt the ground state energy of a particle of mass m in a finite square well potential of width L is less than

mat in nfinite square well potential of the same width.

Sokdtions The ground state energy eigenvalue can be obtained from
she fmtersecoon of the first branch of the curve g=Ztanf and
2 .4" = 2" where the symbols have the same meaning as defined

i= the texx. This point of intersection must correspond to a value of
£ less than =/2. This is because ar 2= z/2, the function g=Jtan

Eocs to mfnity and for £ > =/2, the first branch does not exists. So
fex amy Enite potential ,, § < /2.

2 _3
So mEL =
P R
3
or E{:JHJ_ E
2mlL Fig. 13.W2
This proves the result

1 Comsider a particle in a potential shown in Figure 13.W3. Find the transcendental equation in the energy
egemalue £ for bound states.

h_ﬁluhﬂ:m%j is clear from the figure, the energy E should be negative for bound states. We can define
Eegonl x <0, Region-Il: D<x< Ly, Region-ll: L4 < x < L; and Region-IV: x> L; . The wave function
¢ 2 bound state at energy E can be written as,
alx)=0
#ylx) = Ae™* « Be™™*
dplx) = Csinkx - Doos kx
#vix)= Fe™'*
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IT2 ot
iven in text (Equations 13.1 and 13.2). The
much less is the total energy E from the
. E) appeanng in the expression of k

ose
%ote that the definitions of kand » are ':hc :;;_mt as:: g
quantsy E) appeanns in the rxprn_:unn ? F E“uamih' Vo
potental energy in Region-1l and Region-Iv. The 4 ,m el
gves how much more i3 the wotal energy E from the .p-:lli_-*rll eﬂrﬂ'z .

Now apply the boundary conditions. First use continuiry at x =1

Al o=% .0 This gives B~ -4
%o the wave functon in Region Il is.
arlx= Ale’™® - €77 ") =2Asinhirx].
Now use continuity at x=1,.
dlyp =0miey, -
This gives,  2AsinhipLy)= Csinkl, ~ Doos kL. li)
Now march the slopes at x= 1Ly,

den| _ dém
Il"z_l dt!l-l,‘

This gves. L!::mh[rll.,]:uc:mkﬁ—ﬂsinﬂi] (1]
Apply contimuity a1 X = Ly

F[ﬂ!;:-_[.:"'t"r‘ll.;:'
This gives,  CsinkL, - Deosikly )= Fe /55 . )
And finally match the slopes at £ =1L,

-

dr fpup,  d% g,
This gves,  kiCcoskly - Dsinkly)= -yFe™" )

My strategy will be to eliminate A from (i) and (il to get a relation between € and D, and climinate F
from (H1) and (_:‘1-1 to get another relation between C and D. When vou demand mn'sis[enw berwred
thess rwo relations you get an equation in energy. So multiply (i) by yeoshirL,). (i) by sinh{rLy. and
compare. You pet,

Cyrcoshirl, )sinkly + Dr coshirLy)cos ki, = Cksinh(rL, jeos kL, — Dk sinh(yL, |sinkiy

or E[?Eﬂhblr;l'!-hug-klm&h‘mm]:—ﬂlrmhhﬁﬂmm +k=inhl,r£1]=iiﬂuml
i C _ reoshirlyjcos kd, « ksanhfid, )sin ki,
aion D ksinhirlyjcos ki, - ycoshikl, )sin kL, ¥

Now multiply (i) by -y and compare with (iv],
~yCsinkly - yDcoskly = kC coskly - kD sin kL,

or Cik cos kLy + rsinkly) = DiksinkLs -y coskly)
i E-iﬂinua —rooskly
o D " Fcuskly +ysinkly il

rcoshirl,)cos kL, < ksinh{rly)sinkl, ksinkL, - ycos

—

ksmhlrLy)cos kL, - reoshikly)sinkl,  kcoskL + psinkL,
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y + ktanh(yLy |tanfkly) _ ktan(kl,) -y
af ktanhlrly) - planikl))  k+ ptanjkl,)

This I8 the required ""?-'““"'"“ in energy, Remember when you write k and pexplicitly, the energy £ i
ihe only varinble in this equation.

4 Cansider 8 particle of mass m confined to a finlte square well potential of length L. The particle s found to be in 8

2
pound state with energy i3 above the bottom of the well, Find the depth of
mpp‘!-ﬂ'lllll“lh T _'l &
golutlon: P TEEETE R %
2mE I_m_nz.ur? _ X FIE
e W mmL® 2L v | |
i L »
L & L &
YL o AN Fig. 13.W4
¢ 2 2L 2 4 ]
" m{vﬂ's} L . s P L 4
Defining ¥ = ,'—?—v and g= ,r-i , the boundary condition demands 5 = Jtan g = 'r.m.1 -
2 r B L 2 :.Fﬂll'r,n
ol _E] TR
2 2 x_mlvg
' 16 16 252
233
or, Vo = £ :
amlL?

5 A pariicle is In its first excited state in a finite square well potential extended from x = ~L/2 to x Li2. The
mazimum value of the wave function, at a particular Instant, Is y = A and It occurs at x = L3 . Find the value ol

the function at x = L{2.
Bolutlon: In the first excited state, the wave function is of the

form w = Asinkx ., The maximum value of the wave function is //‘h
A. According to the question, this occurs at x=L/3. This 1 :
o \@//r L2
A= J-'!nl-in%£ Fig. 13.W5
ur, .k_L._. - E o k-;]_ﬂ“
3 2 2L

The wave function at x = L/2 is

F-Au.in”' ﬁain{ﬂ{n-E]—A
2 oL 2) 2

2
€. A finite square well potential has length L and depth ;. A particle of mass :hLJ Is trapped in this potential.
i

Show that it has only one bound state and the energy corresponding to this stale satisfies l-‘ﬂ‘l{q'E.I'I V;} = JE[Va -
Bolution: With standard notations,
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i
g .2 L Qmu'u-|= l"nf,:’ 2N =4
g Ty = E] ﬂ= J 2*: Ll"uf.
For the energy E,
fA o r® X il ly one bound state ocCUrs.
< — and hence oy
T.I'HJ.E. ’.F +".|' 2
ns&tanyg
—z2
or, fﬂﬂ-:'-':r—{‘—l",—”_
= =
or COSC =¢
- ,_ L, [ZnE L [2E 2% _[E
T2l 2R w2 VW
E E
Thus r:ua[ E Vo

EXERCISES

1. Consider a deep square well potential of width L. Choose the origin at the middle of the well and write the

energy eigenfunctions. Check that these have definite parity.

2. An electron is trapped by a finite square well potential of depth 10 eV and width 5 angstrom. How many
Ans. 3

bound states are possible?
3. An electron moves in a finite square well potential extended from & =-L/2 1o L{2. The energy of the particle
is 2 eV less than the 1op of the well. The wave function at the edge x = L/2 of the well is g . Find the length

%p so that w(Lf2 +xg) = wpje. Ans. =] 4 angstrom

5‘-‘1:; that the second excited siate for a particle in a finite square well potential has enerpgy greater than
25 ) ;
:LT where m is the mass of the particle, L is the width of the potential and zero of the potential energy |8

taken at the bottom of the well.
3. Show that the difference between the ground state energy and the first excited state energy of a particle of

mass m in a finite aquare well potential of width L must be greater than ande?
2m?
6. A particle of i

: 1] malu. m moves in a pobtentlal that has the form shown in Vi yex
Figure 13EL. lismforx<0,0fcr 0 < x < Lf2, W, for L/2 < x < Land
= Jor x = L. Obtain the equation satisfied by the energy eigenvalues E Ve 1
for E > 1.

L kL 2mE
Ans. k IZ.EI'.I.EI—-I- tan-—=0, k= ||__ |EmlE-'|-"n]
2 o 2 [ L Hi e B
0 L2 L *
Fig- 11.E1

7. A particle of mass m is confined to a finite square well potential of length L with the battgm of the well taken 83

2
V = 0. The particle is found to be in a beund state with energy 3’_"1_
Gl
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i
jl Find the dgp‘lh af the potential, (b Show hat e given enerpy s ibe grovund siole enerpy.  Ans. (&) ﬂl’z_ﬁz
" A particle of mass m in confined oo fnite squoare well from x = - L/2 o x « L2, 1L i3 in its ground state and

nas the wave function p = A ot x =0 amd w = J3I AL wt ¢ = LM o0t 0 particular instant. [8) Find the value of
the WAVE function at x = L2 sh Firud the prisvinl atnle enerpy. (o) Find the depth of the well,

b 2.2
Ans. {u) a"l'-I'- (1] 21 n, (=] S 8
2 omi? Brl?

g A particle of mass m ia subjecied 1o n finite wquore well potentinl ¥ =0 for [ %,U « Vp otherwice, In its
d4.3

. NR i wix) 1
o state, the energy ia found 1o be E = ——— ., Flnl the value of 2 for which ——— = —,
s HmLt w2} e
Ans. L[I—*-E]
b S

i . L L :
ile movea under o finite square well potentinl of range -—<x < —. ([ the wave fanction st x =L is A
10, A particic m L | I 7 3

and at x =2L is A/2, what will be its value at x = 4L, Ans. A8
11. A particle of mass m is placed in n finite square well potential ¥ = Vy for|e] = Lfa, V =0for || « L2, Shew
E

— @nd
Vo

; _ L |2mE
that the bound state energy values correaponding (o the even wave functions satisfy cos L =

correspanding to the odd wave functions satisfy u:in[ % 1‘|%] - - _1?‘_ :
o

A quantum well

P13.1 What is a quantum Well?
r-nxis

The term “quantum well® is genernlly used for a semiconductor ot
structure in which a very thin layer of a semiconductor material with low
band gap is sandwitched between two thick layers of another
semiconductor material with larger band gap. | have not told you about
semiconductors or energy bands or band gaps, but I believe you are
familiar with these terms, at least qualitatively. GahAs has a smaller band
B%p than GaAlAs. Suppose a thin layer of GaAs, of width L, is {:E_T TCEL
sandwiiched between two thick layers of GaAlAs. Such a system is called & >
3 heters-junction and has many applications in making optical sources o LD T
such as lasers. What will be the structure of the conduction band and
the valence band of this composite material? It is shown in Figure Fl13.1. Ey iﬂ T

HﬂtEgud E'g.nrc the band gaps for GaAlAs and GaAs respectively. The =

abbreviation V.B, is used for valence band and C.B, for conduction band. & —
Msider a conduction electron in GaAlAs on the left. What are the V.
values available to it? All energies greater than e are available. 1 Fig. P13.1

CisAlhs Gaha Gahlils
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- in GaAlAs, it ca -
ailable to the electron in L - ™ B0 in
?_E::::fﬂn electron in GaAlAs on right. But whay g,

the GaAs region? Are all energies greater thgy &

- tron in the z-direction {lef
The motion of the elec A : lo
_{on either side :
ight in Figure P13.1] is restricted. As it tries to enter frn311 G?ih?t;usst?;l::iﬂ:ﬂ potential, Tl']ﬂllzet::;“
Eﬂd;:: inErrusf In. petential. So the electron finds itgelf in & I'I1I than & it is bound by the f r.‘h'
afl the slectron is Emntfr t]'Lﬂ;], E’I it 15 nok h::luﬂd- But r'ﬂl' Eﬂﬂ'rﬂ E35 2 e

potential well of depth Vg = e; - 3 and width L.
are not allowed. The allowed energy

' vol
am writing all energies because there I8 4 large

e a o
all 3-dimensions freely. Similar is the case :':;n in
lhe encrgies available to & conduction elec

the bottam of conduction band of Gas) allowed?

: levels are discrete and finite
All energies from e o e the strength of the potentig), |

number. The number of energy levels in the h”‘““i state depends :}.n LAt @
can be one, two, three or more depending upon VL. The minimum 1% 7ok 8 :}dl' ion. Th

. it governed by its motion in the z-direction. he electron
But the enecrgy of the electron is not just go re is no confinement in these directiong

can move to large distances in the x, y directions. _T]'IE :
1m‘|ﬂﬂ¢m=nt ia in W:I_-Gr f_E_rE.: !tﬂﬁth _l'lﬂ-u RN ‘EE.:.'. in mﬂt]mﬂtﬂrﬂ or Sﬂ-] EIIId ht!m:l: thE :]'I.-E]'a-

corresponding to the motion in the x, y directions will vary mntinlutlusly. S,ﬂ : e have a E}rstﬂ:ﬂ Whers
the motion is almost free in x and y direction, but it ia confined in the z-direction to a small interval,

Such m structure is called a guanmem well,

P13.2 Density of states in a quantum well

Let me model & quantum well by a 3-D box of length L, width L and height [ (Figure P13.2),
While L is very large, Iis quite small. A particle In this box Is free as long as it is inside the box. [f it
tries to come out of the box from x or y direction it finds an I
infinite potential which pushes it back into the box. But if it il S
tries (o come out from the z-direction, it encounters only a finite F
potential jump. 5o the potential can be written as /

V = Vi) + Viy) + Vi) =

where Vix)=0for D<x< L and « otherwise
Viy)=0 for 0<y<L and = otherwise e
Viz)=0 for O<z<! and V; otherwise. Fig. P13.2

Remember L is very large and [ is very small, The kinetic energy operator is
2 : ]
P [E + i . ]

2m| a2 l‘lyi Al

The Hamiltonian is
H= H| + I‘Ig.r + H"‘

where Hyj=—-——7+V(x)

and H;] =—?——.+ i-'r'!'.

The energy cigenvalues are given by,
E= El + EI + E.'!-
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are ei

where Ey. B2, Ezare eigenvalues of Hy, Hy, Hy respectively. As Lis quite large, the energy £ + E; wil

' 1
r i t . i

arn almost continuously with equal density of quantum states. This density of states will be mh* per
- - :

ynil area as derived in the postscript of Chapter 12. Let me call it o. But E; has only finite ni:nl;:r ol

vahues- Depending on the strength Vo2, it can be just one or two or more. Let me denole these

EI'FI",‘H.I“EE as EI] W E'zp E13 ¥ E'tt.
How many energy cigenstates {quantum states) are there in the energy range Eto E +dE? | have

ochematically shown the distribution of Ey +E; and of Ejin Figure g

F13.3. The minimum energy E (= E; + E; + E'lmust be E';. So, there

is no state available for energy Oto E'y. The density of states T

dN . 2
mET:E is therefore zero for 0<E<E'. For energy E between !
E,

E,and E’, the value of E;can only be E';. The number of quantum E
1

states in the energy interval E 1o E +dE is therefore pdE and the " -
density of states is g . Thus there is a sudden jump in the density of frha Fig. P13.3
states (DOS) at the energy E = E'y (Figure P13.4).

Now consider the energy between E'y and E'y, say E= E's+h. This energy can be realized in two
differenit manners,

(8) E3=E'3 +Ey +Ex=h
) Ey =E4 B+ Eg=Ep~Ei+h.

The eigenfunctions corresponding to the situations {a) and (b} are

quite different. For each state of kind {a), you also have a state of kind
(b). Thus the number of quantum states in the interval E to E +dE r

is 2pdE and the DOS is 2p.
Thus every time you creoss the energy eigenvalues of Hj, the DOS
jumps by p. The DOS varies with energy as a step function as shown

in Figure P13.4.

1 [ |
E, E &
Fig. P12.4
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Let us Rotate — |

iﬁ;&:ﬂﬁeﬁnsgfd qu‘“!-mm m'!t_]'lﬂ-ﬂi!:'a.'l_s].rstcma involving essentially a single particle in
gt GRS i space Was only the x-axis, The idea behind spending so much time with a single
P-ﬂ-lﬂ"‘-]'t n ﬂ'l"-;: 'Emfn?n'l.-?ﬂ \_:.'EIE lﬂ-1gl'ﬂ: ¥OuU IMaxXimum {Ippﬂ-ﬂuuit}' io learn the bosic atrectane af
quantum mechanics which is o different from what we use in our common activities—the classical
phy=ics. !;_Imnn.l.m syetems are dealt with entirely new ideas and new toals such as description of the
srate of the particle by a wave funcuon, of the measurable quantities by mathematical operators and
so on. The procedure to get relevant information about physical quantities from the given wave
function was also quite new. You also realized the importance of measurement processcs. In

. you saw that a measurement disturbs the system in a fundamental manner so that the
wave function suddenly collapses to one of the eigenfunctions of the operator corresponding to the
quantity measured. You also saw that the theory puts certain limits on the accuracy with which two
quantities can be measured in the same state. The dynamics, that is the time evolution of the wave
function, 1s governed by the Schrddinger equation.

Decasionally, 1 described some physical phenomena that need quantum mechanical description
and which could be, at least in a crude approximation, dealt with a one-dimensional approximation.
Alpha decay, field emission, etc., are examples. The main idea behind eonlining to pne-dimensional
situations was that | wanted to keep the mathematical complexities low so that you could devote
maximum attention to the formulation of quantum mechanics. Now that you have gotten some
experience in the theory of quantum mechanics, | wish to tackle three-dimensional problems. Angular
momentum plays a key role in such problems and this chapter is mainly devoted to the general
understanding of angular momentum in quanmum mechanics, But before that a little bit on the
appearance of wave functions and operators in three dimensions.

18.1 Wave functions and operators in three dimensions

In one-dimensional problems, the position of a particle is represented by a single coordinate x
which is also the independent variable for writing the wave function wix]. The operators are also
written in terms of this variable x. These are either multiplication type [multiplication by a function of
o or differentiation type [(differentiating once or more with respect to x). In three dimensions, the
position of a particle is represented by three coordinates. If you use a Cartesian coordinate system,
these coordinates are x, y and = If you use a spherical polar

coordinate system, the coordinates arc r, dand 4 | am sure you have 2|
studied about this coordinate system and hence will quickly refresh Ve
your memory using Figure 18.1. We sfill use three mutually H“‘--. P
perpendicular lines from the origin O and label them as x-, Y-, Z- axcs. 2
The distance of a point P from the origin is called its r-murd_lna:c and i =l
the angle made by OP with the z-axis is called the ﬂ-:‘.‘DDI‘diI'I-I?T.E. The = o~ :
angle berween the plane OPZ and XOZ is called the ¢-coordinate. If .-\rx :
¥ou drop a perpendicular from F on the x-y plane which meets it at A, ol [
the angle XOA is the same as ¢ For & given pnulh yomt caI;- ftnd a B i 1_
unique (r, ¢, @ in the range O0sr<=, pE@<a Usg=iz Howenen, | . b sy
s |

if you allow # and ¢ to go beyond this range, two different sets of
toordinates may correspond 1o the same point. For example, the Fig. 18.1

peint [r, 4, ¢) is the same as (r, 8, ¢ + 25).
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es. So it can be written as wix, y, zj i

coordinates are used. If any othe,
as a function of the corresponding thre,
The aperators are also WITHET in terms of
rentiation LYPE- As more than gr,
d. For example, the operatr 5.

— o of its coordinat
The wave function of a particle is & Rppern s cal polar

: eri
Cartesian coordinates are used and pir &4 'I’- si:itt:ﬂ
coordinate system is used the wave function 13 R
coordinates. You can also write the wave function a3 ¥

L ﬂr{”ﬂb
these coordinates. They may he of multiplicatien P ives are USe
variable are involved in L

he wave function, par!_'tal d
kinetic energy written in Cartesian coordinates is
K=- L [ = L_z' !
2m|ae? fy° o2
g are treated as CONStants and
w r. B ¢are used.
ns? In one dimensian

to x, the coordinates Y and

al derivatives with respect :
wave functions in three dimensio

While differentiating wix, y, 2] with respect
s0 on. If spherical coordinates are used, parti

How do we define the scalar product of two
1 had given you the definition

L
{P[l#’:} = [y (x) wa (x)de.
-
that the integration is to be done over the
In three dimensions we have 1
pace. Writing volume element aa

The integration is on length x The limits -=, & denote
whole space (which is only along the x-axis for one Fluuenuinnl-
integrate over the volume and cover the whole three-dimensional s

dr , the scalar product of g(r] with ppir} 15,

(w1 |¢’=:}= [ wilrjwz(r)dr.
whiole space

In Cartesian coordinate system, dr= dx dy dz and the wave function is in terms of x, y and = So,

{1 |wa = 11 1wz valx =) de dy dz.

—x —a =i
F
In spherical polar coordinates, the volume element is LA
dr = (dr) (rdd) (rsin @ dd) = r*eind dr d d¢ . Sl

You can visualize this if you change rto r+ dr, #to &+ dfand ¢
to ¢ + d¢, one at a time, and sce what kinds of lines are drawn
from P in thiz process. The three variations give three mutually
perpendicular lines (in infinitesimal approximation) PA, FB, PC
of lengths dr, rd@ and rsin# dg and their product gives the
volume element dr. The scalar product between two wave = |
functions can therefore be written as BT T

Ty

Jr x* =
(wilwa)= 1 | [wilnb.d)wal(r6.¢)r*singdrdodp. /
Fﬂﬂ‘ﬂ]‘:ﬂ Flﬂ. 18.2

If you take the scalar product of a wave function with itself, of this
function. And if this quantity is equal to one, the wave f“n':ﬂﬂlﬂ}::l::f]?:dmni square of the nornd

18.2 Orbital angular momentum

In classical mechanics, Angular momentum is an important oot oo : . of &
: uantity s gon ¢
particle under central forces or of a rotating body. You must have 5:1{31':331;;,?1 : nizlt?fn'g:“““d e
Sun. The fact that angular momentum has a fixed direction leads te the mszﬁ that the me:t.u‘."
orbits are all planar. The ::?ﬂ :ﬁ:‘ ts‘.’ E’ﬂ” }““mfnmm has a constant magnitude leads 1© F-“F'Iﬂﬁ
t at the radius v TR
second law which states t s vector from the Sun to the planet sweeps equal areas in €370

times. In quantum mechanics too, angular momentum is a very important quantity to understand &

s L

- a i

ﬁ
N
'}
i
]
i

=

[ SAp—. L, ]

-
2
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i cur of @ particle under central potentials such as a hydregen atom where the clectron is

| belil¥ owards the proton by inverse square Coulomb attraction, Let us look at the operators
atiras ding to this Ph:,-a:i,v:ﬂ]]:," meazurable quantity angular momentum
o The angular momenium of a particle about a given point is defined in classical mechanies ag
e where r is the position vector of the particte with the given polnt as the ongin of the coordinate
5}1[11““'“':[ p is the linear momentum of the particle, Writing in the component form,

i . = Pz — TPy« Ig,l'ﬁ’.‘l:_""lpz'! r_;:-TPy—yP_._

]

|

What we know as angular momentum in classical mechanics, is called orbital angular mementum in

anfurm mechanics. The extra adjective “orbital” does not mean that the particle is going in an orbit.
. thing like 2 trajectory Or an orbit is against the spirit of guantum mechanics. Angular momentum
cesulting from any kind of motion in space comes under erbital angular momentum.

The three qumﬁﬁcs Fr.ly,f,_. are treated in quantum mechanics as dynamical variables and we
define the corresponding Hermitian operators as

L= YP, - ZP,
Ly = 2P, - XP, [18.1)
and, L= XFy = ¥YFy .

Here X is the operator for the x-coordinate, Y for the y-coordinate and Z for the z-coordinate.
These are multiplication type operators. X operating on a wave function wix, i, 2} will multiply it by x
ard so on. The operators Py, P, P, represent the components of lincar momentum and are

differsntiation fype operators, operating on the wave functions. Thus

po=eidl, P=-ib and P, =-it-Z
cx &y

Commutation relations
The angular momentum operators Ly, Ly, L, obey the following commutation relations.

[Ly Ly ]=iniy, [Ly Le|=itly, [Lyilyg]=inly. [18.2)
Let me show the first of these.
[L..Ly]=[YP, -2P,. 2P, - XP, |

=[YP, - ZP,, zP, |-[ YP, - ZP,, XP, |

=[YP,, ZP; ] - [ZPy. sz]'lwmﬂtl"‘ [EP . :'{-P;]

=a-b-c+d. i)
a =[YP, 2P| =Y[P, ZP|*[Y.ZP]P;
= TEET_PE* F:]+[F=r Z}Fz}"' EE[*!I". Px]"'[v- E]Pxi F- {ii)

Look at [B,, P, |. Here P, involves differentiation with respect to z and Py involves differentiation with
5Pt 1o & For any wave function wix, y, 2],
3

—-[ile z}]—i -'-a-ur[.r: 3}1
x|tz « 2zl ox s s
order of differentiation is immaterial, Thus P, and P, commute and so [Py Pe] = 0. The next

Ihulator g equation [ii) is [P, 2] which is equal to -ii. The nexi one is [¥,Pg]. The

-

aperator ¥



— ——

——

Chapter-18

240

N

For any function wlx, y, 2},
(i &
—[yvlxy.z)]=v-w(anz)-

So, ¥ and P, commute and [Y,P,|=0. The last commULater

multiplication type and hence commute, Thus A = '|—"H YPx.
P, involved in the expression [ZPy, 2P| for b. All the thees

in (i) is [Y. X] Both Y and X ar

There are three operators Z, P, and
commute with each other. So they can be operated in any order and hence the above commutator i

zero. Similar s the case with ¢ and that 12 also zer.
d =[ZPy, XP, | = Z[ Py, XP, |*[Z, XP, ] Py
2 [y, X, |+ {X[2 P+ {2, X]Re 1y
=0+ {X(in)+ 0} P, =inXPy.
Thus from [ij,
[Lxi Ly | = (-in) YP, + inXP, = ih[XP, - ¥P, | =iAL,.
Onee [L,,L,] is evaluated, you can directly write the results for ILy,Lg]| and [L,, L, | by cyclically
permuting i, y, = Note that the definition of Ly and L, in Equation 18.1 also follow from the cyche
permutation of x, y, = in the definition of Ly:

Thus the thres operators Ly L, and L, do not commute with each other. Henee, they do net

h:ave sirnl_]ltﬁnenus cigenfunctions in general. If the particle has a wave function which is an
eigenfunction of L,, in general, it will not be an eigenfunction of Ly, or L, (I will mention one

exception shortly). Thus if I, is known precisely in a given state of the particle., you eannot know L or

;_3 precisely in that same state of particle. There is ome exception to this result, It is possible 1o have
state in which I, = [, = I, = 0. In this ease all three components are precisely known

The operator [

The guantity {7 =12 + g + I denotes the square of the angular mementum in classi Gk
quantum mechanics too it is an important measurable quantity and we define a H : !.5.|E31 :
Pig? ol 4l A Hermitian operator
¥ z [18.3

for it. You may wonder why do we define an operator fo
r the square :

momentum and not for the magnitude itself. The COrTes 4 : of the magnitude of nn;!-ﬂ_l;"-'
PonEIng classical quantity is 1 =12 < 12 - 2F /2.

You know the meaning of squaring an operator (operating twice} and hence you can define L3, L.
Li; and hence L:',:L:;: + L?. + Li.Butwe have never defined TS 5 tu;r

dquare oot of an operatcd-
So L=yI2 + 12 + L2 is not a valid operator.

You can check the commutation relation af 12 wi
With any of the component operators L,, Ly &

L, . Let me work out [LZ,L,].
[1% L, ] =[13 L |4 [150 Le ] +[150 1 ]




IL.:EL,L +L-LL+ 1 F
bl Ll e by (L, o[y Ly oLy L, L L L,

S R R A
= -IEL-IL? - !HL].'LI = IAL},LK & :I."L!_L}. -
ul),

sarly. [LJ*LI]-[LJ.LY]:D
s 1° commutes with each of the three operators L, L, and L,. It is possible to have definite
aleesof ¥ and L in the same state. But it is not possible to have definite values of I, and I, in the
wme state, of of I, and I in the same state, or of I, and I, in the same state (remember the
mﬂmﬂ'
18.3 Eigenvalues and eigenfunctions of the angular momentum operators

It is useful and sasier to work in the spherical polar coordinates while writing the eigenfunctions
of the angular MOMENTUM Operators. You can write the expressions for Ly, Ly, L, and L? in terms of

e gpherical polar coordinates using the definitions given in Equations 18.1 and 18.3, and the
slations x = rsinf cosd, y=rsindsing, = =rcosé The expressions are,

L =u[.—.in.pf +mmm_i] (18.4)
ol L cd
= B (&)
Ly =u[—msiﬁvumi mtﬁa} [1B.5)
L, .-.‘ni_ [18.6)
g

18.3.1 Eigenvalues and elgenfunctions of L,
The expression for L, tums out to be particular
(-3 str.0.0=urte.0.0

where f(r,@,¢) is an eigenfunction and g is the corresponding
Equation (i) can then be writien as,

by simple. The rigenvalue equation for L, is
()
eigenvalue. As the differentiation is

with respect to ¢, treat r, & as consiants.

dr i
T wdp

==

(i)
# were treated as constants in solving the differential
and & Thus the cigenfunctions of L, are

e
= flr.0.8)=he
where f, is the constant of integration. .F-: r
tquation, this constant [, can henmmmul'r

b
fir.0.8)=hH(r.8e" -

~ Are all values of g allowed? No, there
Painit |r, @, ¢ » 27, the eigenfunction shoul
FUst be a unique value of the eigenfunction a

fasi)

Emmmaﬂinﬂﬂnﬂ.ﬁlmepﬂhﬂ ir, & @ is the same as the
d not change il #15 changed to ¢+ 2x This is because there
t a given point in the space. So
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I‘I’.ﬂ,#] #I:r.ﬂ.ﬁ + j.ﬂ"

Using this in [iii),

i b d#eas]
f"“ = fl'lﬂ‘ :
6. EiJﬂM*P ks ; values of L: are ﬂ'll.‘rEﬁ:lrE.
This is satisfied only if 4/ # is an integer: The:6ige> (18.7)
nu;mhi I'ﬂ"u|=!r:2F:3'"'
The eipenfunctions of L, are (18.8)

fir g, #)= fifr ﬂ]zh""
where m is an integer and fiir, &) is an arbitrary fu
filr.® but keeping the part g™ ynchanged. you il
cigenfunctions of L, with the same eigenvalue mh. Thus, ea

degenecrate. o o
The eigenvalues of L, and L, are also mh with integral values of m. This is because all directions
in space are equivalent and any direction can be chosen as the z-axis. The eigenfunctions of Ly, L,

do not have simple forms and [ will not artempt to get them.

nction of rand & By choosing different functions

cann have infinite number of independent
genvalue of L, is infinite-fold

18.3.2 Eigenvalues and eigenfunctions of L

Now consider L? . The expression in terms of the spherical polar coordinates is

1 af. .8 1 & |
| ——-[a H‘—} —=\ 18.
sing ol 00 +e.'m’ﬂf-.|F-'J B

i ] 1 &
+

sin® 6 fg” IR =) "

As L° and L, commute they have a complete set of common cigenfunctions. It is therefore sufficient
to look into the eigenfunctions of Ly and see which of them are alsg eigenfunctions of 12 . So write

£(r.8.8)= fi(r.0) ™ .

where m is an integer and the form of fiir, ) is to be found so that Fir.8.9) oA T cig:tnfﬂﬂ‘r'ﬁm
of L2, Substituting from (i) in (i),

=3
_n? —l'—iiﬁiﬂa%r—f;J*{_'n—}i E.i"'l-i =-1_E|Ehi

sind ’@ 2

1 ([s=in?02f m:ﬁ 1
i Ghi mh 2 =
= 2o o8| snd 20| mmds w2 =0 i)

Now define x = cos 6, o that sin 8 di= —dx. Equation (ili) can be written as

Blaama s o 5.
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2 2| [A_ m®
1".1'[{ ] FI]T[F_']_JEEH}}-I:‘]

or

se of dilferentiati i :
For the purpa ; iation and integration, r is treated as constant and fj as a function x only.
Thus for soiving the equation, [ can write it as,

d? f, d 2
A _pdh 2 m
1-+*) e Ex—d,,*{h—z-:cj].ﬁ =0. fiv)

This :l?"'nﬁun ]'E i well studied by mathematicians and is called associated Legendre equation.
if m = 0, the equation is called Legendre equation. | have given the steps to solve these equations in

appendix-3. The important result is that the solution diverges as x —1 (that is, # —0}) unless Arn
i a product of Two successive monnegative integers [and {f +1), and I =|m|. As the eigenfunction
should not diverge for any value of 8, we must have

A
—=I{1+1
e {t+1)

o A=l{l+ )R, l=mm+l,m+2,... (18.10)

Allowing all values of m, je,m=0,£1,%2, .., the eigenvalues of L? are O, 'ELE, E.I'f'z.'!ﬂi'ir3 , cte. For a

given 1 and m, the salution of equation [iv) is

filx)=AR"(x)
whers A (x] is a function called associated Legendre function and has a specific form. The constant A
d as a constant in solving equation (iv], =0 A can

is arbitrary for this integration. As rhas been treate
be taken as an arbitrary function ef . 1 write this as foir). Also write X —pcos . Then [v) is same as,

fi(r @)= fa(r) A" (cos@).
Thus the eigenfunction of 12 |and also of L) are falr)B" (cosd)e

(¥

1T
The functions B™ [cnsﬂhﬁm‘ with proper normalization constant are called spherical harmonics

and are written as Y™ (6, d) . The normalization constant is fixed by the requirement

zf ?l"'{aiﬂ.ﬁfﬁﬂﬂdﬁdﬂ=l.
g=0¢=0

The commen eigenfunctions of

fir, 8,91 = flr) Y 16, )
and Y™ (8, ¢) for some values of 1 and m. The expressions for

1? and L,can therefore be wntten as,

Table 18.1 gives B (cosf)
B (cos #) are not normalized and ©
for Y (#,¢) are normalized.

niy give the dependence on @ On the other hand, the expressions

e ——
n i S —
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Degeneracy .
i imultaneous E1Ee
The functions fa(r) Y™ (@, ¢) are the 3
ak bitrary | the eigenvalues of 12 are also infinite-fold degenerate. If you focus only gy
take any arbit orm, the : ] R
the, ¢ part, the degeneracy is finite. There is anly one eigenfunchion CoOrrespo : B Benvalue g

nfunctions of L and L,. As falr) can

=

Table 18.1
I m Eigenvalue  Eigenvalue of pf(cos ) (not Y™ (8, )
of L* Lz normalized))
1
0 0 0 0 1
Jar
1 1 42 n ain ¢ T a
ar
! 0 a2 0 cos @ JE -
dr
1 -1 2 - |
o _h = ,fi sinf e
Br
2" 2 e oh s g - _
- sin” 6 .,f-E- sin® ¢ e¥¥
A2
A . 62 h sin cos _
—‘J;E sin@ cos @ "
x
2 0 Gh? 0 o
e e i{ﬁmszﬂ-l}
16
. =h 6h° ~h sinf cos0
,iE sin @ cos de
B
2 -2 Gh2 P | sy |
— x |_1.§'. sin? ge~ 2
32x

is j 2
(1 =0) and that is just a constant [see Table 18.1). You can say that in f-¢ space this eigenvalue of L

is nondegencrate. The eigenvalue 247 (1= 1) is 3-fold degenerate in f-¢ space as there are 1
different eigenfunctions Y{" (8,¢) corresponding to m = 0, + 1. In general, the cigenvalue 1{l+ 1% s
(21 +1)-fold degenerate as m can take (21+1) values 0, + 1, ..., 4+ | and each m gives & different
eigenfunction. The quantities and m are called orbital angular momentum quanum numbers The
quantum state which is simultaneous eigenfunction of [? angd L, s written ds [lm). 1nd eed it is POU3

2 . =
tDiﬂJ desnﬁpﬁun Dl- thﬂ‘ Etat:. as L' ¥ L_: ﬂnl}r I‘Elﬂ.lﬂ' ta ﬂr‘h]_tﬂl E“guln_r mﬂmentum pﬂ.l"f-. 1_11:' W
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gunction can be [(r)Y[" (6, ¢) for any f(r). But when | write

lm},
momenium uniquely, values of 12 and Li: ] do U pive you the artrta) Bk

orthogonality
3 H T
the spherical harmonics ¥{" (@, ¢) are orthogonal to each other. You comgples o 3 :
8 i i : i mjugate the firss
unction, multiply by the second, and integrate over entire solid angle to get the scalar prrduct
- sabakas [ER R L

A x o & 1
piw!n g (0, ¢) Yoo (0, g)sind di dd = &y Sy

If 2l or my*my, the scalar product of ‘i";;"" (& @) with H’:’w.ﬂ] is zero. In fact the functions

Y™ (e #) form an orthogonal basis for the #-¢ space. This means, any function fif, 4], which may e
usefual to us, can be written as a linear combination of these functions.
|
fled) =L T AnY"(0¢) (18.11)
[=Qme-{

where Ay @re the expansion coefficients,

18.4 Generalized definition of angular momentum

The quantum mechanical operators Ly, Ly, by correspond to the measurable quantities I, L. [,

which are components of rxp. Also, each of these operators has a specific form in terms of the
coordinates, These operators obey specific commutation relations given by Equation 18.2. In guanium
mechanics, these commutation relations themselves are taken as the definition of angular momennum.
If there are three operators Jy , Jyo Jy which satisfy the commutation relation

[ dy ] =il [dyeda] =i Perde] =it
we will call Jy, dy. J, ns some kind of angular momentum operators even if they do oot have the

specific form in 4, ¢ as described abave. The operators L, Ly L; defined in terms of 4 ¢ foliow these
commutation relations and so gualify for being called angular momentum DpeTatons. Are there other
sets of operators satislying these commuiation relations? The answers is "yes” and they rt;::-:gf:.-..a
different kind of angular momentum not represented by r=p. | will devote the next chapler COmpetey
[ i ion gi ethod of Ending the
n this “other variety™ of angular riGmenturm, hu_1. the next section gives you the m . R
eigenvalues of angular momentum operators without using any specific form of the operators and

relying only on the eommutation relation.

18.5 Eigenvalues of J?, J, from commutation relations

The scheme 1o find the eipenvalues of J% and J, is to mm:e_mem similar 1o t::.:ﬁL: -
the eigenvalues of a linear harmonic oscillator. | will deﬁf:le h:mmlng and m-nw‘elr:ﬁn r.r|:-|r:-.'|hmE Phrw o
Yarious commutation relations to gt the eigenvalues. It w1 : : hﬂi ;:rrln-l:t-dﬂ."= N el o
enjoy. | nssume that 1 am given three operatory T g the comm

. 2 , 10 and commuies wth
The operator J° e

is defined as J°
ingular momentum components. e el

tach of the three component operators.
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are nonnegative
at the given tirme-

v)
.a,f,}_

Ji

|a) All elgenvalues of J° | can write,

Let |} represent the state of the particle
(k) = bl i)
|#) = dx ) - |

{616 = (v Har) = ([ ndav ) = ¥

,JI

Let

e id J _} But :
I have used the Hermitian property of J, n writing (¥ | ,_;E._l!p} in place 0 .:: o [ i) . i'ﬂ}-ﬂ} —
: negative qunmiu.'- Sory (p IJE ;w} is nonnegative, Silnila.:]],

is nonnegative for all |y} 101 ke |y)

square of the norm of |¢) and hence is 4 non

('F |-J;:.'r|[+-f;'r and (w}lfip} are also nonnegative, and so (u!J:|p>

to be the eigenstate of J° corresponding to the eigenvalue i,
(wjﬁiv:} = diw|pd=4.

Hence i i3 nonnegative,

(b) The state | j m)}

Let me write the eigenvalue 4 of J2as  jij+ 1h? where jis some number. The angular momenium has

the same dimension as that of &, So the eigenvalues of J* must have the same dimension as ¥.
Thus j must be a pure number. At this stage, | do not know (I pretend to do so) whether jis an integer
or a halfl integer or something else. But for o given i thers is a unique nonnegative value of j. This can

be se=en ag follows.

Let A= jlj+1)H°

a3 .. A
then, I *J—F—ﬂ

, -1z -.,p'l + 44/ n?
ar, ;=—?—.

One of the two values iz necessanly negative which | reject. The ather value is necessarily nonnegative

and [ accept this value. Then there is one to one co

J; has the dimension of A. 5o 1 write the eige
this stage I do not know whether m is positive,
a dimensionless number. As J7

rrespondence between A and J.
nvalues of J, as mA where mis o pure pumber.

i o G negative, or integer. or fraction. | only know that g
ARG ¥y commute, they have a complete set of common eigenstale®

Consider such a commen eigenstate and suppose it

mk of Jy. This atale is. geneosdly Writhn lim)ar|j, m). | also assume that the Eiﬂ'msum

represented by | jm} are normalized. | assume that i the s

Pace relevant to J* and J,. | can write &

unique cigenstate once jand mare given, Thus
32| jm) = i+ )% m)

and Jo|im)=mh|jm).
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ot Tha ruising and lowering operators

J, =dy +id,
ol J_wdg =idy,

called raising and lowe
l:.:‘but e ndjnm% ateach Dﬂ?—“ﬂ Operators for angular momentum. These arc not Hernmitian
operd er. Let me work out some expressions involving these operaturs.
W“uﬂnn relation with Jg

[.],,.],,]:[J,.J,EHJ!,] -|J=,.JH]”'[.J=,.;3,] =ihdy +if-ik)dy =h{J, +id, ] =Hd,
[Ver 1= [da0 0y -0y ] =[] =i 0, 0y [ =gy - if-in)d, = -h(dy i) = <
(42,0, ]=[ 9%, 4, + idy ] =[u%,9,] +i[42,9,]=0
[J“,J_}=|-J=,J,,—:'JH:|=[J=, Je]-i[ 429, ]=0.

The state J, | jm)

Let |jm) be an eigenstate of J? with eigenvalue jij+ 1% and of J, with eigenvalue mh . | will show
that J,|jm) is also an eigenstate of J% and J,. As J? commutes with J, .

J2 [ | Fm)] = Jeld® | § ) = S+ 02 | mi] = 7 + DAP, | m)].
This shows that J, | jm) is an eigenstate of J% with eigenvalue j{j+ 1047,

Next, let me show jou the action of J, on J, | jm).

Ig [de[Fm)]=[Tz3,]|5 m) i)
We have, [Jzs Js] = M,
This gives, Jagdy —Judy =Ady
ar, Jode =did, + B,

Substituting this in (i),
Je[d.|im)]= (92 shaMim) =d,(Jg|im))+nd,|fm)=mhd |jm)+hd_|jm)

3o [ i m)] = (m+ )AL, [im)].
Thus J.|jim) is an eigenstate of J_ with eigenvalue {m+ 1. The state | jm} itsell was an eigenstate

ef J, with eipenvalue m# , So the action of J, on |jm) is to give a new state which is an eigenstate of

. s - -
Jywith the eigenvalue raised by one unit | ) and which is also an eigenstate of J° with the same

tigenvalue Jli+ llﬂ2 . From these results | can say that

J, Ef ﬁ"!}=-l11Ej m"'l}
Where €y i3 some constant. Let me gvaluate this conatant by talkng the scalar product with j1zalf om

] " . 3 | . 5
both sides of (ji). The scalar product of the right hand side with itselfl is ||" because |j m+1) is

Normalized. Thus,
e = ({0 | ) [(e |7 m))

(1]
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8
<((im)(Jd,[jm})  (as Jis the Hermitien adjint of )
y (i
“{impad | im). |
Alsa, ! e =[.J_T —i.J'FJ'l{._T,: "”F}
= J2 4 d2 +ild oy - i)
=92 + a2 cifiny, =J7-JF -AJ,.
So by {ii),
faff =(smfa? - 32 - | m)
(i) ) -t
=J|:J'+1}EI= _mﬂnl _mﬂ']
=[(52-m? e j-m)) ],
Thus, feaf” = (- m)(j # m s )2
or e li-mpi+em+1)h. (18.12)

I have chosen the real positive value for ;- Sa,
J,Ijm}:.ll'ij-rmj”+m+1}ﬁ“ m+1). (18.13

The state J_| jm)

Da a parallel caleulation for J_|im). You will find that this is an eigenstate of J? with eigenvalue
jli+ 14 and of J; with eigenvalue [m -1, Let me show it explicitly.
As J° commutes with J_,
P m)] =019 | fm))= d_gjij + W21 )] = UG+ 2 W_| ).
This shows that J_|[j m) is an eigenstate of J2 with eigenvalue j{j+ 52
Next, look at the action of J, on J_|j m}.

3o [0 m)]= [0 ). i
We have, [Jsd_]==na. .
This gives,  J,J_—J_J, =-hJ_
or, Jed_=J_J; -M_.

Substituting this in (iv],
Jy [ im)]={9dz-ha )| jm) =g (Jalim))-as | ) = | )|
or, Iy [J_|fm)]={m-1)n[a_|; m)].
Thus J_|jm} is an eigenstate of J; with eigenvalue (m - . The state | im) itself was an eigensta’®
of J, with eigenvalue mh. So the action of J_on |jm) is to give new state which is an eigensiet®
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J with the eigenvalue lowered by one ynig {h

E_ig.,nﬂ;jug Jlj+ ll!‘r: . From these results | i
d-|im)=c;|j m-1

where €2 is some constant. As was done earljer,

) and which is also an elgenstate of 2
By That

with the same

v}

evaluate this constant b
. ; ¥ taking the scalar product
with itsell on both sides of [v]. The scalar product of the ripht hand side with itself is

1 m - 1) is normalized. Thus, ool oseane
leaf* = ({915 m){9_| j m})
=({im|{d,d.|im})  (as J, is the Hermitian adjoint of J_|
={imJ,J_|fm). (i)

Also, Jod ={de +idy )(Ie-14,)
=J% + 9% —ilJ ey -0,
=J2 +J2 — i, = J? - 02 £,
So by (vi).
leaf? = (7 mu? -2 + | m) = (jm|a?] ) - (Frm|a3] jom) 4 0(m|al )
= jlj+ )0 =min? + ma?

=[{_;'Lm2+“+m}}]1.2.

Thus, leal® = (j +m)(j-m+1)4°

ar e = J{j+m){j-m+1)h. (18.14)

| have chosen the real, positive value for c;. So,
J_|Jm}=J{j+m;{j-m+1}n|j m-1j.

and J_ are called raising and lowering operators.

(18.15)
Now you know why J,

) -j=msj

- ; 2
From Equation 18.12 }c||1=|:_;—m}{_;+m+1]-n , 80,

{wii)
{j—m]{j+m+l}20r

The first factor is zero at m = j, and the second at m=-j=1. Remember, j=20. Let us consider
m"‘mﬂrnamcly,m-c-j-l.—j-—lﬂrﬂi_,r' and m> J. |
If j =1 have m negative making the first factor positive. The condition also ensures
me<-j-1, you

; ition [vii) is not satisfed.
that the secand factor is negative. Thus condition [ , : . "
Naw consider the case —j-1sm<J.The relation —j—1sm gives 0< jem+1.The second (sct)

in (vii] is therefore zero or positive. Also as T 5 j the first factor jf-m I8 2er0.0F positve, Bhence
r ze g

tondition [vii] is satisfied in this case.
If m> j, the first factor is negative an
Thus condition [vii] is satisfied only when

d the second is positive so condition |vii] is not satisfied.

I |
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{vii

-(j+1)sm< j. '

2
i 2 1 =
Mow consider Equation 18.14. As |eaf” =(j+m JFrmELE
(fem)lj-m=+1)z0. i .
at m = j+1. Let us consider three cascs, namey

The first factor is zero at m = —j, and the second
me<-—j, —jem=j+1 and m>j~1. . 5

lf m<-j, yonhave m+ j<0. So, the first factor is negative. H“_"'WH MERRSE S ot B
case and so the second factor is positive. Thus condition (ix) is not satisfied.

Mow consider the case —j<m< j+1. The relation —j<m gives 0= j+m. Thus, the first facto
Jj=m is zero or positive. Also as m < j+1, you have 0 j—m+1. The second factor in (ix) is therefore

zero or positive. Henee condition {ix) is satisfied in this case.
If m = j+1, the first factor is positive and the tecond is negative. So condition (ix] is not satisfisd.

Thus condition [ix) is satisfied only when

-jEme j+1. {x
Equations (viii) and (x) should both be satisfied. This is possible only if

~jsms . 118,186

(e J.[jj) and J_|j - )

Now you know that m has to be between —j and . Suppose m= j is a8 possible value, What
happens il l apply the raising operator to the state | j j) where m is already at its highest value j7 Just
look at Equation 18.12. The quantity ¢, is the norm of Jo|im). If you put m=j in this equaton,
you get that the norm of J_1j /) =0 . Now suppose m = - is a possible value, What happens if | apply
the lowering operator 1o the state |j - j) where m is already at its lowest value -7 Equation 18.14
gives that the norm of J_|j = ji =0. Thus,

L i) =d_J -4}=0.

A wave flunction with zero norm is not meaningful in qQUANTUM mec ; : TR
. hanics, A th value
zero everywhere in space tells that you have no chance of findEing the cs ;u:zﬂﬂf wﬁ.lnhl::iet.mnnr wi e

This is not a meaningful wave function for a particle. 5o J, operating on | j j) does not give you a gpate
propartional to |j j+ 1] as you may think from the “raising” property of .J, . This is consistent with th¢
fact that m cannot be greater than j.

Similarly J_ operating on |j - j) docs not give a siate proportional to |j - j—1). J_does 0%
lower the eigenvalue of J, if malready has its minimum valye -

[18.17)

() j. m can be either integers or half integers

This is the last supsection before I get the eigenvalues of J? and J,. Suppose there i an
eigensiate !j FI'I:L I can generate new cigenatates |j m-1,lj m "2}. ot h;‘ aperating Humslﬂ"fb;
J_. But if | continue this, at some stage | will get an eigenstate with values of m lcss than =i
thar is not possible. You cannot have a |jm) with m less than —j. The only way out is that the
sequence m, m-1 m-2... reaches —J. In this case you get an cigenstate |j -7} 4
application of J. goes not reduce the m value further, rather it gives zor0.
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Next operate J, on | |m) muccessiyely |
o3, ete. IF D conti J 19 generate new
[j m+ i nue this, at some aloge | will
Wi
uﬂ.lf.' the sequence m, s+ 1, m 4 :1 i Bgel

further application of J, will give zerm atale

8a by reducing m in ate
1, one :fnulu rtutE:I +) at ::n:: ]Im: :?r!-llr:}um[1 reach = at some stage and by inereasing m in stwps of
i stoge. This is only possible if 3 : |
gpteger or J?idh:l;t'h:lnger. If jis an integer m shoyld ng:;: Lunll.-:;‘l 9.0 ileger- Bo . mual, be sither an
2, ., should rench jat some stage. Similarly if jin o half integer T:nﬁi;ufs;t e
i I Egn:r-

Thus the commutation relationa allo
w for hall integral as well
. as integral angular momenmim
ﬂunnml:ﬂ numbers, ‘l:hc possible values of the cigenvalues of angular m rum - =1
where j can be an integer or @ half . i i, o a0

- integer, But if 1 consider r=p as the definition of angular
m“mm”'_:;:',' a: m“:“"::;:“““ of angular momentum square are j{j+I1)? where j can only be an
integer. 1118 SURRESEs thal we may have another variety of angular mementum, not related to the

makicn of the particle in space and not known in classical physics, which correspond to halfl integral

angular momentum quantum numbers. This other varist ; .
be the main topic of the next chapter. y of angular mementum does exist and will

| cigenstates | j m+1y, |j me3),
e af eigenstate with value of m greater than |
s j. I it does ga, 1 pet the eigenstate | j /) and any

18.6 You learned in this chapter

o The wave function of a particle in three dimensions is written as wir). wic . 2,
w(r, &, ¢}, ctc., where the symbols have their usual meanings.

& The scalar product of two functions g, (r) and ya(r] is defined a=

(wilea)= [ walr)walr)dr

all spoce
where dr is the volume element at the positionr. If spherical coordinates are used, it is

ar & =
Wwalwad = [ [ [ rei(r) wa(r)sinddrdodg.

g=0#=0r=0
& The operators for the x, y, = compo nents af orbital angular momentum r=p are
L= YP, - ZP,
Lf- I'Fl =] xP_:
L,= XP, = YPy.

o X
sin? @ agt |

0 [LgsLy]=if Ly, Ly, Ly | =it Ly [La b =il Ly

Ly O 3 _ad __I'_._'.'."-[ﬂir“'_'iri
6 it Mg S $ Linr; ag\ o8

o L, has eigenvalues mh where m =0, £ 1, £2,...

where [=0. 1,2, ... Fora simuiltaneous eigenfunction of L? and L. msl.
— F F e

o The simultancous
d(r. 8, ¢) = fr) V" (8. 8] where
spherical harmonics.

% The spherical harmonics y™ (8, ¢#) can be wrilten as

.. and 1? has eigenvalues J'||Jf----!.'|i:'t

:igeni'unndun! of 1 and L,, can be written as
fir) is an arbitrary function of r and Y™ (8. ¢) are the
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Y™ (0, d)=B" {mm‘-l'l‘?m‘
ed Legendre function. For [ = 0, m = 0, the sphes.

# and ¢
h other and form a complete set in 19, ¢

ten as & linear combination af tpherirs

where F™(cos ) is the associat
harmonic is just & constant, inde pendent of
Spherical harmonics are orthogonal o EEE.
space. Any function of & and ¢ may be wri
harmaonics. .

isfyi i Linns
o Any three operator Jg,Jy, J, satisfying the commutation relati

[Jardy =it dyn [dyda]=ifdus [Maddx]=ihdy
are called angular momentum operators in guantum mechanics.
The possible cigenvalues of J? =J% +J% +J; and J,, allowed by the commutatior

relation, are j{j 4 1:”.,,1 and mh where jcan be any nonnegative integer or half [ntegns

and m can take any value from —j o +j insteps of 1.

solved Problems

L Simpify the commutators (a) [Py, Ly | and (8) [Py, Ly ].

Solution: (a) [P Lx] =[Py, Y7, - 2B, ] = [P, ¥P,] -7y, 2P, ].

Any two of P,, Y and P, commute with each other, So any combination of these will commute with 257

other combination. So the Arst co imi . :
mmutator [Py, YP, | =0, Similarly, Pi.Z and P, commute with cach

L] ¥ : -
'h.l ||I‘L}|| I A :IE l.i [ r I] [ xXe :II]'

The first commutator involves only twa operators 7
second commutator has B, X, P, . As X and P do not commute tl:i: m"'ﬂl:tt:r.ﬂl-!cnu :Lisbtmﬁ
' mum r may n

N
[Pyly | = =[Py XP, ] = —H[P“.F,]—EP:,.‘.II:]!FI =0+ihP,.

Thus [PiLy]=inF,.

the corresponding elgenvalue.
(@ singe” @) ™ (g efsing  (d) M oep

o
Solutlon: =-ih—,
olution: [, lﬂ'ﬁ

la) —in%{ﬁinﬂe“}={-iﬂlﬂiﬂﬂmei"=h=inﬂe"'.
-

So sinfe' is an eigenfunction of Ly and the corresponding eigenvalue is A
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img
Y/ (8, ¢)=F" [coaf)e —
soclated Legendre function. For l=0, m=0, the spher -

dent of @ and ¢
o each other and form & complete set in (g,

linear combination of spherizg

where A" {cosé) is the as
harmonic is just a constant, indepen

Spherical harmonics arc orthogonal t

i a
space. Any function of # and g may be FHERER

harmonics. ; ?
iy lationa
o  Any three operator J,, ., Jz satisfying the commutation reia

[, dy J=ib gy [dyde]=itdus [derdx] =80Ty
are called angular momentum operators in quantum mechanics.

o The possible l:[El:n'l'iﬂLl.E!ﬁ of J"! '=J} +J¥ "'JE and JI' alle by the commutation

relation, are j{j+1)#* and mh where j can be any nonnegative integer or half integer

and m can take any value from -/ to +f in steps of L.

L Simplify the commutaters {a) [Py, L, ] and (8} [F,, L, ].

Solution: (a) [Pe: Ly ] =[Py, YR, - ZF, =[Py, YRy -[® zp, |.
Any two of Py, Y and P, commute with each other. So any combination of these will commute with any
other combination. So the first commutator [P, YR ]=0. Similarly, P,, Z and P, commute with each

other. So the second commutator [P, ZPy] is also zero. So, [Pe.Ly]=0.
(B [Py Ly ]=[Py. 2P, - X, ]=[P,. 2R, )~ [P, X5, ].

The first commutator invelves only two operatars Z and P, and they commmate. Hearice it Is The
second commutator has Pe. X, F;. As X and P, do not commute, this commutator may not be zero.

[P_an:.- :I =_[|:|:l:J HP!]= —K[P‘.,, Pz]" [P;- x]F,_ =0 +ih F: ,
Thus [Pa.Ly | =it Py

2. Which of the following are eigenfunctions of L, ? For the cases whe firdd
the corresponding elgenvalue. Wiete the functlon is an elgenfunction of Lz

@) sinde® ) ™Y ) efsing  (4) 17 eeg
&
Solution: L, =-th—.
4 0%

(@) "’"%E*"fﬂﬂf"‘] = (~ih)sin8(i}e™ = hsinge'®,

S siﬂﬂ-l.‘-‘i' is an eigenfunction of L, and the corresponding eigenvalue is A
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o —|'.h i " L 'ﬂ— m}[.].,-'"’*i]l pellid)

g Jl#+#) s an eigenfunction of L, and the corresponding eigenvalue is

—ik Ej;{em gin i} = -it " cos .

el

g ¢ sin# is not an eigenfunction of L,
o 0 o

I.d'l —LIE—-*[F"W!E]-DE{L{,- WBF]

go " coa is an eigenfunction of L, and the corresponding sigenvalue is zero.
4. (a)Is cos 0 +ainf e® an elgenfunction of L2 7 If yes, what Is the corresponding elgenvalue?
(b} 15 cos i + 5ing e* an elgenvalue of L, 7 If yes, what Is the correspending elgenvalue?
solutlon: (a) Yy (8, ¢) = Emaﬂ and ¥y (8,¢)= ‘E““ﬂ .
Thus cos@+sinf e =¥y (8, #) + Y] (8, 4) where . c; are constant.
1*cos 8 ssinge )=, LY (6, ¢) + el (4, 4)
= 0, 202¥0 (6, 6) + 220°Y} (4, 9)
~ 212 [cy¥ (6, )+ ea¥ (6.)]
=25 [-:na #+sind ﬂ“‘] :
Thus, cos# +sind e is an cigenfunction of 12 and the corresponding eigenvalue is 282 .
b L,{msﬂ' +sind e“} =L, Y7 (8. #)+ ez LY\ (0. 8)
= e.0+coh Vi (6,4)

- pzinde” .

Thus, cos# +sing &% is not an eigenfunction of L .

4.1 ks gven that Y3 (6, ¢) = {3 cos? 6-1). Applying L., find the expresslons for Y3 (€, ¢) and Y3 (€, 8]

Solution: Expressions for 1-: and L, are given in Equations 18.4 and 18.5 in terms of 6, ¢ Using

- T o
these, L, =Ly +dy=h a"‘[ﬁ‘—?nmtﬂg—#}.

You can write ¥J (8, ¢) as |2,0) Also,
L, jtm)=aflt-m)(t+m+1) H m+1).

T L,[2,0)=m/6[2,1)
i [2.1) = ==L, |2.0)
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‘!’:‘-[ﬂ.ﬁ:ﬁna‘*[ﬁummw 0

il 21 ]
S 2 E""[—ﬂ-{SmaiE-1:|+imtﬂ-a;[ﬂl:ua }
Je \16x a8

= —I}Esi:n #ocos & e,
8
Operate L, on Y3 ({#,4)

L, |21} =nf2-1)(2+1+1)|2,2)

|2.E:I=%L+I2.]}

ar

1, wf@ i _E]‘gmwe“
== e {ﬁifcntﬂ'a#][ Er:{ﬂm }

5. The operator assoclated with the measurement of the product [ I; 15 (LyLy + L,L,, )/ 2. Galculate the mean

valua of 1, In the state |Im},
Solution: We have L, =L, +iL, and L_ =L, —iL,.

Ls +L. L, =L_
So, L= » Ly= ;
W o
Thus, LyLy = (L, +L.) (L, ~L.)
4
- e Y S
i
{I-'-r'!-"—:l'{L +L '
d L - -
an LF x = o
-2 L -LL,
4i '
i -12
5 LyLy +LyL, = ———=,
o ¥ _.'.-1- L4 2

The mean value of I« [y is equal to

S (L= R

Now L, |l m)gives a wave function propoftional to || m+1), Applying L, on this state will give a %3

LE

function proportional to [I m+2). So,
L2 im)=cll m+2)
!m)=c{Im|I m+2)=0

giving (! m][-ﬁ
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s the eigenfunctions of L,
cach other.

grmdacty,  Lo[Im)=clim-2)

s ponding ¢ i -
nding to different cigenvalues ma and (m+2}hare orthogonal to

I i
g (ImiLitm)=clim{l m-2).9.
gepor the mean value of L L is zem.

1l :
{ hﬂ'l:m —,_I Yol R, |
E_ﬁ'd L.P 3 ._|1]J' Il{." I] I:'] "'l'l&fﬂ'u'l.lﬁ.l‘ﬂ number in cach term represenia | and the saeond
term PEPresents m.

Solution:
1 | :
(L) =z ARL AL+ (L. 000« (11fL_[1-1) +(10[L, 11} +(10]L, 10} + (1O[L, 1-1)

#(1=3L A0 +-1L. 10} + A -YL 1 -13].

L. =il raise the value of m to m~1. Only thosc terms will survive in which this raised value of m in
the ket is equal to the value of m in the bra. Thus,

Loy= YL, oy ol |
..|'_,_;-.=EL¢1]&L-Jﬂr—¢1EﬂL-il—l}]

.]_ |_l|—| . i = ‘_Eq‘_l’j
-3[“1,-.2&,11, (1042810) | ===

7.5howthatf J_| jm) =0, m mustbe equalto -
Soblution: We have,
J_|jm)=ajj-m)j-m=1)|j m-1}.

If this iu zero, either j+ m= 0 gving m = -j, of j- m +1 = 0 giving m = j + 1. But m cannot be j+ 1 =0

-'l'.=—J-

EXERCISES

Ans. —ihF,
|. Stmplfy the commutator [Py, Le ]

1 Bimpléy the comemutators | X, Ly LY. Ly | and [z A

3. Show that [ 42, 4, ] = 0.

Ans. 0, - ihZ, iNY

4

ﬁ[.. 2
. Ans, —| || 5+1 -m]
% Find the expectation m:utu:l'.iil.ulhtllﬂ“l-l““\"' 2 { !

. 1 & +[1-13! where the first number in each in the squore
5 Find (L,) and (L,) in the state '#}=:.'5'l|“] poy+fi-1]
- 23
bracket denotes | and the sccond number denotes. m. T
Ans, J.J_

& "I.'pm ummmmtnf J_J_ 2
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). Find 12£(6,¢) and Lzf(e 8) -

7. Consider a function f(0,#)= ¥{ (6. #)+ vg (0. ¢
E I ’ Ans. 207 {’ﬁl (8, ) +3Y3 (8, ¢}‘I|, W] (8, 4)

8. Using the expressions of L, and L given in the text, gbtain the relations

L, -E"‘[%Hrmﬂ-j—i] prd L. = #e'“[‘-:—ﬂﬂmtﬂ%]

show that L, Y] (6, ¢) and L_¥;}(a, ¢) are zero.

id Using the explicit expression of L. and the result that
Ans. (sing)

0. Using explicit expressions in terms of &, #
10. The function ¥, (4, ¢)may be written as f{8)e
L,Y} (6,#] =0, find the functional form of (4.

11, Suppose [Im}is a unique elgenfunction of 12 and Ly
i+ 12 of L? and mh of L, . Show that || m +1} is also a unique eigenfunction of 12 and L, in this space

in the [# ¢ space with eigenvalue

with eigenvalues Il + 142 of 12 and (m+ 1A of Le .

12. In a simple madel of rotating diatomic melecule, the Hamiltonian is given by H = 12 /(2ur?) where L7 is the
angular momentum square operator, & is the reduced mass of the molecule and r is the separation between
the etoma. (a) Find the quantized energy eigenvalues. (b} Assume that the transitions take place only between
neighbouring energy levels. Show that the frequencies of the emitted radiation are equispaced.

42
dur

=0.12..

Ans Ej =I{1+1)—,
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Spin Angular Momentum

| have shown in the previous Ehaptgr that

values Il + 4 where | i e §
fm:ll'-" {1+ 1A re lis any nonnegative integer, Thus the allowed values are 0,20, 6M°,
1243, ete. On the other hand if 1 dont use the expression r«
relations between the angular momentum operators, the allowed v

: 2
fum are + ] 1
momEr ..ﬂJ W° where Jcan be a nonnegative !.I:'H.tgtr or a nonnegatne half .ITI-IE'J."ET. Sa, apart

2 2 §
irpm the values 0, 2k°, BA°, etc,, it can also have values like 3&1,"'4 . 168 /4, ete, The question is

shether a particle can have these values of angular moment ,
: . W square or t - 1 -
i mathematical properties of commutation relation 8, - M RE COMING GRy o

ke hul';gtthi‘?:!qummn is that all electrons, all protons and all neutrons, that is, all of our
mast m{':;rd Hng blocks of matter have angular momenta corresponding to hall integral quantum
aumbers not integral quantum numbers. Thus the angular momentum square of an electron is

{ 2 2
1 /30r 15K .‘F“' or 35h? /4 etc., and never 0 or 242 or 64 ete. But any kind of motion of an electron

that you can think of, will only give it angular momentum square equal to 0 or 24% or 647 ete., and
never 35”4 as any motion corresponds to angular mementum r=p. Il an electron is having angular

the square of the angular momentum r=p of o paarticle

p oand nse only the commutation
alues for the square of the angular

momentum square 3‘“2',;"4 it cannot be due to its motion but must be due to some other source. 5o
there are two kinds of angular momenta of a particle, one due 1o its maotion in space and the ather due
to some intrinsic properties of the particle. The first kind of angular momentum is called the orbital
engular momentum and the sccond kind is called the spin angular mementum.

The spin angular momentum is generally denoted by the symbol s Thus the spin angular
momentum square is written as s? and the x., Iy~ Z- COMPONENis as 5., 5, 5;. The eigenvalues of 5°

are written as sis + l],i'a2 and that of 5, as m.h. An interesting property of the spin angular momentum
of an elementary particle (like an electron] is that it always has a fixed value of 5. For an electron s =
3 o
/2 . You measure the spin angular momentum squarc of an electron and you will get :3&-_,-".4 and
nothing else. You measure the z-component of the spin angular momentum and you get A2 or -A/2
and nothing else. This is true for all electrons in all kinds of motion, It can be an eleciron dunng its
transit from the l;lﬂl.':LTﬂI'I. gun to the screen in a TV display or an electron in a hydrogen atom or a free
electron of a metal or any thing else that you can imagne. The spin angular momentum is therefore
also called intrinsic or built-in angular momenum. As 5= 1f2 for an elec_t:nn. it iz called o spin half
particle. Protons and neutrons are also spi.n—hﬂlf particles. By the word spin, you may get a picture of
the l-‘iu:;‘l:rnn as a ball-like object rotating ahout its diameter. Indeed you know that tt]:n earth ':pms
i 2 { day-night in 24 hours
abour . : le and south pole and the phenomencn o |
ruul“ﬂ'b;m{.:: tﬂ::m]s 1t_L=n ;ngﬂ[:? treatments many teachers prefer to introduce spin L'I:r:g'u!ur
Momentum of p;"-ur '.;]:5 i this fashion. Chemists often describe the two possibilities s, = /< and
“%/2 by saying that the electron can spin in clockwise direction or anticlockwise direction. HoweveT
Ying

types of description steal away the beauty of the spin angular momentum. | emphasize that you
an

A kind of motio i i turm. The
' 1 ' that will come under orbital angular momen ;
n angula, i Fryfigtanenert Hﬂ?ﬂﬁu-ﬂ'- How do we know that a particie has spin angular

mnmm,: gular momentum has no classica’ A7 he particles have magnetic moment

g t? It turms out that the par ¥ =

tht'um. and if it has how d:: s T;: iuﬂren :n:asurc the magnetic moment of the given particle and
ey have angular momentum.

fnce
om that ltarn about its spin and orbital angular momentum.
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angular mome ntum

19.1 Relation between magnetic moment and G

- fald. as told in a school physics course, In o Curren)
o I':-‘IEI.'LN.':L. : velocities is equivalent to o current loop, Such g
with large trn. 1 will derve o relation beiweey

gular momen
lation will hold for spin angular momen iy

The basic source for producn
loop. A charged pamicie going in a cucle
motion corresponds 10 A magnetic moment and an an
thess rwo from this vpe of motion and hope that similar re

ircle of
Consider a particle of maes M and charge g, moving in & Lmrr: }'::-
radius r with a constant speed v (Figure 19.1). The time F"'-'_l'l':"':I °
motion 1& T =2rrp and the frequency is t(2r). So the particle crusses j
through any point on the circle 1/[2er) times per unit time. Accordingly, , .,
a total charpe of gv [2:r] goes through any point on the circle per unit "--rl -
THE. 50 e DGl it 1 Fig. 19.1

.

2zr
The magnetic moment due o this modon is
y-F:T'E:?'%LU:T}-

But Mur is the angular momentum of the particle. Both the magnetic moment and the angular
momenium are in the same direction (along the axis of the circle). You can therefore write

__g
l—ﬁ'l
. g
. TR [19.1)

Thus the magnetc moment is propertional to the angular momentum.

You may be wondering how much faith | have in the classical physics methoeds. |t tums out that
although these types of calculations do not have a togical framework for direct transition to fuantum
;-;Em“s l:nl mm":l“ = Eﬂ;ﬂﬂ]‘ h:L:ﬂEg“t results quite close to the correct quantum mechanical

ol FEImE. e - fquation 19.1 gives rigorously correct relation between the
magnetic moment of a particle and its orbital angular momentum, For an electron g = - ¢ and the

mass M =m, . 5o,
[« |
H - I -
a3 19.2]
u-'um particle is in an eig:mtatl:_ af L, , the value of I; is definite and js equil to the corresponding
eigenvalue mh . Dont confuse this m with the mass. [ have uged M. for the mass of the electron and
this m is the quantum number identifying the eigenvalue of L, . Thus

r

i) ek Im
\2m, | [19.3)
The quantity in parenthesis isaunh’ersﬂlmnatan:mdigmhd Boh ,
. : Gl r magneton. The symbol g @
used to represent it [t is taken as the basic unit of magnetic moment in all studics of ym i

mucro level,
You see from Equation 19.1 that the magnetic moment of particle |s inversely propartionsl to its
The

mass. Thus the magnetic moment of a proton will be 1836 ¢

1 | } Imes .amnuer than —
neutron as such 15 an mlEPg.'gEd particle and you would not expecr it 1o hnwt::é:iﬂ? :al;;tnl. Put
e R A P e SRIEABM 5 aln very small. Thus the magnetic moment of 47
atom is almost exclusively due to its electrons and the contribution of nuclej iy generally neglected.
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you can see from Equation 19.3 that the m : . o

um number for the z-eomponent of o AEnelic moment in z-direction is propartional to m, the

for all kinds of angular mementum, Thj gular momentum. Let us assume that this result is
11'11' d P and the ﬂ“g‘u]ﬂ_r :“umfr“.ul _ls ﬂ_&mlmptl_ﬂm i5 il'.l.l:l.‘l:l"!'d_ tre, the pmpuniu_nﬂ_lu}. constant
M“‘tm ) 4 m s l:thEr‘Ent in dﬂTE'I_'E]'“ cases, Il the ﬂnl'lgl.il.l'l'r MCmET L m
is il_j,iu ::l-'rIrirti:EE:lﬂii::: of m ;nla}r bﬂ_nt‘l}"ﬂ‘linﬁ from —j 10} in steps of one. So there are [2} + 1)
i TCurre-ﬂPﬂJﬂding;l ®8er, (2] * 1) is an odd number and if j i half integer, (2 + 1) is an even
pumber. ¥ #z can also take odd or even number of values, If an experiment can
peasure fz g EE_m count the number of values iy can have we have a chance to know whether |
g an inleger or 4 half integer. Stern-Gerlach experiment does just that.

19.2 Etﬂ'fn—ﬂﬂrlﬂ.ﬂh ﬂlpeﬁment

The idea

What hﬂPPETﬁ il you put a short bar magnet in a magnetic field? The magnet rotates to align itsell
along the direction of the field. That is the principle of a compass needle which rotates itself to stay
along the north-south direction. The magnetic field exertz a torque on the magnet. If the field is
uaiform there is no net force on the magnet o that the center does not accelerate and the magnet
motates sbout its eenter. But if the field is nonuniform, there is a net force on the mapnet so that the
magnet as a whole accelerates. If the field varies in the z-direction and the magnet has a magnetic
moment w, in the z-direction, a force

a8,

Fz = ity

gcls on it Let us see how, A

Suppose you have created a magnetic field whose =z -I
eomponent B, varieas as a function of z(Fig. 19.2). Suppose Fy=mily

dB By B,
B, increases with z so that T:_ is positive. | place a bar
magnet of pole strength m and length [ in this ﬁ:;d. the angle B
between the length of the magnet and the z-axis being &, .
The z-component of the force on the north pole is mi; and - —
that on the south pole is mB; where By, By are the values of

| B, at the north pole and the south pole respectively. The net ¥
| farce on the magnet in the z-direction is /

Fa =“‘{51-51]'=i:'f52‘511

Fig. 18.2

where 4 is the magnetic moment. Remember the magnetic mement, the pole strength m and the

length | are related as p=ml.
(BB con0 _ucoso(Ba~B)

You -
it lcos @ Zn -2
I itk ' : &ﬁl _._-F-‘iﬂ Also ucosf=p,.
€ magnet is quite short, nom O .
A4
8o Py dB’. [19.4]
i sult if you start with

i i &I
I derived this expression using the magnetic pole !:mture. You get !hc mnTmt et
% Curtent loop which is a more realistic representation of a magnetic mo ;

Mathematically equivalent to the current loop.

pole picture is
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: ie field in th

. magnetic field in the z
y an !lrlhnmr:lgzﬂfﬂlﬂ
Gerlach experiment 18 mtm:t:.ri!l then deflect due to the force on them by
this field. The & ?Em Ko AR

the defllection one can pe

The idea of the Stem-
direction and pass ntnms |
the field and by measunng

. i designed pole pieces. Fl'g|:|1-|: 19.3
vy ":E i t'lk:.];h p:ﬁlﬂi a iuﬁjg edge facing a relatively flag
th pole 15 U

The apparatus and the experiment

The main part of the apparaius is
shows the design schematically. The nor
E

I~

Fig. 19.3
south pole. Magnetic field lines are much more concentrated at the edge of the nnr'r:‘t'l pole and sprgad
towards the south pole. A cross-sectional view of the field lines is also shown in Figure 19.3, Taking
the z-axis as shown in the figure, there is a gradient of the magnetic field in the z-direction.

Atoms of the desired element are sent in the space between the poles, For this, the material is
heated in an oven e bring it in gaseous form. The atoms start out with some speed | KE = akT /2)and

enter the region between the pole pieces. Depending on the value of u,, a force acts on the atoms
along the z-direction and tums their paths as long as they are inzide that region. The atoms come gut
of the magnetic field and strike a receiving film where they leave permanent marks.

The result

The original experiment was performed by Stern and Gerlach in the year 1920 with silver atoms. &
zilver atom has 47 clectrons, 46 of them pair up to give zero angular momentum and zero mﬂgﬂfﬁt
moment. The magnetic moment of a silver atom is then only due to the outermost single slectron.

What do you expect if atoms followed rules of classical physice?

Different atoms coming out of the oven will have different
L1

orientations in space but they all will have the same magnitude
of the magnetic moment. If the magnetic moment of a silver atom
makes an angle # with the z-axis, 4, = ggrtosf. As # can take any (a) T
value from O to x, w, will be continuously distributed between -

~tig  and +ug when you consider a large number of atoms. As the force is PmFﬂrﬁnnnl to Mg

different atoms will be deflected by different angles and so there will be a ) e

; . Hriu k on
screen as shown in Figare 19 4a. The atoms which enter right under the Ed{;:lﬂf : }-::1:1 mmpule will
deflect the largest and those entering at some distance away from this, will deflect less. That is Wi
one expects an eye-type structure shown in Figure 19 4a. .

And what do you expect from quantum mechanics? x, is proportional to the quantum number m
which can only take discrete values from —j to +j if the angular momentum square of the silver atorms

_—
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. qj+1p%. So u can take only (2 + 1) g
i JU ) discrete valyes and
o the SCIEeT. . hence you expect (2j + 1) separate lines
what did Stern and Gerlach obsery
ern 01 the screen was something i that :h;"“h:f
The discrete pattern confirms the S i

they performed the i
; experiment in 19207 The
M Figure 19.4b. The beam splits into two parts,

, tum  mechan;
pagnetic moment. The fﬂ":t that the beam splits intg l:l.l.r;;::::I :;umrfh of angular momentum and
Jly two values. Thus 2§ + 1 = 2 or j= 1/2. Thus Py 3how that 4, and hence m can take
. values of the angular momentum + LIS experiment confirms the existence af hall-

momentum. For silver atoms, the orbital anqg.unn“ tum number and henee the existence of spin angular
ar momentum fums out to be zero in the ground state,

rhe spin angular momentum square of the atom is ant/.
4 correspending j= 1/2. The z-com
; ; ; ponent of
the spint N‘Eui:: E:‘:nh.tm = r""lz s Or =hf2 whatever way the silver atom is oriented. Thus y, has
anly two possi » ONe positive and one negative and the beam splits into two parts.

The experiment has also been performed with hydrogen atoms, which are truly single electran

stoms. The result is the same, the beam splits i By ;
= quantum number. plits into two parts establishing the half integral angular

¥ _ L y to fit my introduction of apin angular
mmi!l;t-L Historically the objectives of the experiments and the interpretation of the results were
'dlﬂl:l'l

19.3 The g-factor
The deflection of an atom in the Stern-Gerlach experiment is proportional to the z-component of
the magnetic moment. Thus, from the deflection of the atoms one can ealeulate the value of ;. It i3
ftund that the value of g, for a single electron |a silver atom in ground state is equivalent to a single
electron as far as g, is concerned) is very close to one Bohr magneton.
eh :
| m— Il.'
!Fu[ 2m,
I have put the subscript 5 in u. to remind that this magnetic moment corresponds to the spin
angular momentum. The value of the z-component of the angular momentum is Sz = + 02 or

s, =-h/2 . Taking direction into account, (i} can be written as

g ) 19.5
s =_2[2:t’]sz_=-i[-fjs,. 19.5)
Equation 19.2 is
a e EE_)I (19.6)
F"z{ﬁrﬂ:]l' [" j

1y to remind that this magnetic moment corresponds to

- i bseript of
here | have put an extra [in o s ove two equations in a combined form

the arbital angular momentum. We write the ab

e i s HB |;
Hg = _g{_ﬂﬁ:]k = Q[ " ]ars |
9 for spin angular mementum. The constant g is called

i d - - " L]
TEE:I‘EQU 11-1‘:}1:';.i irhjtﬂcﬂﬁgrs:_ﬂgpﬁz:m :-.gmgnmm mmc:l w;{;::m the experiment. The relativisiic
. valu » A ' value :
quantum theory deve ] ea a slightly higher _ :
and Sleniplped h}r E;ﬁ::,ivgf mﬂsﬂﬂi‘: moment corresponding to orbital and spin angular
Hiz figg @re the z-compon

Momentum respectively. The z-compenent of the total magnetic moment is

Hy = g + Hax -

(19.7)
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19.4 The spin wave functions and operators | |
m of a particle is a physically measurable quantity ang

sponding 1o it, This operator is denoted as S, Ang i

there is an operator S, for the z-direction, there should alse B upfjrﬂmrs o al‘i ety Em.l Hl

directions, These three operators satisfy the usual .:ummumt;ﬂﬂ “-'lﬂ"'m:::”r “ﬂ:‘; E?"";;“"::h Le.,
i 3 =a, + +5

[Sgs Sy | = 1185, [Sy, 8] = W8g, [S;, Sy ] =ilSy - The operator &% 18 defined a T +55 +8%. The

sigervalues of 5% are written as sfz+1? and of S, s .
m number m, can take values from -5 Lo +5 in steps ol 1, For

electrons, s has just one value s = 1/2. Any electron in the universe has the same value of spin
angular momentum guantum number. Choose any .2-axis and measure the z-component of “"f spin
angular momentum. It will be either s, =+#2 [m;= +1/2) or —Af2 [mg==1/3) E"-“E'!"' il you tilt the
axes, 5, with the new direction will also be either + /2 or - nf2 . Similar is the case with protons and

The z-compaonent of spin angular momentul
hence there must be a Hermitian operator corre

m.h. The number s is called spin angulgr

momeniem guanium number. The quantu

neutrons. The square of the spin angular momentum is antfa.

There are several elementary entities in an atom or a malecule or a nucleus, For example, in a
helium nucleus there are two protons and twe neutrons. In a hydrogen atom there is onc proton and
one electron. In & sliver atom there are 47 electrons apart from protons and neutrons. Each of these
elementary entities has a spin angular momentum and possibly orbital angular momentum. The net
angular momentum of such a composite particle is obtained by summing up all these angular
momenta, However the addition of angular momenta involves sophisticated procedure and [ will not
tell you those in this book. But angular momenta of the elementary entities do tend fo pair up to give a
zero net value. The net angular momentum of the given particle is only due to a small number of
unpaired elementary entities. For example, the net angular momentum of a nucleus in the ground
state with even number of protons and even number of neutrons is always zero.

How do | write the expreasions for the spin angular momenturn operators 5-2. 5.8y, S, ofan

electron? You do not expect these expressions to be written in terms of x, y, £ or r, #, § etc. Spin

angular momentum has nothing to do with the space coordinates. It is in no way related to the mation
of the electron is space. But still it recognizea the space directions. You set up a magnetic field in the

g-direction and the spins |and hence the corresponding magnetic moments) are aligned accordingly.
The measured values of 5, are s, =+4/2 and —-#2, People give different symbols to describe these

states. In one common use, these stales are wrilten as s and y ;4. They are also called Spin-up

and spin-down states. Thus

3 i
Si-flfizahzrl.f!r Sy =En;z

a ]
5112 ‘:nzf-l.rzr SaZ-1p2 == X112
Other common symbols are y, and z_, and, |7} and |1}

#1ja and .17z are not the only possible spin states of an electron. It can also be a linew

Eﬂl'ﬂ'hll'l.ﬁ.l.il:ln ﬂf thﬂ-.'.'lﬂ wo E'ud-l as r ':'Et.t'illl': + E:I_[Jra a II'I I.'h!g m:l SI dﬂ".'.$ not ]'lﬁ\"‘t a dtﬁ H.i-lt v_atufl
If a measurement of & is made while the electron is in the state y, you can get /2 with #

probability [rllgand — /2 with a probability |c‘2|2- [ have assumed that IFlli +'|-|:1|2
The wave function of an electron should contain all the information about the electron that & iz
possible to have. A wave function like wir,@,¢) gives information about only the space related par
But the spin state should also come from lhe_waw functicln_lﬁu, the total wave functian of an :I::“U;
[or any pa rticle] is written as y(r. &, #) r or a lincar combination of terms like this, The space operal

operate on the space part of the wave function and the spin operators operate on the spin part.

-],
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Any operator Writlen in terms of Space coordinates wil|
mmpannnta of L will commute with all
ﬂr,ﬂ.#}.ﬂf! and f':.r-ﬂ-ﬂal'-iu where f[

we talk of & separate spin space, For
dhﬂnsiﬂnﬂl. This space can be described

tommute with the spin operators. Thus all
components of 5. The cigenfunctions of 57 3, are

T8, ¢) is an arbitrary function of r, 0, 8 .
an electron or any spin-hall particle, the spin space is 2-
by two basis Spin wi

: ave functions which we chonse as 1y ;3
and 7-1/2- All other spin wave functions are WTitten as

linear combinations of these two, Operation of
g2 and S, on any wave function can then be easily written even though we do not have an explicit

ﬁpﬂﬂnmﬁgn for either spin wave functions or for spin operators. But how do | operile S, or 5, on a
given spin wave function? Here is the procedure,

19.4.1 The ralsing and the lowering operators

As the spin operators 5,,5,, 5, satisfy the commutation relations of an angular momentum, you

can use all results derived for the general angular momentum in the previous chapter for spin angulas
momentum, Write

S, =8, +iS;, &.=85,-i5,. (19 8]
These are raising and lowering operators respectively. You remember the results

gl imy=J(i-m)(j+m=1)h|j m+1)
and J_|jmy=Jli+m)(ji-m+1)hlj m-1)

: 2
where |jm) is the common eigenfunction of J? and J, with cigenvalues j(j+1)A° and mA
respectively. If 1 write the spin wave functions as |s,m,), the basis functions can be wnitten a3

11 | .
ﬂﬂ:i'ﬁ) and y_py2=|3- 2)-1'“"“'
.
S.n2=S. E.E}-ﬂ

5, and S_ on any spin wave function. Write the operators 5, and 5,
So now you can operate S, -

lerms of 8, and S_ as

q -5
+ 5. =
EI:E-'-—E'—'; SH &

i i function.
and you know how to operate these of any given spin wave T
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19.5 The matrix representation of spin wave functions and op
W T
A general spin wave function for a spin-z particle can
you give me aand f, | know which spin wave function you are talldng nf in other words, the spi,
wave function is completely specified by giving @ and§. A general practice is to represent the waye

1 0
function y as a column matrix :=[;].Tmhasi5 functions are ﬂfﬁ:[u] e 2 'H'
general  Spin wape

be written as ¥ =@ 3172 + A 1.1 2. Onep

Now suppose there is an operator S, Operate it on &
ﬁlﬂtﬁﬂﬂr-axlllul-l-ﬂf_|lrz-
SreaSnp+fSrqpa=1-
I wish to write this function as a linear combination of zy; and p_jyg. Letitbe y'=cyp s veap g

3 o
In matrix notation ' -|:.|:l ]
2

What are ¢, andey ? Take scalar product of ' with x5 to get ¢ and withy_y ;5 to getey.
o ={za|r)={nsa|eB 2+ ﬂEE—:.ﬂ:}
=ai2[8|22) + B a|8| a2
fni e2 ={xa 2|z =(r1p2|@ S22 + B8 2.0
=a{r 1a|8|xip2)+ Blaas2 |8l ray2)-
[ can write 7' in matrix notation as
=-“{fh'ﬂilgh'lﬂ:'“E{ﬂr=|5|1‘-u2} ]
| @(2-172]8]ny2) + B{21,2]8|2-1/a)
[ (1172]8]x12) {le:|3|r_u:}”u]
(as2[8|asa) (rrpalS|zea) || 4

where the usual matrix multiplication rule is used. So operating S on the spin wave function ¢ can be
done by matrix methods a3 described below.

Write the 2=2 matrix
=[':IU2|5|IH=} (x172|8|z-172)
{-t’—t,-'zlsl.tu:} {.t_il.rg|5 ;_]”:}

This represents the operator 5. Multiply this by the column matris [:;]1 and you get the column

matrix for Sr.

19.5.1 Matrices for some Important spin operators

Matrix for 52
3
(212/5%|172) =<h;z‘;ﬁ“mz)=%ﬂ’ (172|212} =24
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52 i = : -:":
(Ii.r=| lf Iﬂ} {:fl.f-lh"': I-L:2}=%’PI{I|;:|I-|;::}'=“

(Ll,ﬂ:lszli‘ui} = [:1'—1."2 |j::"‘= Iu;::l-'%hz {I-: f2 |J:‘u::|'= 0

2 3
(Lu:ls |.i‘-1,u> = (f-lfﬂ \Eﬁ?f—uﬂ) ='j"'= (2172 |.t'-1,a:|} = %ﬁl-

3
=

h
So, the matrix for 5 is {s=]= % _3,2[t 0O
o 3,2 4 |0 )
4

Matrix for 5

{ﬂﬂlsihlﬁ}:(ﬂu‘%h.ﬂ:)=%{hgn|:”:}=%
(t172]8e | 22172) = (12|~ 5 2172) == 52| 2eapa) =0
2 2

(2172|582 | 21p2) = (22112 |%Iu=} '%{f—un |1172) =0

{-LI,,P2|5; Lr-:,rz}F (,r-: ta

Matriz for S,
{11;215:,11”2} =0
411!?151* f—l.ﬂ} ’{Il,i2|&|.t'|;;::i =h
(21/2]8.|21/2) =0
'111-14"2 t5+|f-:=.m} '{I-l,r:|*|.2't.n':} =0.

o A —hﬂ 1
S0, the matrix for S, is [S+]=[ﬂ ol "lo o]
Matrix for 5_

(n1/2]s- |z1/2) = {;”:1111:_1;1) i
{nmiﬁ—lr-uz} =0

h h
-%Iul,.rﬂ>=*E{Luzlr-u:}'—i-
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{f—lr2|5- |r;,r:} 4 {f-liﬂihlr-lﬂ} =3
(2172|8212} =0

] 0o 0
So, the matrix for 5_ is [5.]= R =h Lol

Matrix for S,

S :S"HS'=L ﬂ 1-_“!'-{, _i].
L4 2 2il-1 6| 2|i O

19.6 Pauli spin operators and matrices
Pauli spin operators o, o, and o, are defined by the relations

B h h
S, =§crz. 5, = Eﬂy and S, =EU"'

The matrices for o, Oy O are therefore,
0o 1 a - 1 O
[ﬂ”}=[1 u]' Lagr ﬂ] . [F‘]z[u ~1]'

These are called Pauli spin matrices.

19.7 You learned in this chapter

(19.9)

o A particle can have two types of angular momentum, orbital angular momentum and

spin angular momentum.

o Spin angular momentum is intrinsic ta the particle and has no relation with the motion

of the particle.

o The spin angular momentum operators of a particle are denoted by S2, S_, B8, The

eigenvalues of 57 are s{s +1)t? and of S, are m h.

o For all electrons s=1/2 and m, can be either +1/2 or - 12,

For protons and neutrons also, s=1/2,

The quantity ehf{2m,] is called Bohr magneton and is used as a unit of magnetic

moment.

e -—(#TE]EF HE=—E[i:-]Sﬂ.

The magnetic moment of an electron is related to its angular momentum.

____——



1 s

o The spin state {mrrea;mndim;m a definjin 5
‘r_“rz mmspnnding 1] m, = +I'|'II:

part and a spin part, While {
the spin part

pin) of an tl.{"l::[rl:ln is represented by Tija or
. and -1/2, The complete wave function has a space
. : € Space pan is wri i ;
13 wWrillen in terms of r”: uﬂ{f;:‘:’" n terms of the space coordinates,

o The spin operators 87 ang s,

have simultanecous eigenfunctions yir, 0, ¢) 1y where
wir, ¥, ¢) is an arbitrary function .

Q.

Solved Problems

4 Draw a dlagram showing L.e spin angular momentum of an electron by a vector and its possible zcompenents
along a chosen z-axls. What angles can the vector make with the z-axis?
gplution: The square of the magnitude of the spin angular momentum is 3&3,-"4 ; 2
gg the arrow representing the spin angular momentum must have a length hi2
proportional to J3 #/2. The z-component can be A2 or - #/2. So the projection
of the vector on the z-axis should either be B2 or -#/2. The two possibilities for
the vector are shown in Figure 19.W1. The angle # is given by
B2 1

=Tz v "
19w
or, ﬂ::m"[ﬂﬁ}_ Fig. 19.W

e - fg
The angle with the z-axis can be cos”! {1,"'11'3] or T =Cos '{L"'uﬂj.

. 1
2, The spin part of the wave function of an electron Is i.t':l=§{.t'1l,'2 +~.|E£'_[,lz}- Calculate sxtﬂ'i
By |z} and S, | ¥).

1 3 +J3y.
Solution: 5, |2)=5(S. + ) h=g[Silaya+ Frasaht Sz zay2)]
]
K %[ﬁhl'lﬁ +hy1ga] = 1[""51*” +272]
i 1 J3r12)-8-An :*\"EI_E;-::I

-H LT ]
= %[ﬁﬂma > & J2]5= :ﬁ[“ﬁ‘-’”? xaa)]

il $:|;:}=*"12"[5,[1”2]+\Ir"353‘.f-l.f21]
2 s -3z.12)-
(]t e

2€ompanent of Its magnetic moment.
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Solution:  The operator for the z-component of the magnetic moment 15

Ha a1
e = Hpg 'HH=TLE+2 A -5'3

The average value of g, in the given state is {#z) = ':Fll".tlr}
i)
Now, e [v) = SB[ L ) + 255 |v)]
is o, This shows that it is an

The given wave function is g = f{rrﬂjfif‘n;z- The ¢ dependent ] "y e |
cigenfunction of L, with eigenvalue 24, The spin dependent part is yiyz. This shows hat it is an|

elgenfunction of 8; with eigenvalue +#/2. Thus

L,|w)=20¥) and S, w) = 2|v).

. h
Using these in (i} ps|wh= “Tﬂ{ﬂ|pr} +2 §-| w}]

So, (wluzlv) = na[2(|v) + (w|w)] = 3us

4. Find the eigenvalues and the spin parts of the elgenfunctions of 5, for an electron.
Solution: Let the spin part of the eigenfunction of 5, be written as y=a yj;2+ fr_1j2 and the

corresponding eigenvalue as 1. S0 S, r=1y.
Sez=Se[anya+fa1a]
1
= E[Eh_ + 5 l[ﬂ'r].lfz +-ﬂ-'r'1-||'2:|

|
g E[“i (2172)+ BS.(2-172) + @S- (11y2)+ BS (2112
=';—[u+.|ﬂhfl.l':i sahy 3 +0]

- %{ﬂh;z vy uz]

L}
Thus E[ﬁ.r]_lfj +ﬂ:,1;2]=i[ﬂfijj+ﬁr_|‘r1]
. ha _
or Ty Aa and 2 = A8 i
This gives ﬂn-’:i nr.-lm:t%
i A o,
Using (i), 1=E gives @ = fi, and ,I=——2- gives g = -4

. : = 2
Use the normalization condition |af* + [ = 1. For the first case a = 1/+2, # =143 and for the second
case a =1/+2, f=-1/+2.1 have chosen real constants @ and A . Thus the eigenvalues of 5, ar

i : s 1
+ #/2and the corresponding eigenfunctions |spin part) are :E[h"'z £ ¥12).

5. The spin part of the wave function of a spin-1/2 particle Is cos o X2 +sina erﬁr i TH panent of the
spin Is measured. Find the probability of getting the result /2 , Here @ and j1are real constants.
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d in 1
:Ilﬂ“'“"" deduced in the previous problem, the Spin part of the eigenfunction of S, corresponding

hi2 =
s . comthe s Th”: *'I"”] The wave function before the measurcment is
) cosa Iyj2 *sina e’ ..i"-lj':- The probability of getting 12 in a measurement of S, is [{n |1'H y

1
I!:I: lx) = TE'{WHE X2 +8ine Erﬂ.tqg:li‘u,rz * .I'-t,f::?

‘ ?15[“”{2'”:!1:;;} vsing e (3 41| 2.170)]
= é (cosa +sina )
Thus the probability is
(§7 |1'}'|2 " %{mm +sina e )(cosa + sina ')
";'[l*'zmﬂainam;p]

& Find the eigenvalues and spin eigenstates of the operator S =8, +5,.
Solution: | will use the matrices of Sy, S, to solve the problem.

afo 1 _h[O —i]
5"5[1 u]“ds"_z[i 0

Al O 1-1
So. 5=8: %y 32l1ei 0 [
Let y=ayys + fr o be an eigenfunction of 5, with eigenvalue 4 . Then,

Si7 =iz

In matrix notation, this becomes

Al 0 1-ijjo L
Elhi n][ﬁ] A[ﬁ]
k| A(1-i)

s :'annl] *[ﬂ]

o, Eﬂlhiinia

]
i)

=nd %wihi}:.&ﬁ.

Thua, i:—uﬂ[l- i)(1 -ij:fﬂﬂ

w, B or A=t

Thuia the sigenvalues are =02
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; [, JECE—
Putting '1=+,,_"§ in {i],

] g i
5 Al =i} B

or, f=—"ag=—q,

= (  asi
The eigenfunction corresponding to the eigenvalue Av2 s n=aina+ 3 Z-42

L]

«iM1=i)] 1 ;
The norm of this functon is E":r?[i"'“ - ”J-qu- e i Ve Savicrion. -y Wil be
" =

2
- 1 =
normalized. 5o | write the eigenfunction as 7, =l.§.h 3 ¥ -511'-:::-
g
Similarly a normalized eigenfunction comresponding 1w the eigenvalue & N2 s,

1 1+i
Xa —ﬁn: 'Tf—l:-

7. Calculate {LIEI j['f;: (8.8)r ;_r}'

Solution: (L S }[‘r’,’“[ﬂ 'lﬂ.t':.z] =LY (6.8)S:x12

Now Lo (0.0)=( 25| (0,01,
2L (e.9)+ ¥ (0.0)]
~2[V2h ¥ (8.9)+ V31 ¥ (0.0)]
,%[v{ (8.¢)+ 7" (6.9)]

8. +5_ A
Lz "X 13-

and S5 =

i La
| Thus (L, 5, j['!l'f'{'ﬂ.#].n z] = Eﬁ["'} (8.¢)~ TI_I{EJT:EI_]_; .

EXERCISES

r

1. Which of the following nuclei will have integral medlﬂmﬂummnmm quantum numhn.ndwhﬁh'ﬂt

have half integral values?  3He, 3He, 1'%, 57re, 5775

Asns. Integral: EH-.-. :E,"‘- Half integral %Hr E’f.ﬁ{"’

" 2. A beam of identical particles sent in a Stern-Gerlach equipment splits in four parts. What is the maxmi
value of my +mg I'l:rrlhﬂ-tpﬂ:‘l:i:l::? .ﬁ."-']":
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2
3 prove that the operator ST and 57 are zero for the spin-1/2 space,
4, Show that 5151*3?53"3!5‘:"'3!3}':3:5:*5:5: = O for o spin-1/2 panicle.

E_Th;ﬂﬂmnﬂiﬂﬂﬂfﬁntkﬂrmataghinlimhp—f -
5 A - = {r“I—E;”I i 3;_”1} , Find the espectation value of
(he T-COMPOnE gnetic moment of the electron ot this time,

Ans, T /13
5. Find the z-compencnt of magretic moment of an electron in the siale rir, *-'lf-'“.t‘ 1y Afnd, fem
7 Find the value of g-factor for an electron in the state fir. r"ll‘i"-i"l..: . Ans. 43

in the = -
3. An electron is in : state | D mg = 1/2 when the x-component of its magnetic moment s measured. Whist
values may be obtained and with what probabilities?

g, Find the eigenvalues and spin parts of the sigenfunctions of Sy

Ans. fppwith equal protability 0.5

b z - . =
Ans. 3 l;”g . |,r_1l,u_g]/u":1; - h‘! {-‘L,": ~irpz)! J2

10. Let 5' denote the component of S in the direction cos# | « sinflk where j and k are unit vectors wiang the y
and z axes. (1) Write the matrix of S' with basis states pyg and r.yz2. (Bl Find the elgenvalues und
eigenfunctions of 5'.

n[sinﬂ —icosd h & | —sindt 1+ mini? ]
Ass. (& 21 icons _s'm&J'M 2 E‘k[‘“'“” cosd ""'”4"‘{*”24 costt

11. Consider an atom with spin quantum number 5 =12 . At a certain time the -companont of the spin angular
momentum is measured and is found to be /2 . Immediately after this the component of spin angular

momentum in the direction lqﬁ}—ﬁ]ﬁ is measured. What is the probability that this component will be
found io be Bf27 Ans, 0.75
12. Show that the Pauli spin matrices satisly o,z = i

13, Show that L-8 = LyS; + %{L-s- +1.8.]-

2
14. Calculate Ly h{"l‘?{ﬂ.ﬂn:]- Ans. ?:E[“"’ ”.I"’f (e, ¢} + (1 ‘ﬂ‘"l_] (e, i"]].l’—!.'i



